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ON MULTIFORM FUNCTIONS _DEFINED BY DIFFERENTIAL 
EQUATIONS OF THE, FIRST ORDER. 


By Prerre Bovutrov~. . 


Addressing the third international mathematical congress, in 1904, 
Painlevé stated that:* Generally speaking, an irreducible, differential 
equation should be regarded as integrated or solved if, by’ any analytical 
process, we are able to represent the general solution in its whole field of 
existence with any required approximation, the representation displaying 
the fundamental properties of the equation, showing how the initial 
conditions enter in, ete. 

I wish to suggest a method which, from such a viewpoint, may be 
said to solve a number of differential equations of the first order. In 
addition, this method may be of some interest as introducing certain 
multiform functions (associated with the solutions of the differential 
equations) which have remarkable automorphic properties. 

As the preliminary studies on which the method is based, and the 
discussion of the numerous cases which it involves, cannot be exposed 
without entering into long developments, it may not be useless to state 
the main resultst separately and illustrate them by an example, in the 
brief summary which I am presenting here. A longer article on the same 
subject will be printed in the Annales de l’Ecole Normale Supérieure. 

1. Classification of a family of differential equations. The only equation 
of the first order and degree which defines uniform functions is, as is well 
known, the Riceati equation. I have made repeated efforts to investigate 
another equation which, for many reasons, seems to be next in simplicity, 
that is 
(1 y’ + Ao + Avy + Ay? + Asy® = 0, 


where the A’s are rational functions of x, and, first of all, polynomials. 
The study of this equation, which I shall write hereafter 
(2) zz’ = Ao? + Ay2z? + Az + Az; g=y-', 
leads to following classification: 

First Case. Let Ay = A; = Oidentically. Then, in the neighborhood 
of « = «, the single branches of the solutions of (2) are of the algebroid 


* Verhandl. des III. Intern. Math. Congr., Heidelberg, p. 96. 
+ Some of these results have been given in short papers published in the Comptes rendus de 


l’Académie des Sciences, Paris. 
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type. I mean by this that, if we follow on all straight lines starting from 
any point a solution 2(x2) of (2) (thus obtaining a branch of this solution), 
there will exist an algebraic function Z(x) such that z(2),Z(x) approaches 
1 when x approaches «. (In other vords the branch is asymptotic to 
an algebraic function). th 

Second Case. Let Ao alone be identically equal to 0. Then, in the 
neighborhood of x = =". the branches z(x) are of the exponential type; 
they behave like exponeéntial functions; in particular, no one of them ever 
becomes infinite, but presents an infinite number of roots (which, for it, 
are singular p&jmHts, since equation (2) offers a singularity wherever z = 0). 

Third Case. Ay and A; are not 0. Then the branches 2(.r) are, in 
the. vicinity of xr = x, of the meromorphic type; for each of them we have 
an infinite number of roots and an infinite number of infinites. 

In view of this, it will be natural to leave cases 2 and 3 for a later 
investigation and to concentrate our efforts on Case 1. 

Now, in this case, calling m. and m; the degrees of A. and A; in x, 


I have been led to make further distinctions. I say that equation (3), 
: 1 


5 zz = Ao As, 
is of type A when m; > 2m, + 1, 

of type B when m3; < 2m, + 1, 

of type C when mz; = 2m. + 1. 


The type which I am going to consider at present is type A. 

2. A simple equation of type 4 here proposed as an example. ‘0 make 
as clear as possible the facts which I wish to submit, I shall limit my 
statements, in this summary, to one of the simplest examples of equations 


of type A which can be formed. This is an equation (3) where ms; 3, 
ms. = VU, namely 
4 zz) = 3mz + 2(2° — 1) m constant). 


To discuss this equation fully, I shall assume later that m is a real 
negative number of small absolute value. 

3. First properties of the solutions of (4). The solutions z() offer no 
poles, nor other points where they are infinite. Their only algebraic 
singular points are their roots (points where z = 0), each of which ex- 
changes two determinations of the vanishing branch. The only transcen- 
dental singular points of the equation are 


guqee"' g=2#f=¢0%". g2y¥y = I, for special branches, 
I= Oo, for all branches. 


Let us call @ a point which we make approach x on the negative 
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real axis; call 2y the value of z* — z + 42 at this point, and follow any 
path from # to any point x. If z(x) is a solution of (4), we have in x: 
(5) ZL=2 =x) — 4x + 2y + 6m } zdz, 

7 @ 


the integral being taken along the appointed path from z (removed to ~) 
to x. 

Let us consider such branches Z(xr) which are obtained by starting 
from z (that is #) with a given y and following the set of all straight lines 
parallel to the real axis. Such a branch is, in the neighborhood of x = «, 
asymptotic to the polynomial 2t — 42 + 2y; furthermore, if |y!| is large, 
the ratio of its value to xt — 4x + 2y for any x on the straight lines de- 
scribed is close to 1 and approaches 1 when y approaches «. It follows 
that, if y is large, the said branch offers exactly 4 roots which are 
respectively in the vicinities of the roots of at — 4x + 2y. (This fact 
which is always true for any given equation (4) as soon as |y is above a 
certain numerical function of the coefficient m in the equation, would 
be true for all values of y if we gave to m a value approaching 0). 

As Z = 2°, the branches z(x) corresponding to the branches Z(x) 
just described are asymptotic to vz‘ — 4x + 2y. There are, therefore, 
two sets of branches z(x), the ones becoming infinite like + 2? (on the 
straight lines followed) and the others like — 2’. 

ach of the branches Z or z so defined may be represented in the whole 
r-plane by a limited number of Taylor’s series; that is obvious for a 
large |y| from what has just been said, and it can be proved that it is 
always so. Let us add that there exist, in fact, other much more con- 
venient single expansions for these functions (or rather branches); but 
I shall not enter into this question here, and will only point out that, as 
soon as a value of y is given, we are able to represent the corresponding 
branch wholly and to determine its behavior. The only problem left 
therefore, in order to know any one of the multiform functions in its 
whole field of existence is to determine the whole set of values of y which 
belong to the same function (that is, which define branches z(x) all 
belonging to the same multiform function). 

!. Another definition of parameter y. In order to understand the part 
played in the question by parameter y, it is useful to show its connection 
with another parameter which may be defined as follows: 


In the neighborhood of z = x, as we have seen, there are two sets of 
branches z(r). Let us consider those branches that become infinite like 
+ 2°. They may be represented by the expansion 


(6) z=a°+mar+m?+erpansion in powers of x and of (Cit log x)x~, 


where 7; = 6m(m* — 1), while C; is a parameter. 
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The set of branches becoming infinite like — x2? may be represented by 
a similar expansion z = — x* + max + terms in z— and (C2 + m2 log x)x™, 
where n2 = 6m(m> + 1) and C, is another parameter. 

Let us decide always to give to log z in (6) such values as have their 






























umaginary part between O and ix: there is, then, a one-to-one corre- 
spondence between the different values of C, and the different branches z 
defined by (6). Similarly, we define a one-to-one correspondence between 
the values of C, and the branches of the second set. 

According to these assumptions, there will correspond to any individual 
multiform function z(.7): (1) a set of values of C,;; (2) a set of values of Ce. 
We shall, hereafter, fix our attention on the C, only. It is obvious that 
whatever we are doing with C, could be done with C,. also. 

To introduce the parameter C; is, in fact, to give a new definition of 
y, for we have (taking the square of the right hand member of (6)) 


- 3 
2) 


) 





5. The group problem. We may now state the question before us as 
follows: 

Starting from Z removed to x with z equal to a branch of the first 
set. (that is becoming infinite like + 2° and corresponding to a value of C;) 
let us follow z along any possible closed path which brings us back in # 
with z equal to a branch of the same set. If the two values of C, corre- 
sponding to the beginning and the end of the path are different, we may 
sav that the path exchanges those two values of C, or the corresponding 
values of y defined by 7 . In other words, the closed path operates a 


substitution GS) on Yy, Say [¥ , 1] 


ije 


Our problem is to find all possible values 
y; Which may be so exchanged with the same yo. In other words, we have 
to determine all the substitutions (S). 
It. follows from formula (5), that if we call T any of the closed paths ; 
interchanging two values of y, the substitutions before us are the substitu- 





5 
tions [y, y+ 3m zdx|. And, knowing (see 3) that z is asymptotic ; 


to the square root of a polynomial of the fourth degree, we may foresee ; 
that the study of the substitution (GS) will not be without analogy with 4 
that of elliptic integrals. The condition, for instance, that all values of y 
considered in the substitutions should correspond to values of C, is exactly i 
| 


the condition which is needed in order to define the periods of elliptic 
integrals: only such closed paths, namely, can define periods of the 
integral f vei — 4x4 + y dr, on which vei — 4x2 + y has the same sign 
at the initial and final point, that is to say such paths as effect an even 
number of single permutations. 
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MULTIFORM FUNCTIONS DEFINED BY DIFFERENTIAL EQUATIONS. 5 


The substitutions (S) satisfying the conditions prescribed evidently 
form a discontinuous group: it is this group—group (@)—that we have 
to investigate. 

6. Introducing the ¥-functions. The chief question concerning group 
(G) is obviously the following: Is it possible to build up that group with 
a limited number of simple fundamental substitutions? To answer this 
question, we shall introduce new multiform functions, which I call y, and 
which, for the special equation which I have here in view, may be defined 
as follows: 

If, in equation (5), we make m = 0 and y = 0, we have z = vx‘ — 4z. 
The function z then has only 4 roots (or critical points) which are x, = 0, 
re. = er) V4, = V4, x, = e*** ¥4. From z (removed to o in the 
direction of igs negative real axis, see 3), we draw a closed negatively 
sensed circuit [, surrounding xz; and 2x2, and another closed positively 





sensed circuit I. surrounding x; and x». For small values of y and 
the z(r) defined by (5) (the one which in z becomes infinite like + #) 
will be holomorphic all along ['; and T,: therefore the equalities 
S) Wily) = y + 3m zd; (y) =y+3m zdx 

5 Je 
define functions of y which, for any small |m , are holomorphic in the 
neighborhood of y = 0. Supposing now that m and y vary, let us follow 
the vari ition of the two functions (8). In order to do that, we shall ” 
obliged, |y| or |m| grows, to alter the figure of the curves T; and YT, 
we net aa to submit these curves to a continuous aclermation 
which makes it possible to avoid encountering on them any critical point 
of the branch z integrated (in the right-hand members of (8)). As long 
as such a continuous deformation is possible, the functions ¥i(y) and y2(y) 
cannot cease to be holomorphic. But in only one case will the deformation 
become impossible: namely when the curve T; or T has to pass between 

























owe 














6 PIERRE BOUTROUX. 


two critical points of z which come to coincide; in this last case, T, or P, 
must cross the multiple singular pe‘nt, which is bound to be one of the 
three transcendent singularities ©: ‘he differential equation, namely 


) in] 


x=B=e or": r=y ] (see 3). 


In order to make the full discussion which follows geometrically simple, 
we shall assume, henceforth, that m, in equations (4) and (5), is a negative 
real number of small absolute value (see 2). This value of m is now supposed 
to be fixed while we move y on all straight lines starting from y = 0. 
On this set of lines of the y-plane, we get one special branch of ¥;(y) and 
one special branch of Y2(y) on which we shall first and provisionally fix our 
attention. 

Under these conditions, I prove that, following the two y’s on the said 
straight lines, I find only: 

Two singularities of ¥,(y), namely one, y,, for which IT; crosses x 
and one, 7,, for which I’, crosses x = y; 

Two singularities of y.(y), namely one, y,, for which I’, crosses x 
and the other, y, (the same as y, as above), for which I, crosses x 


To these singularities correspond: 


Two singularities of ¥,°~’(y), the inverse function of ¥,;, namely y,; 
and y,, such that yar = ¥ilYa), Yyr = Wily, 

Two singularities of yYo'-(y), the inverse function of y., namely 
Yao = y2(Ys) and y,2 = Yoly, 

As for the position of the points y,, ete., we easily see, that, if m! 
is small (as assumed), y, and y,; are close to the value 3 2e""” which 
they have for m = 0; yz and yz. are close to 3 2e~""*; ¥,, Yo. and yy” 
are close to 3.2; furthermore, if m is real and negative, y, is real and 
positive while the couples y, and yg, Y41 and Ygo2, yj. and y,» are conjugate 
imaginaries, y,, Yar and y,» being above the real z-axis. 

Jesides, whatever be m, we have 


Yy2 — Yy1 Zim, 


mn, being the number defined in section 3 above (see expansion (6)). 

7. Definition of fields /;,... /. and of a set of fundamental substitutions (.S). 
Let us draw and name the following lines in the y-plane: 

Oy, «, real positive half-axis from y = Otoy = «; 

Ow, * and Osy,. «, transformed of Oy, « by the substitutions 
Ly, ¥ily)], Ly, W2(y)], where we take for py, and W» the branches of the ~-functions 
previously defined in 6. 

Oy, and Oy, straight lines; 

Oyo and Oy, transformed of Oy, by the substitution [y, ¥,] and 
[y, ¥2] defined as above; 
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O.y, and Ooyge, transformed of Oy, by the same substitutions. 

The lines so defined are shown in Fig. 2. If m is real, negative and 
small (as assumed), all these lines are approximately straight (when not 
exactly); the line y,0.y,. © is above_the line y,0y, « and does not 
cut that line, nor cut itself; furthermore y,0oy,. © and yg0iy,, © are 
symmetrical with respect to the real axis; so are also 0,y,; and Ooygo. 








Ya 
* 
ge | 
Vy y w 
. 4 
C Yy | @ 
Fic. 2 
I shall now eall F;, ... F, the fields in the y-plane thus defined: 


F, is the outside of the closed curve ~ y,0y,0.y,. % : 

F, is the outside of the closed curve ~ y,Oy,0iy) = ; 

F’_, is the whole y-plane cut by the line y,,0.y,, ~ ; 

F’_» is the whole y-plane cut by the line yg.0o.y,. «. 

In the respective fields F;, ... F_», let us consider the functions ¥;, WY, 
and the inverse functions ¥;‘~”, yo‘-?, and, more precisely those deter- 
minations of the four functions which are such that yi(y.) = Ya, 
Y2(Ys) = Yse3 Wi? (Yar) = Yas We"? (Yer) = Ys» Of each of the four 
functions I have one single uniform and holomorphic branch or element 
in the corresponding field. Let us eall ¥, ... ¥‘- the uniform elements 
of functions so defined (it will be noticed that, according to the definition 
of the fields F, ¥,{-? and y.'- are defined for all values of y, while ¥; 
and yw» are not). 

The elements of functions ¥; ... Yo‘ are analytically defined by 
equations (8) and, being uniform, may be easily represented by convergent 
expansions in their respective fields. From the point of view of Painlevé, 
they are ‘‘ known functions.” 

We have to remark that fields the F, and F_, (or F. and F,.~) do not corre- 
spond exactly to each other: in other words, when y describes the boundary 
of ’,, the corresponding point ¥,(y) does not describe the boundary of F_, 
from end to end. If, however, we superpose two y-planes one bearing 
F, and F, and the other F_, and F_, and consider in the two sheets two 
regions, composed, one of Ff; and F_», the other of F_; and F2, we have an 
exact correspondence between these two regions. In other words, let us 
call F,, on the two-sheets, the field bounded by the line © y,0y,0.2 (first 
sheet) Ooyg:02y,2 © (second sheet); let us call * the field bounded by the 
line » y,Oy,0, (first sheet), Oiya0iyy % (second sheet). When the point y, 
starting from y, (first sheet) covers the whole area *, the corresponding 
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point ¥,(y) starting from y,, (second sheet) covers the whole area ¥*, 
(here, of course, ¥,(y) coincides with ¥,(y) in one part of 7; only; in the 


remaining part, it coincides with yy" (y), as may be deduced from the 


facts stated in section 9 below). 
S. Solution of the group-problem. The ‘‘elements of functions” ¥(y), 


vo(y), ... we'-?(y) being defined as stated in 7 (in their respective fields), 
let us call (S;), ... (S.-) the substitutions (S,) = [y, Yily)], (S») (y, 
yoly)], ... (Se?) = [y, va'-(y)]. To these substitutions and inverse 
substitutions we add a third 


Ss) = [y, y + 2trnil, 3) = [y, y — 2x] 


which is uniformly defined for every y (m is the number defined in 4 
This being done, I come to the following result: which I will submit here 
without proof: All substitutions (S) of group G (see 5) are products of the 
three substitutions (S,), GSe), GS3) and the inverse substitutions. 

In other words, with the three fundamental substitutions (S,), (Sz), (Ss) 
(and inverse substitutions) defined by uniform elements of Y-functions we 
can build up the total group G. 

Reciprocally, of course, any product of (S,), ... (S37!) is a substitution 
of G. But we have to remember the fact that for some values of y it will 
happen that one of the fundamental substitutions will cease to exist. 
Namely (S;) is not defined for y inside of the curve ~ Oy,y.y., % (see 
Figure 2), and (S,) is not defined for y inside of the curve « Oy,y, *. 

The multiplication of substitution (S;), ... GS;~'), it will be noticed, 
is not commutative. 

. Automorphic properties of the ¢-functions. The y¥-functions are multi- 
form functions which have the property that the knowledge of two 
branches or ‘‘elements”’ of these functions is sufficient to get the whole 
functions (in their whole field of existence) by means of multiplication 
of substitutions. In other words, any branch of a y-function is made up 
of a few fundamental branches combined together. This character may 
be described as an automorphic property of the function. 

In order to verify that the y-functions actually have this property, 
we have to show this: The initial elements of the ¥’s have been defined 
in certain fields F;, ... F2~ of the y-plane; we have to show that whenever 
we cross a boundary of F;, F2, ... or F,~', the corresponding substitution 
GS;), (Sz), ... GS.7!), which then ceases to be defined as one of the funda- 
mental substitutions, will be transformed into Some product of the funda- 
mental substitutions. 

Let us, for instance, state here what becomes of (S;) when we cross 
the boundaries of F;. I prove that: 
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if we cross the line y, » (coming from the inside of F;, that is from 
below on the diagram), (S); is changed for (S2. S37"); 

if we cross the line y,Oy,, (S:) is changed into (S,.S8;); 

if we cross the line y,0. (coming from F,), (8;) is changed into 
(S27. Si); 


if we cross the line 0.y,. «, (S,) is changed into (S.-). 














Fic. 3. 


All the above combinations of substitutions are defined (exist) for the 
value of y to which they are applied. For instance, let us consider (S2.S;) 
in the points y which are met when we cross y,0y,, that is just above the 
line y,Oy, on the diagram: (S,) operating on such points carries us above 
the line y,0cy,., where (S,) is defined. 

It will be noticed, that, considered in their whole field of existence, the 
four functions ¥, ... Y2'~? consist of only one function and the inverse 
function, as follows from the fact that ¥; is changed into y2‘-? when y 
describes a certain path. 

10. Further questions. The definition and the properties of the y- 
functions suggest the investigation of some other connected functions 
defined by integrals of the form /fdzx/z (z an integral of the above differ- 
ential equation) which I shall try to consider in another paper. On the 
other hand the results which I have stated in the case of equation (4) 
have to be extended to the most general equation (1) of type A (see 1) 
and first, of all, to equation 


(9) zz = 3mzt+an+ba?t+ert+d 


for any values of the coefficients m, a, b, c, d. 

In this respect, I may remark, that, while it is easy to make this 
extension, and thus to find one solution of the group-problem for the 
general equation (9), it is more difficult to find the simplest solution, which 
will be quite different for different values of m,a,...d. In other words, 
we always have a group G which we can build up with a limited number 
of fundamental substitutions, but the choice of the substitutions which 
it will be most convenient to take as the fundamental ones (and for which 
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the fields called F,, F2, ..., ete. will be simplest), will be different for 
different kinds of equations (9). 

One interesting case is a case of which we have an instance by making 
m = 1 in equation (4). For the equation 


(10 22’ = 32 + 2(2' 1) 


the number 7; (equal to 6m(m* — 1) is 0 and substitution (S;) disappears. 


In this ease, it is actually possible to build up group G with only the two 
substitutions (S;), (S.), and the inverse substitution, these substitutions 
being defined in fields similar to those considered in section 7. Equation 
(10) has, among its solutions, one particular solution which is the poly- 
nomial z = 27+ 2+ 1. 

It will be noticed, that, while 7, = 0, the number called n. (see 4) 
is not 0 for equation (10). An equation (9) for which both ; and 7, 
are 0 at the same time would be an equation having, among its solutions, 
two polynomials, for instance 


, 
Sed — 
~~ 


which is satisfied by z = r(x — 1) and z = — (x —1)(r — 2). It is 
easily proved that such a differential equation can be solved in terms of 
elliptic functions and does not, therefore, define any new functions. 





HERMITIAN METRICS. 
By J. L. Coo.incGe. 


Introduction. The smoke of battle that used to surround the various 
Non-Euclidean geometries has passed away and we are at present able to 
appreciate the underlying significance of much that was formerly mys- 
terious and profited, to a certain extent, by the charm that attaches to 
mystery. To the abstract logician the Non-Euclidean problem comes 
under the general head of the independent axiom problem. To the 
working mathematician, assuming for the sake of argument that such a 
person exists, the matter presents itself in about the following terms: 

“Here is a collection of objects which we call points. Each is possessed 
of a set of codrdinates, we do not care whether they were honestly acquired 
or not. Here is a function which we call the distance of two points. 
What can be said about the system?” 

In the classical Non-Euclidean systems the function is obtained by 
polarizing a given quadratic form, and these geometries will doubtless 
always remain the most important; but endless other methods of pro- 
eedure are conceivable, and all are not entirely barren of interesting 
results. Perhaps the most successful venture of this sort consists in 
using, as the basis of measurement, a so-called ‘‘Hermitian form.”’ This 
is an expression of the type 


20;;2,8; a;; = a, i. ] = Q), ie -e' nN), 


where any letter with a dash over the top is supposed to be the conjugate 
imaginary of the same letter without the dash. It is usual also to consider 
only the case where the discriminant is not zero, and to define as the 
distance of two points (a2) (y) the number d defined by the equation 


d VN, 259; VLA. Y ik; 
COS == = =. 
k VN 50 ,F; VIA YG; 


It is not difficult to show that by a properly chosen collineation our 
Hermitian form can be reduced to the canonical type 
> ae ee F 


Of all possible geometries based upon such forms, the richest and most 
symmetrical is the so called ‘‘elliptie’’ type where all of the terms above 
11 
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are positive. If we use the common abbreviation 
ab) = Xa,b; 


the fundamental distance formula is 
Viry) VCLY 
COS d = = 
Virr) Vyy) 
The next most interesting type is a limiting case of this. 
replace d by dk, and x» by kro. Then 


‘ n 


\ » Yo —: 


and the limit of this as k becomes infinite Is 


‘ n 
\ > LiYo — Xoy;) 


d — 
VI oTo VY oYo 


which looks more familiar in the non-homogeneous form* 
d = VI 


1. The metric of a single line. Let us fix a point on a line 
homgeneous coérdinates xo, 2; not both simultaneously zero. 
The distance of two points shall be given by the equation 


NI oYo 114) \XLoYo Tr Tiy 
cos d = 4g le) 
Nioto + D4; jo +n 


To find a geometrical meaning for this let us represent the totality 
of points of our line by the real points of a Riemann spheret 


X? + Y? + 2? 3 


* The present author is familiar with only two articles on the Hermitian metric. The first 
of these was a slight contribution by Fubini “Sulle metriche definite da una forma Hermitiana,” 
Atti della R. Istituto Veneto, vol. LXIII, 1903-04. Far different is the fundamental article by 
Study “Kurzeste Wege im komplexen Gebiete,’’ Math. Annalen, vol. 60, 1905. The parabolic 
case is here treated in a stepmotherly fashion, but the elliptic one receives long attention. Yet 
Study, curiously enough, does not touch upon the most immediate and elementary questions of 
the Hermitian metric, so that there is very little overlapping between his work and the present 
paper. 

We shall habitually use large letters to signify real values, and small ones for complex ones. 
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If the complex point yo, y: corresponds to the real point (X’, Y’, Z’) 
and © is the angle subtended at the center of the sphere by the points 
(X, ¥, ZX’, ¥", B) 

3) XX’ + YY’ + ZZ’ +1 


COS 5 = \ 9 


Noo + Li VEoyo + Fy 


VI Xo ee X42 VY oYo + Yiyi 
= cos d. 
THEOREM le. The elliptic Hermitian distance of two points is one half 
the arc of the great circle connecting the corresponding points of the Riemann 
sphe Pe.” 


Passing over to the parabolic case we take the distance formula 


NO LoOY1 — V1Yo) ViLoy1 — X1Yo) 
d= a 
VL 0Fo VY oHo (1p) 
= V(r’ — x)(# — 2 


If we write 


z= X+1YFY, x’ = X'+1Y’, 
d = V(X’ — X)?+ (Y’ — Y)* 


THEOREM Ip. The parabolic Hermitian distance of two points is the 
absolute value of their Euclidean distance, and also the distance of the two 
points which represent them in the Gauss plane. 

Let A, B, C be three points. When shall we have the equation 


AC + CB = AB? 


4 We see at once that, in the elliptic case, the real points which represent 
the given complex ones must lie on a great circle, and in the parabolic 
case the representing points must be collinear. Also AB must be the 
largest of the three distances. 

Definition. A system of collinear points of such a nature that the 
cross ratio of any four is real, shall be said to belong to a chain. 

A chain connecting the points (X’) and (Y’’) can always be represented 
in the form 


4; = ORY + 2px; Kf = 212, + opti, i i 0, l, eee (2) 


It] 


Ir 


* Study, loc. cit., p. 333, writes d'2 where we write 7, so as to identify distance on the com- 
L plex line with are on the Riemann sphere. 
: + The literature of chains is large. The original idea is due to Von Staudt. See his 
“Beitriige zur Geometrie der Lage,” Part 2, Nuremberg, 1853 +. 
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If, in the elliptie case, we have the additional relation 


the chain is said to be a normal one. The equations for a normal chain 
are simplified if we imagine the complex multiplier p swallowed into the 
homogeneous coérdinates (.r’’). We have, then 


we carry our normal chain into itself while we replace Zo, X%; DY 72), Lg 
and X, Y, Z by — X, — Y, — Z, so that each great circle is invariant 
under the transformation. Hence our normal chain corresponds to a great 
circle. Fora normal chain in the parabolic case we write 


a 


t 


We can find a point on the chain for which the first codrdinate is zero, 
i.e., the chain contains the infinite point on the line, and is represented 
in the Gauss plane by a straight line. 

THEOREM 2. The necessary and sufficient condition that three collinear 


points should be connected by ad re lation 
AC + CB AB 


is that they should be long to one normal chain. and that the last of the three 
distances determined by them should be the qreatest. 
2. Plane Trigonometry. We next suppose that we are dealing with 


points in one plane. For the distance of two points we have, in the 


elliptic case 
Vi 7 YE 
COS d ; = Ae ) 
V(r) Vyy) 


whereas in the parabolic case we have 


d 
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If the equation of a line be written in the compact form 
(ux) = 0 


we shall define the elliptic angle of two lines (w) and (v) by the equation 
Vi ur) V(uv) = 
cos 6 = —w (oe) 
V( UU) V(Ve) 


In the parabolic case we shall adopt the simpler form 


NUy0; a Usto VU Vy — Uo» na 
cos 6 = =. (Sp) 
NU, Uy -+ Use NU Cy + Vole 
We shall define the distance from a point to a line, as the distance to the 
foot of the perpendicular on the line. We thus get, for the point (z) 
and the line (w) the twin formulas 
Vi ur) VCuz) 


sin d - (6e) 
VC uu) Vir) 


V(uUr) NC Ur) : 
d : 2 , (6p) 
VUjUy TF Ugta WLorg 
For real elements, the elliptic form of Hermitian measurement is identical 
with that for a projective plane in elliptic space of total curvature unity, while 
the parabolic Hermitian measurement is identical with the usual Euclidean 
form. 
A collineation which leaves distances invariant shall be said to be 
“congruent.” An elliptic congruent collineation may be written* 
; [(ab)a; — (aa)b,] —  (aa)(a;b, — a,b;) = 
a,%o + = < r+ = = X. (7e) 
V(aa)(bb) — (ab ab) Niaa)(bb) — (ab) (ab) 
The parabolic collineation takes the somewhat simpler form 


, 


pro = AvpX®o 
px,’ = a,%o + cos Ae zx, + sin Ae**" Zo, (7h) 
pXe’ = Ay + sin Ae zr, F cos Ae*™** x. 


We see that the point (1, 0, 0) is carried into the arbitrary point (a). 
Hence, the transformation is transitive. On the other hand, if (1, 0, 0) 

* The first writer to give implicitly the form for a congruent collineation of the elliptic type 
was Loewy. See his “Uber bilineare Formen mit konjugirt imaginiiren Variabeln,” Nova Acta 
Leopoldina, vol. 71, 1898. The explicit form, was first given by the author in his article “The 
Geometry of Hermitian Forms,” Transactions American Mathematical Society, vol. 21, 1920. 
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is fixed, we have, in both cases, the same type of rotation, which will 
carry any line through the fixed point into any other such line. Lastly, 
if a point and a line through it be fixed (which fixes the perpendicular 
through the point), there is still possible a group of congruent collineations 


depending on two real parameters namely 
pz; = e“rx,. (8) 
Definition. A system of concurrent and coplanar lines of such a sort 
that the cross ratio of any four is real is said to belong to a “line chain.” 
The general analytic expression for a chain will be: 


u; = Hyu,’ + Hepu,”’. (9) 

This chain, in the elliptic case, will be defined as normal if 
p(u'ii’’) pliu’’), (10e) 
Since distance and angle formulas are the same in the elliptic case, this 


shows that, if a, b, ¢ be three lines of the chain, there will always be a 


relation of the form: 
Zac+ gcb= zab. 


— 


A similar result will hold in the parabolic case if the terms with subscript 
zero be suppressed. A line chain will always cut a transversal in a chain 
of points; when will a normal line chain cut a normal point chain? Let 
the transversal be the line x. = 0, while the vertex of the line peneil is 
(1, 0,¢). A typical line of the chain may be written 


H (acry — cx; — ar.) + Haplber, — 
Since the line chain is by hypothesis, normal, we have in the elliptic case 
p[ce(ab + 1) + ab] = plet(ab + 1) + abd]. 
On the other hand, the point chain is expressed 
xo = Hic + Hope, x, = H,ac + Hoepbc: 
and this will be normal if 
pcclab + 1] = pec[ab + 1]. 
The two conditions are compatible when, and only when 
p =p, ab = ab. 


Exactly similar reasoning is applicable in the parabolic case, and we have 
THEOREM 3. The necessary and sufficient condition that a normal line 
chain should cut a transversal in a normal chain, is that the perpendicular 





ch 
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4 
Fa 
ve 





HERMITIAN METRICS. 17 


from the vertex of the line chain upon the transversal should be included in the 
line chain. The necessary and sufficient condition that a normal point 
chain should determine a normal chain about a given point, is that the foot 
of the perpendicular from the given point upon the line of the chain should 
belong to the line chain. 

The two equations Just written express the necessary and sufficient 
condition that there should exist a congruent transformation of the type 
(8) which carries the three sets of codrdinate values (1, 0, c), (c, ac, 0), 
oc, pbc, 0), into three real sets: 

THEOREM 4. <A normal line chain will intersect a transversal in a 
normal point chain, and a normal point chain will determine a normal line 
chain about a given point, when, and only when, there exists a congruent 
collineation which transforms the two simultaneously into real point and line 
chains, 

We shall presently see that the perpendicular from a point upon a line 
acts as a universal solvent in many trigonometric problems. Let us 
first, look for the formulas for the right triangle. By a proper change of 
axes we may suppose that if we have a triangle right-angled at C we may 
take for the coédrdinates of the vertices (1, 0, 0), (1, a, 0), (1, 0, c); while 


the sides have the coérdinates (— ac, c, a), (0, 0, 1), (0, 1, 0). In the 
elliptic case 
I j 
cos AB = = cos BC cos CA, 
vl + aavl + cé 
. . VOC vaacé + aa + ¢é Vee + aacé 
sin BC = = > = 
] + (¢ v1 + aa v1 ™- CC Naacé + aa + cé 


sin AB sin A. 


Exactly similar formulas hold in the parabolic case: 

THEOREM 5.) The trigonometric formulas for a right triangle are the 
SAIN ¢ in the He rmitian metrics as in the corre sponding Non-Euclide an or 
Kuclidean metrics. 

We see that the hypotenuse of a right triangle is always greater than 
one leg, and a side of a triangle is greater than its projection on another 
side: 

THeoreM 6. Jf A, B, C, be any three points the distance AB is never 
greater than the sum of the distances AC and CB and is only equal to that 
sum when (a) the points are collinear, (b) they belong to a normal chain, 
and (c) AB is the greatest of the three distances.* 

The normal chain is thus a geodesic in our plane, i.e., the shortest path 
between two given points. 


* For an algebraic proof see Study, loc. cit., p. 330ff. 
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If an arbitrary triangle be given, we may take as the codrdinates of 
its vertices the values (1, 0, ¢), (1, a, 0), (1, 6, 0). These points may 
be carried simultaneously by a congruent collineation into real points 


when, and only when 
ab = ab. 


When this relation holds, it is evident that the usual elliptic or Euclidean 
trigonometric relations must hold between the sides and angles of the 


triangle. Conversely, if such relations hold, the foot of an altitude must 
lie on a normal chain with the two vertices collinear therewith, and we 
can assume that the vertices have these codrdinates and that this equation 
is true. We may, however, put the matter still more concretely. Two 
sides of our triangle have the equations 


— acryp + CX; + are = V, — berg + cr, + bx, = 0. 


The perpendiculars on these from the opposite vertices have, in the elliptic 
case, the equations 


7+ 41+ ahjr. = 0, abr, — ax, + (1+ ab)zx. = 0. 


These will be concurrent upon the third altitude when, and only when 
ah = ab. 


THEOREM 7. The nece Ssary and sufficre nt condition that the Hermitian 
trigonometry of a triangle be that of the corresponding Non-Euclidean or 
Euclid an syste in of metrics, is that the altitude Ss should he concurrent. In 
this case, and in this case only, the foot of one altitude, and, hence of each 
altitude, is on the normal chain determined by the vertices collinear with it. 
In this case, and in this case only, it is possible to carry the triangle by a 
congruent collineation into a real triangle. 

4. Hyperconics. Let us find the locus of a point at a given distance 
from a given point (y). In the elliptic case we have, clearly 


rij)( Fy) — cos? d(rz) (yi (). 


and in the parabolic one 


LiYo — LoY1)(LiyYo — Loy) + LoYo — LoY2)(LeyYo — Loe) — d IoloYojo = 0, 
which is written non-homogeneously 


- - =/ = \ | / ~ ~ ’ 
a 2 Ste = 2) sr ty = y) 7’ =e) d?, 


In the former case, if d = 0 we have 


II LiG = Biy;) LY; =— 20.) = 0 
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so that the point (y) alone lies on the locus, whereas if d = 7/2 (mod 7) we 
have merely the straight line 


We shall call the general locus a ‘‘hypercircle.”’ 

THEOREM 8. The totality of points at a given distance from a given point 
will depend upon three real parameters, except in the case where the distance 
is zero and there is but one point in the totality, or when, in the elliptic metric 
it is equal to x/2 (mod x) and the totality consists in the points of a line. 
In the general case the equation of the locus is expressed by equating a 
Hermitian form to zero. 

If we place the point (1, 0, 0) at the center of the hypercircle, the 
equation takes one of the canonical forms 


— tan? drop + 21%; + Tot. = O, (11e) 
ri + yg = 7°’. (11p) 


The polar of a given point with regard to the hypercircle will have the 

equation 
— tan? djory + 714; + For. = O, (12e) 
at gy =r. (12p) 

THEeoreM 9. The polar of a point with regard to a hypercircle is per- 
pendicular to the line connecting the given point with the center. In the 
elliptic case the product of the tangents of the distances of the center of a hyper- 
circle from a point and from its polar is equal to the square of the tangent 
of the radius, in the parabolic case the product of the distances ts the radius 
square d. 

THeoreM 10. Jf the pole of a line be at more than a radius distance 
from the center, the line meets the locus in a chain of points at the same distance 
from the foot of the perpendicular; if a point be on a hypercircle, its polar 
meets the hypercircle in that point and nowhere else, if the point be at less 
than a radius distance from the center, its polar contains no point of the 
hypercircle. 

A line meeting a hypercircle in a single point may be defined as a 
“tangent’’ thereto. It is not, however, the limiting position towards 
which a secant necessarily approaches as two points of intersection tend 
to coalesce. If we remember that the formulas for distance and angle 
are entirely analogous in the elliptic case, and that the tangential equation 
of a hypercircle is obtained from its point equation by exactly the same 
process as is used for a circle, we reach: 

THeorEM Ile. Jn the elliptic Hermitian metric, the lines which meet a 
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fixed line at a fixed angle, which is not a right angle, will be lange nt toa 
hypercircle whose center is the pole of the fixed line. 

TueorEeM Ilp. In the parabolic Hermitian metric the lines which meet 
a fixe d line ata fixed angle othe r than a right angle will he paralle l to the line 8 


of a chain. 
Suppose that we have an equation obtained by setting a Hermitian 
form of non-vanishing discriminant equal to zero 


> 4;:2;2; ° 0), ai + i= ’ (13) 


If there be a single point whose coérdinates satisfy this equation, there 
will be a system depending on three real parameters. We shall call the 
corresponding locus a ‘“‘hyperconic.”” We define as the polar of a point 
(y) the line 

Ya "Li; * (). 


If (y) be a point of the hyperconic, it lies on its polar, which will contain 
no other point of the hyperconic. and which we shall call a “tangent” 
thereto. The tangential equation of the hyperconie is 


LA: “UU (), 


Let us seek a canonical form for the equation. We write the characteristic 
equation for the elliptic case 


This equation has surely one root, so that there is one point which 
has the same polar with regard to the given Hermitian form and with 
regard to the form which is the basis of our elliptic measurement. Taking 
this as (1, 0, 0) and giving to its common polar with regard to these two 
forms these same coordinates, the equation of the hyperconie becomes 


AgoLoLg TH AyyL, Ly F- Ayal £y + Ayo ,X. + AgeXok> (), 


Consider the reduced characteristic equation 


a)1 p 


1y9 
This will have equal roots if 
(411; — Goo)? 
two equations which can be satisfied only if 


1), = flo 


) 
23 
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and we have the hypercircle 
AooLofo + G1)(%1%; + 21%.) = O. 


In the general case this equation will have at least one root different 
from doo, giving a second point with the same polar with regard to the two 
Hermitian forms. Taking this pole and its polar as (0, 1, 0) we find the 
canonical form for our hyperconic 


DA 7,z; = 0. (14) 


i 


Since this equation must not be an absurdity, we may assume that 
two of the A,’s are positive, and the third negative. Each vertex of the 
coordinate triangle is a ‘‘center”’ in the sense that a line through it which 
meets the hyperconie does so in pairs of points equidistant from the center, 
and on a normal chain therewith: 

THEOREM lle. In the elliptic Hermitian metric each hyperconic has 
one in-center whose polar does not meet the locus, and two out-centers whose 
polars meet it in chains. The hyperconic is its own reflection in each of the 
centers. 

There is a little more variety in the possible forms of hyperconic in 
the parabolic case. We have two possibilities 

Qi; Aye 


(A) = + 0). 
(je oo 


Our hyperconic has the line equation 
LA ,;u,;u; = 0: 
we consider it at the same time as the form 


U;uy + Uotls = (), 


The characteristic equation is 


Aoo — A 01 Ao 
Ao. Ay = Ajo = 0, A 90 + 0. 
Ae Aj. Age ite 


There will be at least one line other than (1, 0, 0) which has the same 
pole with regard to the two Hermitian forms. We call this and its pole 
(0, 1, 0) while the pole of the infinite line (1, 0, 0) with regard to the 
hyperconic shall be called the point (1, 0, 0). We are thus enabled to 
make exactly the same reductions as before, and reach the canonical 
form (14) 

Qi, Ais 


(b) = A 00 = 0. 


@j2 Ae 





So wen Sg 
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The point (0, a2, — dy) has for its polar ry = 0 the infinite line. By a 
rotation of the plane we may force (0, 1, 0) into this disagreeable rdle. 
There will be another point of the locus of such a nature that its tangent 
is perpendicular to the line connecting it with (0, 1, 0) and this we take 
for (1, 0,0). We thus get the canonical forms 


" 


QAoXot1 + Aoi oX} + A oto Te 


' 


(15h) 


Note that all points on this locus are equidistant from the ‘focus ”’ 
(a 2, 0) and the directrix r = — a2. 

THEOREM L1p. In the parabolic Hermitian metric a hype reonic has 
either one center, or else it meets the infinite line in a single point. In this 
latte r Case it is the locus of points equidistant from a gine n point and al quve n 
line ° This line, the directrix, is the locus of the reflection of the focus in a 
tangent. Mutually perpendicular lines through the focus are conjugate with 
regard to the hyperconic, and tangents from a point on the directrix are 
mutually perpendicular in pairs. 

The usual geometric proofs for the parabola are applicable here. 
Suppose that a hyperconic has an out-center at the point 2, = 1 
xr, = 2, = 0. Its equation may then be written 


The tangents from the out-center, which we call ‘‘asymptotes” will 
generate the variety 


We may write our hyperconic parametrically in the form: 


sinh Ae'* cosh Ae™® 


NID; V3 


sinh A —_ cosh A 


VP + Q) cosh? A -+- R sinh? A 


an expression which approaches zero as A becomes infinite. exactly 
similar reasoning holds in the parabolic case 

THEOREM 12. If a point of a central hyperconic recede indefinitely 
from an out-center, its distance from the nearest asymptote through that 
center becomes infinitely small. 
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We mentioned earlier that in the case of the non-central parabolic 
hyperconic, there was one point, called the focus, through which conjugate 
lines were mutually perpendicular. Let us see if there are corresponding 
points in the case of the central hyperconics. If there be any such point, 
the line connecting it with a center must be an axis, or else perpendicular 
to an axis through the given point. In any case, the point lies on an 
axis. Writing the hyperconic 


LA «x;z; = 0, (14) 
we call our assumed focus (0, yx, y). An arbitrary line through this 
point will have the codrdinates (u,, y1, — y.). The perpendicular thereto 
will be (— (yide + YG), Tiny, — tinyx). The two will be conjugate if 

— (Yq + Yt) 4 yi 4 Y i) k- ~ 0, 
Ay, A, A, 
YY, = 0), yi = VACA, —_ Axe’, yi = vA (Ay —_ A,)e™. 


Of the three coefficients A; one must be negative; we assume the other 


two positive, writing 


i 


YrW k Yiyi 
ia, ~ as “3a a” 

We see that the negative coefficient can not be A,, in fact A, must be the 
numerically larger of the two positive coefficients. Every point so ob- 
tained shall be called a ‘‘focus,” its polar being the directrix. We then 
find by a direct calculation, 

THEOREM 13. On one of the axes which does not connect two out-centers 
of a central hyperconic, there is a chain of foci. Conjugate lines through a 
focus are mutually perpendicular. In the elliptic Hermitian metric, the 
ratio of the sines of the distances of a point of a hyperconic from a focus and 
from the corresponding directrix is the same, not only for all foci, but for all 
points of the hyperconic. In the parabolic case it is the distances themselves 
which have a constant ratio. 

It is occasionally advantageous to write the equation of a hyperconic 
in a general symbolie form in the Clebsch-Aronhold notation. For in- 
stance, if the line equation be 


UU; = 0, 
while the condition for perpendicularity is 


Upiig = gus = 0, 
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and if (v) and (w) be two mutually perpendicular tangents to the hyper- 


conie 


aow 


THEOREM 14. The locus of points whence tangents to a hyperconie are 
mutually perpendicular in pairs, is in the elliptic metric, another hyperconic 
with the same centers. In the parabolic CASE it is a hypercircle, or the 
directrix of a non-central hyperconic. 

We saw in theorem 7 that the usual trigonometric formulas hold for a 
triangle when, and only when, the altitudes are concurrent. It is not 
difficult to see, however, that the law of sines holds for every triangle. 
If then in the elliptic case, the vertices of a triangle be A,;A2A; and the 
foot of the perpendicular from A; upon the opposite side be A,’, we have 

sin (A;A,’) = sin (A,A,) sin A, = sin (A,A,) sin A,, 
sin (A,;A;) sin (A,;A,) sin A; = sin (A,A,’) sin (A;A,) = const. 


; 


We call this expression the ‘‘sine amplitude” of the triangle, and write it 
sin (4,;A.A;).* If the codrdinates of the vertices be (y) (z) (4) we have 


sin 
Notice also 
sin A, sin 


sin A;A, sin A A, sin A,A sin A.A * 
In the parabolic case we may take as double the measure of a triangle 
A,A;)(A;A,) sin A; = (A;A,’)(A;A,4) 


In terms of non-homogeneous coordinates this is 


r l' /\2’9 
VN x’y"1 NV 291 
We see, however, that a transversal through the vertex of a triangle will 
divide the triangle into two others whose measures add up to the measure 
of the given triangle only when the point of division belongs to the normal 


* Conf. the Author's “Elements of Non-Euclidean Geometry,” Oxford, 1909, p. 170. 
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chain of the two vertices collinear therewith. Hence we do not readily 
arrive at our measure by a double integration, and the whole subject 
seems to me of secondary interest. 

4. Differential formulas. ‘The fundamental differential expression which 
interests us is the squared distance element which is given in the elliptic 
case by the equation 

(xz)(dxdz) — (adz)(#dz) | 


ds? = — —e (15e) 
(xz)? 


We have similarly the angular element 


. (uii)(dudii) — (udii)(idu) 
de? = — rs 
uu)” 
It is frequently better to drop the homogeneous point and line co- 
ordinates in differential work. Thus, assuming that a line does not pass 
through the point (1, 0, 0), we write its equation 


ux +vy+1 = 0, 
and have for our differential forms 


,  adxrd? + dydg + (xrdy — ydr)(zdg — gdz) - 
it as i BT ion , ee (16¢) 
(22 + yg + 1)" 


de = dudii + dvd? + (udv — vdu)(aidi — tdi) . (17e) 


(ua + vi + 1)° 


In the parabolic case we have the analogous but simpler expressions 


dx? = drdi + dydj, (16h) 
aus (udv _ vac! hus = tdi) (17h) 
(ua + vt)" 


Suppose that we have given a curve 
y = yx), 7 = 9(2). 


The equation of the tangent is 


y’ : 1 . 
-_ Y¥+1<=@ 
y — ry y— xy 
yy’ — ry” 
du = ug tt 2 dv = - 
(y — zy }° (y — ry )° 
. py” ‘ =-i 4. 
= = 3 = _ - d a 
di (gj — #9)? lz, di (9 — ay)? i 
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Fi 


drdi: 


"a dards 
Qty +ly— xy g — FFP? 


We have, thus as an expression for the curvature 


] = da 
ki ds 


Suppose, secondly we consider a complex surface where the distance 
element is 


, 


| dard. 


| bye + 1 ry’ )\(y — 9 
ds? = Odx? + 2Fdrdz + Odi = re 


We may write this a little more simply in the form 


OF a UU + UT FT ] 

vere + y7Z + 1 
We now look for the Gaussian curvature of this surface 
0? log F Clog (ua + vr% + 1 


O-xrde OXrOF 


A log (rz + yi 4 Db 


OLOE 


] 0" log PF 
F Ordozr 


(19e) 


THEOREM 14. The Gaussian curvature of a surface having the same 
distance element as a given curve is, in the elliptic case, 4 less than minus 
two times the square of the curvature of the given curve. 
the difference of 4 between the two expressions is lacking. 
We next look for a curve of constant curvature 


In the parabolic case 


It mt? 


y"'75 
k + yy’ + (ly — ry’) — F9 


riz + yy +] 
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Assuming C not to be zero, we treat x and z as independent variables 


and differentiate the logarithms of both sides successively to x and to z 


/t —th 


ltysd + & — 296 — 2) Ff “a 
rE + yy + 1 


This is an absurd equation, hence we must have C = 0. 

THEOREM 16. The only curves of constant curvature in Hermitian 
metrics are straight lines. 

Let us look for a ‘geodesic thread” on a given curve, i.e., a system of 
points depending upon one real parameter which gives the shortest path 
between two of its members, the normal chain is a good example. We 
assume as before that y is a known function of x and g the conjugate 
imaginary function of z Let us find two functions z = z(t) # = #(t) 
which will minimize the integral 


f ll + ya’ + (y — zy’) (9 — 29’) )a' a’ dt 
Ja \ (zé + yf + 1)° : 
We call this 


i] R(xzx'z')dt =| VF (x, &)-x'z'dt. 
To minimize this we may treat x and Zz as independent 

oR d/faR oR d (= 

dx dt\ dx' }’ d@ dt\dx')° 


These reduce to the single equation 


a’ — — 2’ = -—~ (2'2" — 22") 
Ox 02 ZZ 
Let 
,0¢d 06 wz’ — Z'2r” 
68) = log F, so /—— = er 
Ox Oz ri 
Let 


a6 06 — 2(V'U" — U'V") 


Vau~ "av veay 
dV V’ — 
qu-~u Y=" au: 

wee =— yeyrer yeoyvyer 
Ua = U' v'U", 


eV 1 dV\*|[dV ae ag] _ 
Tt 3 |) * (so) \La050 - 7 | ie 
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ON THE EXPANSION OF CERTAIN ANALYTIC FUNCTIONS IN 
SERIES.”* 


By R. D. CarMIcHAEL. 


Introduction. Let p be a positive constant and let g(x) be a function 
of x with the asymptotic representation 


as ay do 
1) g(x) ~ x" rem (142444...) 


valid in a sector V including in its interior the positive axis of reals and 
every point of the imaginary axis. Moreover let g(x) be analytic at 
every point z in V for which |z| is greater than a given constant y. 
By means of this function g(x) we set up the class of series which have 
the form 


=. g(x+hk) 
? S(z) = C.° 
é O° k 
) a g(x)” 
where Co, C1, C2, --: are constants. These (and other more general) series 


I have already treated in several papers.+ The object of this note is to 
derive certain necessary and sufficient conditions for the representation of 
functions in the form of series S(z + a) where a is a suitable constant 
depending on the function to be represented. 

1. Representation of a function of a certain class by means of a suitable 
integral along a straight line. Let f(x) be a function of x which is analytic 
at every finite point to the right of a line L,; parallel to the axis of imagi- 
naries. Let Z denote a line parallel to L, and to its right; and let us think 
of L as having the direction which leads from a point with negative 
imaginary part to one with positive imaginary part. On L let f(x) be 
bounded by the inequality 


(3) f(z) | <7 

jt ' 
when |x| is greater than a sufficiently large positive constant X, where 
eand N are given positive constants. We shall show that such a function 


* Presented to the American Mathematical Society, April, 1920. 

+ These memoirs will be referred to by the numbers in the following list: I. Trans. Am. Math. 
Soc., vol. 17 (1916): 207-232. II. Bulletin Am. Math. Soc., vol. 23 (1917): 407-425. III. 
American Journal of Mathematics, vol. 39 (1917): 385-403. IV. American Journal of Mathe- 
matics, vol. 40 (1918): 113-126. 
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f(x) may be written in the form of the integral 


(4) - 


ea ore 


1 (‘f(z)dz 
7 


am li 


where the integral is taken along L in the direction already indicated 
and is valid for every point x to the right of ZL. For this purpose consider 
the semicircle of radius ¢ about a point a on L as center and lying to the 
right of L. Let A, denote the region inclosed by the semicircle C, and 
its diameter D,. Let x be any point to the right of Z and let ¢ be so large 
that x is in the interior of A,. Then by the Cauchy integral formula 


we have 
f= 
fr - ‘ 


~- v0.4 =" 4 


where the integrals are taken along D, and (C; in a positive sense with 
reference to the inclosed area A,. 

Now let the radius ¢ of C, become infinite. The second integral in 
the last equation approaches zero, as one sees readily by taking the 
absolute value of the integrand and employing inequality (3). The first 
integral in the last equation approaches the integral in (4). Hence f(x 
ean be written in the form given in (4) and the representation is valid 
for every point x to the right of L. 

2. The convergence of certain asymptotic representations with respect to 
g(x). Let f(x) be a function which is analytic at every (finite) point to 
the right of a line LZ, parallel to the axes of imaginaries. Denote by L a 
line to the right of ZL; and parallel to it. Let a constant a be chosen so 
that for z on L the real part R(x + a) of x + a is greater than a non- 
negative integer r and so that gir +a+1)/g(r +a) is analytic and 
different from zero at every finite point to the right of the line L;. Then 
for every positive integer n the function g(x + a + n) g(x + a) has the 
last-mentioned property since 


gia+a+n) 


5) 
g(x + a) g(x + a) 


! 


Let f(x) be written in the form 
Gc } ) q - 1 a+ 


‘ — g(x 4 
(6) f(z) = > ci. + PR, (zx) 

5 Gx (1) g(r + 
For every x on L and for every positive integer n let. R,(x) satisfy the 
inequality 


(7) R,(xz)| & (nl)rer®o—B nrot+ Rige—ni, 


ny 
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where ¢€, approaches zero with 1/n. Moreover, for xz to the right of L, 
let f(x) be such that the function f(x) — co is bounded by the inequality 


f(z) — co| < N|z|~* 


when |x| is greater than a sufficientiy large positive quantity X, where e 
and N are positive constants. Then we shall show that f(x) may be 
represented by the series 
i a 
gix+at+hk) 
S) I(r) =e,’ ont 


paar 1 © lie a9) 


and that this series converges for every x to the right of L. 

From the asymptotic character of g(x) it follows readily that 
(2 + a)"*g(x + a+ s)/g(x + a), and hence x'*g(x + a + s)/g(x + a), ap- 
proaches a finite non-zero limit as x + a approaches infinity in V. Hence 
when z is to the right of L it is easy to see that the remainder term in (6) 
may be represented in the form of an integral in accordance with the 
result in $1. Hence we have 


. = gxrt+ath). 1 R,(z) gztatn+ 1) 
9) f(z) =De — += 
k=0 g ] 


xr+a) 2nt Jt 2 g(z + a) 
where x is to the right of L and the integration along L is taken in the 
direction indicated in § 1 and z is to the right of L. 

In order to prove that f(x) has the convergent representation (7) it is 
now necessary and sufficient to show that the integral in the last equation 
approaches the value zero as n becomes infinite. But this integral is not 


greater in absolute value than the integral 


> R,(z) giztatnt+ 1) 
Raed | tae}. 
Jee = =z g\z + a) 


In order to find a function of n which dominates the latter integral we 


employ the asymptotic relation 


os l ” 
’ sie a1 ttty- yD Lo 
giz) (T(z) }? ~ cement ltt eee I Oe e Vir ‘vo. ** 
x x 
—- : C) 
~~ xz” i - , an Vx)? ] aa r + = ° 


l’'rom this we have 
g(x) | I(x) | x 


where S(x, n) approaches 1 when n becomes infinite or x becomes infinite 
in V or both of these conditions are realized simultaneously. Hence 
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for z on L constants M, and W, exist such that 


gztatn+1 


(10) 


g\z + Qa) 
<M, (z+ 


< M, , + @ 


Employing this inequality and (7) we see that a constant M exists such 


that the last-written integral has a value less than We,. Hence it ap- 
proaches zero with 1/n. Hence from (9) we have (8), a relation which is 
valid if z is to the right of Z, as was to be proved. 

Now let ZL. be a line to the right of ZL and parallel to it. Since 
giz + a + N)/g\z + a is analytic and different from zero at every point 
to the right of Z;, it follows that there is no exceptional point for the 
series in (8S) and no limit point of such points to the right of Z. Therefore, 
from theorem III of memoir ITI it follows that the series in (S) is uniformly 
convergent for x in the region consisting of L, and the half-plane to its 
right (exclusive of the point infinity 

We are thus led to the following theorem: 

Le tf xr) bea function which is analytic aft every finite point to the right 
of a line L, paralle l to the axis of imaginarie s and SUP Pose that constants c 
and ee > O) exist such that x *: fix) — is bounded as x approaches 
infinity to the right of L,. Denote by La line to the right of L, and parallel 
toit. Leta constant a be chosen so that for X on L Rix +a) is greater than 
a non-negative integer r and so that girt+tat])gir+a) is analytic and 
di fhe rent from zero at every finite point to the right of Ly. If fix) is written 
in the form 6) then let R,(xr , for every ron Loar d for every positive inte ger 
n, satisfy inequality (7). Then fix) may be re presented by the series in (S 
and this se rue S Converdes for Every finite rto the right of L. Moreove rf. if 
CONVETYES uniformly in the region consi fing of a line to the right of and 
parallel lo Land the half-plane to the righ fof su h line (erchusinve of the point 
infinity). 

4. Necessary and sufficient conditions for the representation of a function 
f(x) in the form of a series Six +a). Let Fir) be a function represented 
in the form of a series S(r 


(1] F(x 
converging for some value of « which is non-exceptional for this series 


and hence in a half-plane R(x) > 1, where the line R(x) = Lis the boundarv 
of the region of convergence, 
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From theorem I of memoir IV it follows that a constant S, exists 


such that 
! / | ’ ‘ 
ivag(n)| <a", 2 = 2. 


Now we have with respect to n the asymptotic formula 
Vin ) n(B a Pe 5a C1 
g(n) {T(n)}? ~ er "-n*—tHe*( v2)? | 1 + m9 + ---}. 
l 


Hence a constant s exists such that 


(12) Yn+1l < (n!)ee*®o-! ns n = 2. 
Let us now write F(x) in the form 
: = gir +k) - gfx +n+1) 
F(z) = . + R,(x)° 
} aT g(x) ; g(x) 
Then we have 
— a g(x +k) 


13) R,(z) = . > ¥ 


n+l 


“g(t +n + 1) 


provided that 2 is confined to a portion of the region of convergence of 
the series in (11) for which g(x + n + 1)/g(x) is different from zero. If 
ris ona line L parallel to the axis of imaginaries and sufficiently far to its 
right, we may employ relation (10) with z replaced by 2, a by n + 1, 
and n by k — n — 2, to conclude to the existence of a constant MM; 
independent of 2 and n) such that 


oF) L Ie — 1) [Pen BBP) (J — y — 2) RH), 


<M,;/(r+n+1)---(r-4 


where ik > n+ 2. Hence we have 


gir +k) 
’ vf Ae Hi 1) 
(k—1)! ,? 9 > > i 
M | p(n tl) R(p—-B) (fr — yy — 2) Mu derns 
"| (rvtn—-1)--- (r+hk—-1) | 
| (n+1)--- (k-1) ¥ k—n —2)**-te 


1 Ri p—B (n ! ) Pe nR p—B n « . -— 
Ms | (rtnt+l) +--+ (x+k—1) | 
ited WHO Ga 
<_< eusire «  « 
ee | (~at+n4+1) +--+ (r+n+k—-t-1) } 


i 


kok — nm — 2) herd, 


where / is a positive integer such that pt > R(u — 3p) + 2, k>n+t4+2, 
Hence if the line LZ is sufficiently far to 


and M, is a suitable constant. 
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the right. then for x on L we have 


Qi + t+ l 


where V; is a suitable quantity independent of x and n. 
Employing the last inequality and relations (12) and (13) we find 
that for xr on L we have 


M n! 


Hence a quantity M,. independent of x and n, exists such that for x on L 
we have 


R, z < M, n! oo ners 


Therefore an r exists such that F,(.r) satisfies the condition imposed on 
R,.(x) in inequality (7), provided that the line L has been taken sufficiently 
far to the right. . 

It may now be readily shown that for the given function F(x) lines 
L, and L exist such that Fir) has the same properties with respect to 
them and to a constant @ (in this case zero) as are specified for f(x) in the 
hypothesis of the theorem of § 2. Analyticity to the right of some line 
L,; parallel to the axis of imaginaries follows from the last result in § 3 of 
memoir I. From theorem I of memoir III it follows that 2°. | F(r)—4 
is bounded for x approaching infinity in a half-plane to the right of a 
suitable line L; We have just demonstrated the appropriate property 
of the factor F(z) in the remainder term. Hence the conditions given 
in the theorem of $ 2 and there found to be sufficient for the representation 


of a function f(x) in the form of a series Sir + a) are also properties of 
every function so represented. Thus we have necessary and sufficient 


conditions for the representation of functions in the form of series Slax +a 
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NOTES ON THE CYCLIC QUADRILATERAL. 


By Frank V. Mor.ey. 


A triangle gives rise to certain well-defined and unique points, such 
as the centroid, symmedian point, ete., and these points may be con- 
sidered as attached to the triangle. Four vertices will give rise to four 
such triangles, successively obtained by omitting each vertex in turn, and 
there is a natural inquiry into the behavior of the four sets of attached 
points. In general the relations are not always simple; but there are 
certain pretty simplifications when the four vertices are all on a circle. 

If we call four points on a circle a, 8, y, 6, the four triangles will be 
ady, By6, yéa, 6a3. By definition they all have the same circumcenter, 0. 
This suggests a treatment by vector analysis, in which we take o as origin 
and consider the cirele as a unit circle or base circle. Then a, 8, y, 6 
are orthogonal numbers, or turns, upon this circle. 

It may be convenient to introduce the symmetric functions of a, 8, 
y, 6. For three points a, 8, y these are 


Ss =atpt+y, So = aB + By + ya, 83 = apy. 
Similarly for four points the symmetric functions are the sums taken one, 
two, three, and four at a time. The context makes it clear as to whether 
the symmetric functions are for three or four points. 

Sesides the single points attached to the triangle, of which we have 
cited the centroid and symmedian point as examples, there are certain 
pairs of points. The most interesting of these are the Hessian points 
and the equiangular or Fermat points. These will give rise to simple 
configurations when considered for the four triangles which make up an 
inscribed quadrilateral. And finally the particular set of four points 
formed by the incenters of a triangle gives rise to a recently studied 
rectangular net when considered for the four triangles of an inscribed 
quadrilateral. 

Although all of the proofs might be thrown into the notation of vector 
analysis, it will be found more convenient in some cases to indicate other 
methods. It may be said that the facts were largely suggested by the 
writer, while the methods of proof were generally intimated by his father, 
Professor Morley. 

1. Centroids. The centroid of the triangle a, 8, y may be called qs, 


or 
on 
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and is by definition 
This may be written as 
or 


where ¢ is a variable turn traveling round the base circle. The equation 


is how symmetrized. For a varying it represents a circle, and when 


picks up the particular values a, 3, y, 6, 2 is in suecession the point 
Jas Gay Jos Ys Hence the four centroids are on a circle, with center s,; 3 
) 


and radius 1 3. 
Moreover, 


so that 


From this we see that Jaf] is parallel to a3 and one-third of its length. 
Hence the four centroids form acyclic quadrilateral similar to the four vertice 
and parallel in situation, hut of Oo} e-th rd thie s 2¢ n 


2. Orthocenters. The orthocenter of a triangle, h;, is given by 


ct 
This may be symmetrized and written 
8s, —l. 


This is again a circle, and when ¢ picks up the value a, 3, 
succession hi } jj } ’ ar nee thre hour orthoce ner: are on 


1? ’ 


with center s; and radius 1. Moreover, 


<() that the four orthoce nile r: form ai cyclic quad) late ral equal lo the quadri- 
late ral forme d hy the four i rlices. and parallel in situation. 

4. Centers of nine-point circles. The center of the nine-point circle, m5, 
is found tO be 


aD | 


This may be symmetrized and written for the four triangles as 


It follows that the centers of the four nine-point circles form a cyclic quadri- 
lateral similar to the quadrilateral formed by the four vertices, and parallel in 
situation, hut of half the $126 . 
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4. Symmedian points. The symmedian point, k, of a triangle (here 
the symmetric functions are for three variables) is found by direct calcula- 
tion to be 

68183 — 282 
i Ys3 — $182 
It is not convenient to symmetrize this expression, and our previous 
treatment breaks down. 

It. is then advisable to find out how the symmedian point appears in 
haryeentric codérdinates. Since we are to deal with a quadrilateral, 
symmetry will be gained by choosing the diagonal triangle for reference. 
‘Then the four vertices will have coédrdinates 


Qa: ay ay Qe 
5: = Ge ay ly 
y: a —-a, Ay 
6: (ly a; — Qs. 


These four points are to lie on the circle apolar to the reference triangle, 


Coto" aa C121" a+ Cc Te" = Q, { 1) 


where the c’s are the cotangents of the angles of the reference triangle. 


> 


Let us calculate the symmedian point of Syé. The tangent to (1) 


at 3 is 
— CoMoXo + C1Q,X%1 + C2A2X. = OQ, 
and at ¥ is 
CoM — C1Q,X, + CoQoT. = OV. 
Any line through their intersection is 
— Colpo 1 CyQ4Hy + Coe%e + ACHAGA) — AC1A4X, + ACoA. = O. 


This line passes through 6 if \ is so chosen that 


= Coy” 4. C,a;" —_ Cols” -+ ACoA? -_ AC) a,° iad ACoA” = 0. 


By virtue of (1) this reduces to 
C:0;" + ACoay” = O. 

Substituting this value of \ and dividing by coae?e1a;°c2a2*, we have for 

the symmedian line through 6 the equation 


— Col o®o + C,}A,71 4 ColoXs CoAo®Lo — C1A12X + C2A2Le — 
C10 1°CoA2" C2A9°C Ay” 


where m is unaltered by interchange of letters, as appears immediately 
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when the letters are permuted cyclically to form the equations of the sym 
median lines through 8 and y. By adding numerators and denominators 


in the equation written, 


and again using the reduction 


The symmedian point is then found to have as coérdinates simply 
}; => (0 ; j. c (ly ; }: Cole ; 
The four svmmedian points derived from the four triangles are therefore 


? 
}- . ]- 
n ° I 


Comparison with the codrdinates of a, 3, 7, 6 shows that the four sym- 
median points have the SQ )¢ diagon | tri ndte as the four rertice S.. 

This mav also be seen from the theorem that there is a particular 
projection which sends a circle with an inscribed quadrilate ral into a circle 
with an inscribed rectangle. This is proved by Professor Morley as follows: 
Let v be the exterior diagonal of the four points a, 3, y, 6 on a circle ¢ 
ina plane P. Take a sphere on a, 3, y, 6. Draw either tangent plane 
from v to the =phere, and let V be the point of contact. Take any plane 
Pp’ parallel to this tangent plane, When we project from \V the circle ¢ 
will become a circle C’ in P’, and also the four points a, 3, y, 6 will become 
the vertices of a parallelogram, since the third or exterior diagonal has 
gone to infinity. Thus the projection of the circle with the inseribed 
quadrilateral a, 8, y, 6 is a circle with an inscribed parallelogram; i.e., 
a rectangle. 

When the circle C is projected into a circle C’, the tangents of C are 
projected into the tangents of C’, and therefore the svmmedian point of 
a triangle inseribed in C goes into the S\ mmedian point of the triangle in 
C’. When we project four points on C into a rectangle on C’, the four 
symmedian points become the four symmedian points of the triangles 
formed from the rectangle. But these form a concentric rectangle, or a 


rectangle having the same diagonal triangle. Henee, by projeeting back, 
the original symmedian points have the same diagonal triangle as the four 
concyclic vertices. 
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teturning to the barycentric expressions, we derived a simple cubic 
transformation which sends the inscribed quadrilateral into its symmedian 

points, namely 
kK; = cae. 


In this the a’s may be eliminated, with the resulting locus for k, 
Co! 377 5 oil ¢,! ar? oi C.! 3y 2/3 (). (2) 
The relation of this locus and the circle 
Colo” + C121" + Cor.” = OV, (1) 


savors strongly of the familiar case in rectangular coérdinates of the 
astroid 

At 4 Y28 = Az. (3) 
and its cireumcircle 


, xX? + y? —_ A*. (4) 


In fact the symmedian locus (2) is the particular projection of the astroid 
in which the circle (4) goes into the circle (1). 

It is then clear that the four symmedian points of an inscribed quadri- 
lateral are on a six-cusped curve whose cusps are on the sides of the 
dingonal triangle. This curve, together with the diagonal triangle, affords 
a unique construction for the symmedian quadrilateral when one sym- 
median point is given. 

There is another way in which the peculiarity of the symmedian 
quadrilateral may be stated. Any four points a; set up a pencil of conics. 
The polar of a point x with respect. to the pencil is a pencil of lines through 
y. Hence x and y are in a quadratic Cremona involution 


This is a transformation over the plane. In particular, it sends the 
orthocenter of the diagonal triangle, namely 


Yo = CiC2, Yi = C2Co, Yo = CoC, (9) 
Into 


9 


Xo = Coo’, x1 = €)a;", Xe = Colle’. (6) 


When the four points a, are on the circle (2), (6) is at infinity, and the 
q points setting up the involution are k;, (6) becomes 
Lo = (Cofo")’, X} — (c,a,")°, Xe — (c2a")*; 


a point on the cubic 


— 
— 


ro? + x,'* + 2,'" = 0. ( 


transformation sends the orthocenter to infinity. But when the four 


= = = 79 . 
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Hence the symmedian points are such that their involution sends the 


orthocenter of their diagonal triangle into a point on the ecubie (7). 

5. Hessian points. A Hessian point may be defined as a point whose 
images in the sides of a triangle form an equilateral triangle. Reverting 
to vector analysis, this will lead to the expression* 

was 


There will be two such points for any triangle; the other point of the pair, 
h;’, is found by interchanging w and &*, where w and w* are the complex 
cube roots of 1. 

The above expression is for the triangle formed by omitting 6. The 
corresponding Hessian, h,, for the triangle formed by omitting @ will 
be found by eyclically permuting the letters, 


@°00 + Wid’ 


Y T WO 


But if we multiply this second expression by @ above and below, it will 
be seen to be the same as the first, except that a is replaced by 6. Hence 


h; — h, will have a factor (6 — @), and may be written 


In a similar way 


i, &, 


a 


Wa 


and similarly for the other differences. The double ratio for the Hessians 


h he, = h;, is then 


oo oe 
h, one he h, — h, 


a) 


and the double ratio for the four points a, 8, y, 


{ 


Since a, 8, y, 6 are on a circle, this last double ratio is real: hence the 
double ratio for the Hessians, being the cube of this, is also real. A 
similar result will be obtained for the set of points h,’, hg’, h,’,h,’. There- 
fore each set of Hessian points is on a circle. 


* Harkness and Morley, Theory of Functions, p. 26. 
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6. Equiangular points. An old problem, attributed to Fermat, is to 
find a point the sum of whose distances from three vertices, say a, 8, y, 
is & minimum. At such a point the angles subtended by a@, By, ya 
will be equal or supplementary. There 








; are in fact two points, familiar as the . 7 

4 intersections of the lines joining a, 8, y 

a to the vertices of equilateral triangles . e 
described, all outwards or all inwards, 
on a3, By, ya. Another definition 
would show the points to be the iso- yo , 
gonal conjugates of the Hessian pair. tie 2. 


They are variously known as Fermat 
points, isogonal centers,* or equiangular points. 

To handle the equiangular points by vector analysis, a convenient 
starting point is Figure 1, taken from a paper by Professor Morley.t 
Here o is the circumcenter of any triangle, g the centroid, h, h’ the Hessian 
pair, and e, e’ the equiangular points. Immediately it is seen that 

' h 
e—g = (h —@g); 


7 
Substituting the previous values for g, h, and h’, we have 


° 3 4 By + wya + was 
o6; ~atrst — (at wf + wy) are 

; Y a By + wya + wap 

Let us write 

ss 8+y—2a)(By+wyat wad) —(atw'8t+ wy) (By+w*ya + was) 
o1c. a} , 9 ° 

; By + wyat eas 

If in this expression a were equal to 8, the numerator would vanish, 
which is convenient to note geometrically; so that (a — 8) is a factor. 
Similarly (a — y) is a factor, and the expression may be written 


wiw — w")(wy — B)(a — B)(a — ¥) 


3(€; =) = 


By + wya + wap 


We may now permute the letters and write (since w — w* = 73), 


why — wa)(B — ¥)(B — a) 


z V3 ( i _ j — > , 
, “ ya + was + w py 
and also 
_ wy — wd)(B — y)(8B — 4) 
i V3(e€, = 3) = 9 
. v5 + wif + w py 
. of Neuberg, Sur les projections . . . d’un triangle fixe, Académie de Belgique, t. XLIV. 


+ Quarterly Journal, vol. 25 (1891), p. 186. 
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The difference will reduce to 


where 
and 


Similarly 


where 


where C and C’ are expressions similar in formation to A and A’. The 


factor 


is real, since mw By Vs 6areon a circle: moreover, since the conjugate of A 


is A, the conjugate of the expression AA’ ar 


thus the double ratio of the equiangular points is equal to its conjugate, 
and hence real. This will be true for the points ¢,’ as well as for ¢ 
therefore each set of equiangular points is on a circle. 

7. Incenters. The triangle 3y6 will have four ineenters, using the 
term in the general sense, of type = The fact that the sixteen points 


I, fg, 1,, 1; form a rectangular net has been discussed so recently, makes 
a bare reference sufficient.* 


* The theorem was cited by Neuberg, in 1906; more recent proofs have been given by F. V. 
Morley, Amer. Math. Monthly. vol. 24, p 30 (1917): _ Alt hiller, Am. Math. Monthly, vol. 
25, p. 412 (1918); and in the comprehensive article by J. Clawson, Annals of Math., vol. 20, 
p. 204 (1919). See also F. V. Morley, Amer. Math. Monthly, June 1920. 








NOTE ON THE PRECEDING PAPER. 
By F. Morvey. 


The interesting theorem of Section 6 in the preceding paper, that the 
Fermat or equiangular points of the 4 triangles formed from 4 concyclic 
points are arranged on circles, suggests the following treatment. 

To obtain a convenient curve for handling metrically four points of a 
plane, @;, G2, @3, as, we may look for points x such that the joins xa; are 
apolar with the isotropic lines on x, taken twice. Analytically, if ¢; be 
the clinant of za;, we are to have 


$3 = z tite = QO. 


The locus of x is of the fourth order on the points a;, with double points 
at the absolute points. Hence it is an elliptic quartic. 
For an equiangular point, say e,; of a), @2, a3, we have 
ty tle + tls = O = bots + bsti + tite, 


so that 
so = VU. 
That is, any four points and their eight equiangular points, are on a 
bicircular quartic. 
Let uw be an elliptic parameter on this curve. Then by Clebsch’s 
statement of Abel's theorem, for four points on a circle 


Uy + Us + Ug + Uy = Constant, 


= Q, say. 
Naming each point by its parameter and noting that the chord a, a, 
subtends angles of 120° at e; and ey, and therefore e3, €s, @;, @2, are On a 


circle, we have 


and similarly 


If then the points a; are on a circle, 


a; + ag + a3 + a, = O, 
so that 
€; t+ eo te3 te, = 0, 
that is, the four equiangular points are on a circle.. 
In this way we have a configuration of circles arising from four con- 
cyclic points which is deserving of study. 
43 

























ene age 


a 








QUALITATIVE PROPERTIES OF THE BALLISTIC TRAJECTORY.’ 
By T. H. Gronwa tt. 


1. Introduction. In the following, we shall consider the projectile as a 
particle, and refer it to a right-handed system of rectangular coordinates 
with the origin at the muzzle of the gun, the positive r-axis being hori- 
zontal and directed toward the target and the positive y-axis vertical and 
directed upward. The retardation R due to the resistance of the air is 
introduced in its most general form as a function of the position and 
velox ity of the projectile and the time, so that R mS 884,89 ,8,54 
where x = dr dt, ete. Denoting by ’ Ve + y + 27° the velocity Ol 
the projectile, the components of the retardation are Rar’ v, Ry v, Rz 
and g being the acceleration of gravity, the differential equations of 
motion are 

ss Rx’ 


r = 


, 


with the initial conditions x j= 2 4 


z’=Ofort=0. The first and third equations give 


2’ = const. 2’, and since 2’ 2 0 for 0, it follows that z 


any i. that is, the trajectory lies in the ry-plane. 
Consequently the velocity is given by 


and introducing the notation 
Ek 
the differential equations of the trajectory become 
(1) ge” =x = Er’, y” — ky’ — gq, 
with the initial conditions for ¢ = 0 
(2) zr=y=0, x’ r > (0. 


For purposes of comparison, let us consider briefly the trajectory in 
vacuum, where £ = 0. Equations (1) and (2) then give 


(3) Z’ = Ze, y’ = yo’ — gt, z= 17,'l. y yt — Aqt?. 
Sesides the origin, two points of the trajectory are of special interest: 


: : ;, —_ . 
Read before the American Mathematical Society, April 26, 1919 and February 28, 1920. 
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the summit, or point of maximum ordinate, and the point of fall, where 
y = 0. The coérdinates, velocity components and time will be denoted 
by the subscript s at the summit and by the subscript w at the point of fall. 
By r+ we denote the angle of slope defined by tan + = dy/dx and 
—72<7< 7/2, so that x’ = veos7, y’ = vsinz; the value of 7 for 
¢ = 0 is called the angle of departure and denoted by a, and for t = ¢,, 
we write 7, = — w and call w the angle of fall. The abscissa x, of the 
point of fall is the range of the trajectory, and the corresponding ¢, is the 
lime of flight. Eliminating ¢ in (3), we obtain 
{ y =tana-z— =, 
ye 
and since the summit and the point of fall are defined analytically by 
y. = 0 and y, = 0 respectively, we have the following well-known 


formulas 


270 Yo = Uo" SIN 2a 
I, = = : 
7 q Y 
' Quo Jr, tana 
8 qd \ d 
w =a r,’ = Xo y.. = — Yo; 
- . 
Ya 
== Cis 
g i 
lw, 2 : 
y ” Sgt,? = igt.? = iz, tana, 
- J Ss 
T 0) c. ry! y, = 0 


Returning to the ease of a resistance different from zero, we shall now 
derive qualitative properties of the trajectory under various hypotheses 
on the resistance. In §2, hypothesis A, stating essentially that the 
resistance is positive, will be used to obtain a number of inequalities which 
all reduce to equalities of the type of (5) when the resistance is made equal 
to zero.* In $3, the stronger hypothesis B, which states that the re- 
sistance depends on v and y alone, decreases or is stationary when y 
increases, and increases faster than v when the latter increases, is used to 
obtain additional inequalities of a similar character. 

* Under the special assumption that the resistance is positive and depends on v alone, so that 
E = E(v) > 0, some of these properties have been obtained before. Thus properties I, III, VI 
VII, X, the first inequality in XI, XII, XIV and XV were given by P. de Saint-Robert, Mem. 
Ac. Se. Torino, ser. 2, vol. 16 (1855). Properties XIII and the part of XVI stating that the time 
of flight is less on the rising than on the falling branch, were obtained by Zaboudsky in his Exterior 
sallistics (St. Petersburg, 1895). 
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Finally, the still stronger hypothesis C, to the effect that the resistance 


is the product of a function of v by a function of y with some furthe: 
. A 


restrictions on the mode of increase of these functions, is introduced in § 4 
for the purpose of investigating the existence of maxima and minima of 


the velocity v.* 
2. Positive resistance—Hypothesis A. All inequalities in this paragraph 


will be derived from 
HypoTuHesis A: For xr = 0, 2' > 0, 


E is ey Oe ae cs is posit ry _ and the de rivative 8 Ok d. 


{ QO and all finite values of y and 


7. the Junction I 
for ani positive ralues of a. h. 


Ok OY, OE dx’ and dF dy exist. 
and d, the re CZ sts an M M i Oy © such that the four de rivalives and I. 


itself are less in absolute vali S=r7z56 86< 


= d es d and l : y"¢ strict ad Mu pward. 


eG y= ¢, 
Since 2’ > 0 by equation 6) below, it follows from the general existence 


/ 


theorem for the solution of a system of differential equations, that the 
svstem (1 with the initial conditions (2) has then a unique solution which 
is defined (and finite) for any finite positive value of ¢.¢ 

From the first of equations 1), we obtain 

,- |i 
Trt . 

and since E > 0, it is seen at once that 

'F The horizontal i loc fie mn pone nf r’ iS po: itine and decreases stead i 
from the rer ies = sS f INCTEASES hrom Zero, 


* ! 
since 


was obtained by de Saint ) 
+ When E£ is not bounded 
bevond which z and y are 


varlable +7; we then obt 1in tl 


the first equation is integrabl 


determined by 
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and 2’ > 0 by I, it follows that 
Il. The horizontal distance x increases steadily from zero as t increases 
from zero. 


Kliminating £ between the two equations (1), we find 


d (fy g 
S) = — 
dt (4 ) c 


and integrating, 


yo Yo “dt dx 
J) tan7 — tana a —~?¢ | == -af — 
m ; 7 x ” 6 


whence, since x’ > 0, 
III. The slope tan r decreases as t increases (or as x increases) so that 
the trajectory ts concave downward. 


We may replace (9) by 


di dx 
10) © ws tana —g f ; 
dx . zr 


«70 


“ / 


since x’ < x,’ by I, we have, 


dy 
dx 


M 


ar 
<tana-g o = tana-g 
Jy La Vo 


and integrating between the limits 0 and z, 


11) y < tana-t -—g-——» 
ol o 
whence by comparison to (4), 

IV. The trajectory lies below the trajectory in vacuum corresponding to 
the same initial velocity components xo' and Yo’. 

At an extreme of y, we have y’ = 0, and consequently y’’ = — g <0 
by (1), so that every extreme is a maximum. Therefore y, being less, 
by IV, than the maximum ordinate yo” 2g of the trajectory in vacuum, 
has a unique maximum and no minimum, so that 

V. The altitude y increases from t = 0 to its maximum y, at t = t,, and 
decreases ste adily as t increases be yond ay 

From the second of equations (1), it is seen that when y’ = 0, then 
y'’ < Oso that y’ decreases as ¢ increases, and since x’ also decreases, the 
same is the case with v = ya" + y", or 

VI. The velocity and its vertical component decrease as t increases from 
0 lo ¢,. 


* In case yo’ < 0, it follows in the same way that y decreases steadily as ¢ increases from zero. 
y ’ { ‘ 
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Since x’ decreases, (9) gives 


y’ §=— "Ho [ dt Yo — gt 
| yo 4 . 


ai 3 i eg ; , 
I ’ 1. Xo ! 
and consequently 
_¥ 
(12) lim>=-- 
; RTE 
or 
VII. The angle of slope T de CTEASES sle adily foward — T 2) as t incre AS€S8 


indefinitely. 

We shall now prove 

VIII. The trajectory intersects the x-axis for one and only one t f 
beyond t = t,, (so that the range x,, exists 

There can be only one point of intersection, the trajectory being 


concave downward (IIT), and since y > O for ¢ = ¢,, this point of inter- 


section exists if we can show that y ~> — x ast—7 ». By I, 2’ decreases 
toward a limit = 0 as t — «, which leads us to distinguish three cases. 
First, assume that lim 2’ > 0; then (12) shows that there exists a 4; 
tot 
such that y’ < — 1 fort> ¢, and consequently y—-y< — (€— t,), or 
yon-xast«.* Second, assume that lim 2’ 0, but that there 
— 2 
exists an e > 0 and a ¢; such that y’ < — e€ when t > ¢,; then y — y 
<—e?¢—t,) andy > -— ~ as before.t Finally, assume that 2’ > 0 and 


y is bounded downward as t — ~, but that y’ approaches zero infinitely 
often, that is, for anv e > O however small. the set. of t-values defined by 
—e=y' <0 contains values greater than an arbitrarily chosen 
Since Y is bounded, it follows from (11) that x is also hounded, and since 
Gx<z <2, hypothesis A shows that there exists an M_= such that 
Ei < M for all values of ¢ for which — 1 - y’ <0. Now take for « 
the smaller of the values 1 and q IV: from the second equation 1). we 
obtain 
q 


yr = hy’ a M-. OM ase a 29 


/ 


for all ¢ such that — « = y <0. Sut y" obviously cannot decrease for 
all t in this Set: for some point belonging to this set, we must therefore 


, 


* Example: E = z’ — a, where 0 <a <x)’. The first equation (1) gives at once 


whence x’ —-aast— x, 
t Exampie: E = 1. Equations (1) give x’ = xy'e~', y' +9 yo’ + g)e~*, so that 2’ +0 
and y’—+>—gast— x. 
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nave y”” = 0, in contradiction to y’’ < — 3g. Hence the last case cannot 


occur, and our theorem is proved.* 

In order to derive further inequalities, we shall use the following 
theorem which is due to Tchebychef: 

When u(x) and v(x) are continuous for a = x = b, and both these func- 


‘ions increase (or both decrease) as x increases, then 


o/ o 4 
b —a) u(x)v(x)dx > [ u(x)jdx- { v(a)dx, 
e/a La w/oa 


a 
om 
e 4, poh 
b — a) u(x)u(r)dr < [ u(x)dx - v(xjdx 
e/a Ja da 


len one of the functions increases and the other decreases.t 
teturning to our trajectory, we form the expression 


d si _ld ( ay xd (z x 
dx 9 ~ TUB dN FJ Od v) ~ 


* That some assumption such as Hypothesis A is necessary to prove VIII is seen by the 


iple EF = 3(1 + t)*, where £ increases indefinitely with ¢. 
From equations (1), 
¥ a To ¢ ’ 
7 ‘ | ey i | etre du | 
\ 0) i we have (1 r <a ()?(1 4) and consequently 
- ; 
| é [ < | ( i«< 
. . l t 
, q 
/ fu ¢ = ’ 
l t)? 
, l 
y>yo J « e~9(t =~ — 5). 
hor a sufficiently large yo’, it follows that y > O for large values of ¢, and consequently the tra- 


ry does not intersect the z-axis except at the origin). 
+ The following very simple proof was given by F. Franklin in the American Journal of 


\Mathematies, vol. 7, p. 8377 (1884): Consider the double integral 
’ . / . 
| [u(t) — u(x)|[e(t) — v(x |dtdr { dt ju(tje(t) — u(Oe(z) — ula)r() + u(x) xr)|dxr 
. ) * » » 7 
h—a | u(tje(t)dt — | u(tjdt- / v(x)dxr — | u(t)dt- | u(x)dx + (b — a) | u(r)v(x)dz, 
Ja Ja : Ja Ja e/a Ja 


r replacing ¢ by x in the single integrals to the right 


| . ) ” aA 
} } [u(t) — u(x) ][r(t) — v(x) ]dtdx b—a) | u(r)e(x)dx — | u(x)dx - | u(x)dx. 
2 Jada Ja va “a 
When u(r and r(r) vary in the same sense, u(t) — u(r) and v(t) — v(x) have the same sign, so 


their product is positive, and therefore also the double integral, which proves the first part 
the theorem. The second part follows from the first upon replacing u(r) by — u(z). 


ee ET 
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the last step being a consequence of (8). Integrating from zero to x, we 
find 
xrdx 


(13) y=artanr+g a” 
Yo & 


In the integral, x increases and so does 1 x’” by I; we may therefore apply 
Tchebychef’s theorem and obtain 


I j “dx 
y>axtanr+g: za rdt - : 


; oe ii 
rw 
= gtanr +g9°-—°3 * ~ —(tanTr — tan a) 
. gy 
by (9), or reducing, 


¥. 

- > s5(tana + tan r). 
pi a 

Now move the origin to the point x;, y; on the trajectory; z, y and a are 

then replaced by x — x, y — y; and 7, and our inequality becomes 


(14 a ‘— > 3(tan 7; + tan 7) 


or 

IX. The arithmetic mean of the slopes at any two points on the trajectory 
is le SS than the slope of the chord joining these fro points.* 

In the remainder of this paragraph, we shall denote by x;, y; a point 
on the rising branch of the trajectory (where y’ > 0), and by xe, yo a 
point on the falling branch (where y’ < 0), the corresponding times and 
velocity components being ¢;, 71’, y;’ and ty, ro", ys’ respectively. 

* This is also readily proved by the trapezoid formula with remainder term for the evaluation 

f £ ridr = “g's if zn 1 f r Se : | : : 2 ~ @ ff” » ds 


2 J 4; 


which is verified at once by integrating by parts in the last integral. Since z — x; and rx; — 2 


are positive in the interval of integration, it follows that when f’(z) <0 for 7; < z < 22, then 


i a 
r} ‘is 2 ' 2a) 
Now let f(z) = tan r+; then f'(z) =-g r” b 8), and 
ld 
= a gy (— 9'2") = Qgn"|2" = — Qgh 
4 » first. of ince EF , Ww <n vir , . 
by the first of (1). Sines E>0,z > 0, we have f I 0 and the last inequality becomes 
“9 bs eee 
j2— Wi = a tan 7rdz > : {tan 7; + tan 73], 


which is identical with (14). 
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Making x = 22, y = Y2 = y: In (14), we obtain tan 7; + tan rt. < 0, or 
1) —T2 > T1, 
and in particular, for y; = y2 = 0, 


Ib) WwW > a, 
whence 
X. At two points of equal altitude the slope of the trajectory is numerically 
jreater on the falling than on the rising branch; in particular, the angle of 
‘ull w is greater than the angle of departure a. 
Next, make z; = y, = 0, x =a, and y = y, in (14), whence y,/z, 
1 tana, and furthermore z; = z,, y: = y., Z = x, and y = 0, whence 
-¥, (f, — 2.) > 3 tan w, so that, combining these two inequalities, 


17 sz, tana < y, < 3(x, — 2,) tan w. 


since tanr = dy dr, we have 


" dy, “2 dy» 
rr), = ‘ Le ~ i3 = . ae 
Jo van, Jy =~ tal ts 


{ dy) [ dys 
r, —2, = — | %o—-27,= 
J, tan7, Jy, — tan 2’ 
and for y¥; = Yo, by means of (15), 
IS m1>2%-—7., I, =— 21 = Ze — La 


where the equality sign holds only when 2; = 2, = 2. In particular, 
for ry; = 4, = to, (18) gives x, > }x,, and combining this with the outer 


terms in (17), we find 
XI. The abscissa x, of the summit of the trajectory satisfies the inequalities 


; . tan w 
1") 2. 4 2 < , — * Las 
° tana + tan w 
Introducing x, > 32x, in (17), we find 
2) iztana,.< ys < jv, tan a, 


big 
I 


XII. The maximum ordinate y, lies between the maximum ordinates of the 
0 trajectories in vacuum having the same range x, and the angles of de- 
arture a and w respectively.* 


* For another proof based on Rolle’s theorem, see Charbonnier, Balistique extérieure ration- 
ol. 1 (Paris, Doin, 1907), p. 193. 
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Upon multiplication by 2’, the second of equations (1) may be written 


, 


(y ~) a 2Ey” = 2Qqy’ or. sinee dy dt y’, 


d » - 
“ae ee 2Ky asians 29. 
dy’ 
Integrating from y to 1, we find, since y,’ = 0, 
y” = 2h y'dy + 2g(y. — y). 
Since y’ is positive on the rising and negative on the falling branch, it 
follows that 


~ 


yy > 2glys — V1), Yo’ < 2gl(Ys — Yr), 
which may also be written, observing that 2’ Is negative, 
(21 Yi > v2q we Biss = 7s * Vly Ys, — Yo 


When y; = yo, (21) gives 
22) Yi > — Yo 
or 
NII. At two points of equal altitude on the trajectory, the vertical vre- 
locity component is numerically greate r oon the rising than On the falling 


branch. 


Since also x,’ > x,’ by I, it follows from (22) that for y; = y2 
23 l Ee 
or 


XIV. At two points of equal altitude on the trajectory, the velocity 
greater on the rising than on the falling branch. 

For the are s of the trajectory, we have ds dy 1 sin tr: hence, denot 
ing by s, the total length of are, 


dy . ( . dys 


: sin 7,’ a _ . — sin 72’ 


and by 15 . for Y, = Yo, 


( 24 ) §1 > § — So, 


w 


In particular, it follows from (24) that 

XV. The length of are of the rising branch of the trajectory is greater 
than that of the falling branch. 

On account of dt dy = 1 y’, we have 


i — L 7 ieee — A [" dy» 
vy, Yi Iu He 

















—~ 
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‘ nd by (21 ) 


; — % dy, ' .- | ss dy» 
oe ee ’ Oe eee ’ 
Jy, V2g(Ys — Y1) Jv, V2g(Ys — Y2) 


r performing the integrations 


2(Ys — Yr) (ys, — Yo) 
25) b-h< Vy, bry Yo) 
( 
In particular, for y; = ye = 0 
[2y. 


4) i,< \ 7 <i, ~ ¢,, 
( 


XVI. The time of flight on the rising branch is less, and that on the falling 
hranch greater, than the corresponding time of flight on a trajectory in vacuum 
th the same maximum ordinate. 
It should be noted in this connection that the empirical inequality 
~ 1 2 
Ys 7 Le 


proposed by several ballisticians, cannot be universally true. On the 





contrary, the inequality sign must be reversed when the angle of departure 
ix sufficiently small, as will be shown on another occasion, in connection 





q with the use of power series in exterior ballistics. 
To obtain inequalities connecting ¢,, with .r,,, we write 
; we “2 dt 
, b—-th= | d= ]{ a S 
a 
nd apply Tehebychef's theorem: 
I ae “dt l I 
e - t; < 1, — 7 vid 2 7’ = agen Yo — X}) - tan 7; — tan To 
hence 
we , te — 2&1 * 
: of lo —ty < \ > tan 7; — tan 72).’ 


\pplying (27) to the rising and falling branches of the trajectory, we find 


jr, tan @ NZ. — X,) tan @ 


. < \ 7 ; t. -—t, < \ g , 


. Another proof of (27) is obtained from 


ipplication of Schwarz’ inequality: 


*rg "2 ai 1 
E ts = 8) < | dr. | : ‘Fg — Zi). tan 7; — tan T2). 
~ vez ey q 





—. ag; 


i 


— Te Remarc eT a 


ts 
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and by addition 


w 


g bal \ q 


Replacing x, by 3x, increases the expression to the right; in fact, it follows 


lr tan a , r., — Z,) tan w 


(28) to <\ 


from x, > 3x, and tana < tan w that 


vr, tana + V(r, — 2.) tanw — (Nbr, tana + V3, tan w) 
= (wr, — vir,) tana — (Vr, — WZ, — 7,) Vtan 
< Vtana( wr, + Wr, — 7%, — 2452,), 


and the last factor is negative by the algebraic identity 


(Nz, + VX, — Le + V27,,)( 02, + WT — UT, — V2, 
i te a Fe a oT 
Therefore (28) may be replaced by 
“ w, 
ta \2y \tana + Vtanw 
On the other hand, we have since x’ decreases, 
; “(ft t 
tana = q | -<gq-—, 
Jo &t ae 
Bast rdt<ari(t, —t 
and multiplying these two inequalities 
bey = 
it, 1.) > tan a. 
q 
2 1 : 
but t,(t, — t.) < 407, and xz, —2, > 7, tana (tana + tanw) by (19), 
so that 
x... tan’ a 
] “ 
fe 


gitan a + tan w 
and consequently we find that 
xy Il. The time of flight is hounde d mn lerms of the range hy the ine qualiti 8 


! 


(99 Ly | S tan’ a / hr 
. N\2y Vtan a + tan w ~ '@ < V5, ( ana + Vtan w). 


Ww af) 


| 


8. Resistance depending on v and y only. Hypothesis B. All proper- 
ties in this paragraph will be derived from the following hypothesis (ex- 
cept XIX, which requires the stronger assumption stated): 
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Hypotuesis B: The function E = E(v, y) depends on v and y alone. 
For v > 0 and all finite values of y it is positive and has derivatives dE/dv 
and 0B dy, and for any positive values of a and c, there exists an M = M(a, c) 
such that the two derivatives and E itself are less in absolute value than M 

‘0<vsa, —-cS=yac. Moreover, 
OE OF - 


—— > ©, ; 
av ~ OY 


= 0, 

v that E increases when v increases, but does not increase when y increases. 
We shall first derive some inequalities involving the horizontal velocity 

components at the origin, the summit and the point of fall. From the 

first of equations (1), we obtain 


mre : % B(v1, y1) 
Io —2, = } Ex'dt = f = dy, 
e/ 0 tan T1 ’ 


’ 3 E(v2, ye) 


ay = JZ = 
e/0 = tan T2 


and similarly 


dys. 


q lor y; = yo, we have tanr,; < — tanz7,. by X, and vr, > rv by XIV, so 
hat Bim, yi) > Eve, yo) by hypothesis B, and consequently x0’ — 2, 


/ 


/ 
ro — x,/ or 
XVIII. The horizontal velocity component at the summit is less than the 
arithmetic mean of its values at the origin and at the point of fall. 


‘ , ; 1 ; 
wt) Be a(x, a 


‘ rom the first of equations (1), it follows that 





, 


bee Bry, Y “E(u, y1) dy; 
Edt = 1» Yi dy, = I Yi) ay . 


, 
1 


. x Ju Jo Yi . v7 sin 7)’ 


and similarly 
log 


( ‘E(vs, Ys) dye 
; — 


I's _ sin To 


If for yy yo (Whence v; > v2), we have E(m, yi) tv, 2 E(ve, ye) ve, It 
follows that log (x9’ x,’) > log (x,’,2,.), or 


XIX. When, in addition to hypothesis B, E(v, y) ts such that E(v, y) v 


docs not decrease when v increases and y remains constant, the horizontal 


ITC ee 


ucity component at the summit is less than the geometric mean of its values 
‘the origin and at the point of fall: 





1) a, < Mee'2,'. 
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In the equation 


x’ decreases, and E also decreases by hypothesis B, since v decreases (V1) 


and y increases; hence Tchebychef’s theorem gives 


; , | . si . *: r r ~ 
of me j . ral - Kat re log ; ’ 
/ . : L7 
or 


32 } Mi 


Similarly the equation 


l r cs r _ 
gives 
l l l r tan a 
—a a < — « fog pe 
mi i l > q 
or 
99 P vlog I = log l tana 
Oo f <a yA Ma 
l l q 
whence by V4 
, ,tane 
34 r<7,'r 
i 


and since x, > 32x, by (19), we have 


“ 
~ 


Further inequalities of this tvpe may he obtained, but they are too com- 
plicated to be of much interest. 

We now proceed to derive some properties of the trajectory when 
increases indefinitely. 

x x. For all ralues oO} # the relocity 18 be unded hi 


/ 


2? vi 
30, Y= max ( Vo. = : 
(v9, O 
minee vv = Tz + yy, we obtain from 1 
Q"7 , 7 
2b) i] —_ nf — 
r 


By VI and XIV, v<v,for0 <t: oss and we need therefore only show 
that the upper bound (36) cannot be reached for ¢ > t,. Assume ft, to be 


the smallest value of t beyond t., for which the upper hound (36) i: 
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reached; since v, < vo, it follows that v must either increase through ¢, or 
have a maximum there, so that v’ = Oath. But at 4, we have v = u% 


’ 


and y < 0, hence E(v, y) = El, 0) by hypothesis B, and 

—y v= —sinr <1 
by VII, so that (37) gives v' < g — vE(v, 0). Since we have assumed 
that v = g E(v%, 0) at &, it follows that v’ < 0 for this value of t, and this 


contradiction to v’ = 0 proves our theorem. 
Iquation (8) may be written 


dr qd ‘ x’ 
ins foo + = -—- 2 
dt x IR 
and therefore dr,dr = — v° g or 
[i . 
YJ; 
Now v? is bounded by XX, and + > — 72; consequently x is bounded 


and being an increasing function of ¢, x tends towards the limit given by 
making 7 = — 72 in the above integral. Hence 
XXI. The falling branch of the trajectory has the vertical asymptote 


Fu 
r=- wdr 
“> am 
since x x'dr, and x’ is positive and decreasing, it follows from the 
houndedness of x that 
xr’ —-Qast +o. 


!. Maxima and minima of the velocity. Hypothesis C. It is the main 
purpose of this paragraph to show that, under fairly weak assumptions, 
there exist no extremes of rv beyond a certain value of ¢t. If there are in- 
finitely many extremes, the points at which they occur must therefore have 
all their limiting points at finite distance, and by a stronger assumption, 
this possibility may also be excluded, so that v has then only a finite 
number of extremes. 

The first step in this investigation consists in showing that vk —g as 
/ +x. Suppose first that there exist a ¢, such that for ¢ > ¢,, vf either 
increases or decreases steadily as increases. Since rE > 0, it then follows 
that vf either increases indefinitely or tends toward a limit greater than 
or equal to zero. Now — y’/v = sin(— 7) +1 by VII, and unless 

iy +g, it then follows from (37) that there exist an « > 0 and a fy such 
that either v’ > efort > t, orev’ < — efort > t, according as limvE < g 
or lime > g (ineluding vE — «). Consequently we have either 
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v>twm+tet—t:) ~* ast— X, in contradiction to XX, or v <) 


— et —t:) + — x in contradiction to v = 0. Hence vE —g unde: 
the assumption made. 


There remains to be considered the case when extremes of v/ occur for 


indefinitely increasing values of ¢. It is obvious that in this case, lim 
infvE as t + x equals the inferior limit of the minima of vE, and 
lim sup vE as ¢ — « equals the superior limit of the maxima. Now 


d(vE) . | l 0k ; 1 dk ~ 
dt ne ( rv’ E av ); "EB ay | 


a i l 1 ob : y" 1 OE , 
= rk —_ ( — E av ) vko+ q zs ) a E ay 7) | 
by (37), so that at an extreme of rE 
(1 LIEV (py i) LIE y 
vy’ E av — ) mee OY ee 


Since dE dv > 0, dF dy = 0 by hypothesis B, it follows that for y’ = 0, 
the expression to the left is positive and that to the right negative or zero, 





so that the extremes of r/ oceur for y’ < 0. The first factor to the left 
and the right hand member being then both positive, it follows that 


vE + gy’ v > 0, and since dF dv > 0, we have 
l ( E y l ak 
Um + ¢ ~ < — : -_ = FF - 
- q” ) Sa y 
moreover, 0 < — y’ < 7, so that finally 
: yy" | @& 
38 —~g—<vE < —g = += 1 
~ £ ~ ie I OV 
at an extreme of rl. 
On account of — y’ rv +1 ast — x, it follows from (38) that under 
hypothesis B 
(39) lim inf vE = gq. 


Before proceeding further, we shall prove the following 


Le mma. Let Yur and 2(x) be solutions of the diffe re¢ ntial equations 


dy y dz 
= f(x, y), : e(zr, z) 
dx . J dr i i 
with the initial conditions y = z = Yo for x ry, and assume that fla, u 
and g(x, wu) are continuous forz =2z,and u— yla L«cilates = 
and 1s — 212) | < €), and that moreover f re u) < efx, u) for xr = 2x and 








ee ee eee 
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u = y(x) (or forx = x andu = 2(x)). Then 


y(x) < 2(2) 

for x > Xo. 

Since, by hypothesis, f(z, u) and ¢(z, uw) are continuous at z = 2p, 
u = Yo, and f(r, Yo) — ¢(Xo, Yo) < O, it follows that f(z, y(x)) — ¢(a, z(x)) 

QO for ry = x = x» + 6, when 6 is sufficiently small, so that dy/dx< dz dx 
and consequently y < z for a <2 <a) +6. Now assume that y(z) 

2(r) for % <2 < a, but y(x,) = 2(2,). Then the same argument as 
hefore shows that y(x) < 2(x) for 7; < x < x, + 6, where 6 is sufficiently 
small, and writing v(x) = y(x) — 2(xr), we have for h positive and suffi- 
ciently small, vir; — h) < 0, v(2,) = 0, v(r, + h) < 0, so that 


v(x, — h) — v(2,) vary +h) — v(x) 
>0> ; 
—h h 


and for h +0, we find dv dr = O forzx = 2;. But we have 


(2 f 
= JiZ21, UL1)) m CI, A21)) 
_ ) Pi, YF siete ma 


\ 


= f(x, y(%1)) — ln; y(ai)) < 0 
by hypothesis, and this contradiction shows that there is no 2; > 2» for 
which y(a,) = 2(2,), so that y(x) < 2z(x) for x > 2X. 
As an application, write » = — y, so that » + » ast — x, and com- 

pare the equation 

dvo@q - 
(40 ata = 9) 

dn v n 


obtained from (37) by a change of variable, with the equation 


dV q scala 
$1) -=—— E(V, — n), 
dn } 
the initial conditions being yg = V = p, for 7» => and "1 belonging to a 
point on the falling branch of the trajectory. Since 0 < — y’ =17' <2, 
we have 
( y’ “4 q . 
E ws -E(v, — n) <2 — Ev, — n), 
von v 
and by the lemma, it follows that 
12 v(n) < Vin) for ”> ™- 


The mechanical interpretation of this is obvious, since (41) is the equation 
of motion of a particle projected vertically downward. 
Now suppose that V has a minimum = JV, for 7 = 72; then, by (41), 
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VoE(Vs, — m) =. For 2 <7 < m+ 6 and 6 sufficiently small, wi 
have V > V.sinee V. is a minimum, and by hypothesis B, it follows that 
VE(V, —n) > V.E(V2, — n) = V2E(V2, — ne) = g, 80 that, by (41 
dV dyn <0 or V decreases, which contradicts the assumption of a mini- 
mum. Hence V has at most one extreme, which is a maximum, and 
therefore.ast ~ x orn — x, V tends either to a finite limit or to infinity, 
so that 7» sufficiently large, Vo = e¢ where c = 0. Now assume that 
E(c, y) ~~ asy ~ — & for any positive value of the constant c; the: 
if V =c> 0. it follows from (41) that dV dn ~ — ~« as y + — & and 
consequently VV — — « which is impossible. Consequently V0 as 
t + « and a fortiori r — 0 by (42), or 

XNIT. When in addition to hypothesis B, we assume that E\c, y) — ~ 


as yo - for any positive value however small o} the constant c, the) 


—_— () (IS t 


Returning to the proof of rE + aq, we now introduce 
HyporTHEsIs 1. The fur ction EK Wy has the form 


Biv, y Giv)- Hy), 


where (; i’ - 0) and ey ] eri: S and s > () for hy > (). and 18 bounded fo 
=< ) =< a, where ais as la "Je as we please - ynoreover H Ti > H y > =x 


as Y —>-> — , H’ Y exists (li | '@ negali ( and hounde d for _ h < ws hh. 


where h is as large as Ws plea e. and } y ee log H y | dy salistic 


i 


he condition 


7: : . Pon : F ! : : 7 9° ‘ “ 
or any POsilire constan Tih small, Finally, any one of thre three 
| ie ; 

FOLLOWING ASSUM PLLONS IS made: 


] hy) is hounded as YW ' nO additional condition on Gia 


}, ij 


Hy 


—WOasy—~-— x, and GO 


For some constant m : # and some positive constant Cs. 


} 


hey 
-Qasy—or— x 
LE (y)| : , 


and Giv) > ew” for v sufficiently small. 

This form of E(, y) is the one used in actual computations, G(v being 
given empirically in form of a table and assumed to satisfy the conditions 
Cl. The factor H(y) is introduced to account for the decrease in air 
resistance due to the decrease of the density of the air with increasing 
altitude; the expression formerly used H(y (1 — ky)", where k and 
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) are positive constants, has been replaced recently by H(y) = e-™, 
where h is a positive constant. It is seen at once that both these expres- 
sions for H(y) satisfy C1. 

Under hypothesis C1, it follows from (38) and XXII that for the 
maxima of v# 


, y" » 
vE< g + h(y)-v? +gast + x, 


so that lim sup vE =g as t + », and together with (39) this gives 
. og. 
4 Under hypothesis C2, it is sufficient to prove lim sup VE(V, — n) Sg 
as n — %, since for the same value of » > m, v < V by (42) and conse- 
quently vE(v, — n) < VE(V, — »). 5 
From (41) we obtain 
dVG(V) G(V)+ V@"(V) 


13) in | 


lg — VG(V) H(— n)]. 
Since GiO) = 0, we have G(V) = G(V) — GO) = VG@'(@V), 0<6< 1, 
and since G’ is bounded (V being bounded, tending toward zero as n + ~), 


it follows that 
G(V) + VG'(V 


| < hk, 


“ 
< 
~ 


where k is a constant. With the equation of comparison 


if dé 
| r a, = Kg — $H(— 9) 


and the initial conditions € = VG(V) for » = m, it follows from the 
lemma that VG(V) < & for » > , so that all we need to prove is 
15 lim sup H(— n)-€ = g. 


y—> @ 


The solution of (44) taking the value ¢, for » = m is 
| —{"kHdnf , mm" kHdn  ("kHdy 
f=e Ym f+g Keen dn +g kev dn |, 


where n is any constant greater than 7;, and H = H(— 7»). Integrating 
hy parts in the last integral, we find 


} ” an *” 
” ["kHdy | " 1 d. {"kHdy 
reyvn = " a | 
[oe dn J. H(- aa” ]dn 


1 ("kidn | ™h(— 1) ["kHa 
l ae n + n | u) 


, EY ™ an, 


«a vy A(— 9) 
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and consequently 
™h ["kHdn 
: m ( 


— — {"kHdy ; 
i(— n-&—g = gh : J H® n 
(46) . | 
_ "kk of ne ° kHad m2) ds 
+ He zs - S «: ' q | heed n . "dn inn g ods kids 
| er H(— 12) 


For 7 > m, the first term to the right is less than 
(" h ["kHadn 
vy ar 
J, i ' 
(" kHdn ("kHdy 


é 


H(— »)° "His 


and by the well-known formula 


eln) — el7 ec (n;) 
! wv ' 
- - - 7 


where 7; is some value between 7, and », this expression equals 


! 
} — 


TH — 7 


hi(— an 


~ H(= 9 


/ 


and since n; > n, it follows from hypothesis C2 that this expression may 
be made less than any e€ > 0 however small by taking nn. sufficiently) 


large. Having thus fixed 7., the second term to the right in (46) ap- 


proaches zero as n — ~, since 


ar { Hin 
He + —QMasn— x, 


the logarithmic derivative of this expression being 


} 
ni— 7 


H —~ 7 H — 7 oe I; ’ 


which approaches — x when » + x by hypothesis C2. Consequently, 


(46) gives 
lim sup H(— n)-E-gr-e, 
which is equivalent to (45), and hence rE 
Under hypothesis (3, we have 


—-gast +n, 


q o— ( 
y — GV) H(- 9) <i -e.V" H(- 9), 


/ 








~~ 
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and comparing V defined by (41), to W defined by 


7 dw gq , ; 
1, ) dn =p — all H(- n) 

and the initial condition W = V = v, for 7 = m, we have v << V < W 
for 7 > m. But in (47), we have G(W) = c, W™ so that G(0) = 0, and 
hypothesis C3 is stronger in respect to H than C2; hence we have, from 
what has been proved under hypothesis C2, 

lim sup « W""'H(— n) Sq, 


n> @® 
and consequently, for n sufficiently large 


Wet! H(— ) <Q. 
Therefore 


. “s = 2q 2/(m+1) h(y) 
rhiy) < V*hly) < W*hly) < (24) Hy) 7 0 
asy — — * by C3, and from (38) we conclude that the upper limit of the 


maxima of vE does not exceed g. Hence vE +g under hypothesis C3, 
<o that we have the theorem: 

XXIII. Under hypothesis C, the retardation tends toward the limit g on 
the falling branch of the trajectory: 


1S vE(v, y) ~gast — x, 


\t an extreme of v, we have v’ = 0, or 


y’ 
14) vE = —-g ry 
by (37), and 
os 0 : y! ; OlogE , y"" 
vy’ = —~- | vE + g° -v — vE—, y —g— 
5, ( E+g ) — «*¥; 


0 , y’ : — Pe 
= — (ve + gi) ov + vEh(y)-y’ += (Ey’ + 9); 


Ov 
eliminating vE by (49), we find that for vr’ = 0, 


~- ” q 92 9. fo 
50 yp’ = gx’ — wyh(y)). 
ys Mf | 


Fora minimum of v, we have v” = 0, and since h(y) > 0 by hypothesis C 
and ve > y'?, it follows from (50) that 


- ! s ’ . 
o] ny) (% ) < g. 
| r 


-_—~ oo 


CN 
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From equations (1), it is readily seen that 
d 
dt 


log . 


or, since n = — Y;, 


} 
(] iY 

log — 
an + 


Since Ey’ + — Ev — —q by (48), and y” < ° is bounded by XX, it 
follows that there exists a positive constant ¢c such that, for n, sufficiently 


large, 


d y 
—log' “sa tee tor 
in 6 


) 


f 


and consequently 


Since ( h 


and comparing this to (51), it is seen that for sufficienlty large values of / 
no minima of rv can occur, and hence no maxima, since these alternate wit! 
the minima. Therefore 

XXIV. Under hy pothesis (’, there exists a t, such that for t >t, 

1" locity v decreases steadily toward zero as t increases.* 

[f » has an infinity of extremes, the points at which they occur must 
consequently have a limiting point ¢, at finite distance. By Rolle’s 
theorem, the zeros of v”’ separate those of 7’, and consequently ty; is 
limiting point of zeros of v’’, and similarly of as many of the higher deriva- 
tives as may exist. By continuity, we therefore have v’(¢;) 0, '(t;) = 0, 

ly = @, 

Assuming the second derivatives of Gir and H y) to exist, v’”’ exists. 


rye 


Differentiating (37) twice, substituting the values of 2’ and y’” obtained 


from (1), making v’ = v”’ = 0, and eliminating EF by v’ = 0 or (49), it 
shown without difficulty that 


iy F — le ; y 
— 2hy)g? a + hy)gy’ + hly)gy” — gis + PS h'(y)g | 


Equating this expression to zero, and making v”’ 0 in (50), we obtain 
* Under the assumption (contrary to C) that h(y) <0, it follows from (50) that v” > 0) 


that is, every extreme isa minimum. The velocity has therefore one minimum (since it decres 


on the rising branch) and no maximum, or else it decreases steadily from ¢ = 0 onward. 
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after some algebraic reductions 











2hiy)? — ; i = (. 
"2 
When h’(y) = 0, this equation is impossible, so that XXIV may be Hf 
replaced by the following: 
XXV. When, in addition to hypothesis C, we have h'(y) = 0, the velocity 
has only a finite number of extremes. 
E In particular, this is true under the assumption made in practice, 
y = a positive constant. i 
since v decreases on the rising branch, the first extreme is necessarily 
minimum, and from v +0 as ¢ + « it follows that the last extreme : 
ust be a maximum. In many computed trajectories, a minimum i 
followed by a maximum occurs for y > 0, or before the projectile strikes the i | 
eround (the part of the falling branch where y < 0 being of course of no HW 
practical interest). In no ease, however, has a second minimum been Hy 
: discovered, and it is therefore plausible enough that v has only one mini- Ke 
mum and one maximum, even for y <0. The question of proving or | | 
disproving this conjecture remains open. ih! 
TECHNICAL STAFF, ii 
OrricE OF THE CHIEF OF ORDNANCE. if 
! 
. ; 
: i 
| 
| 
| 
H 
| 
| 











THE MEAN OF A FUNCTIONAL OF ARBITRARY ELEMENTS. 


By Norpert WIENER. 


1. P. J. Daniell* has recently developed a powerful method where! 
if the notion of integration ix once defined for a very restricted set. of 
functions of arbitrary elements, it can be extended to a much more com- 
prehensive set of functions. Daniell himself in his second article applied 
his method to the discussion of integrals in a denumerable infinit ()] 
dimensions. Daniell = method, however, leaves the mode of establishi iv 
integration over the original restricted set in general undetermined. — It 
is the purpose of this paper to develop a method of setting up a Daniell 
integral which is applicable to a large group of cases, and in particular t 
functionals.t 

2. Definitions. If A be any class, we shall define a dirision of AK as a 
finite set of non-null sub-classes exhausting A at least once. Divisions 
of A will be represented by Greek letters with the suffix A—thus a,, 
ete. A division depending on a parameter n will be represented by sony 
such symbol as ap! I). The sub-classes or intervals of a division Ox wil 
be represented by f;/a,), tia a ae 


A weighted division of AK will be defined as a division of A to eac! 
term of which is assigned a positive number—its weight. A weighted 
division corresponding to a: will be represented by such a symbol iis 
an”, ay’, or ay". The weight of ¢/a,) will be written U,{b a, 
V.it(a,)}, or W,ft(a,)}, respectively. Uy... may be abbreviated to / 
if a specific sequence of a's is understood. 

A AK-partitiont Pr, isa sequence of weighted divisions ax! 1), ax! - 

5" N), +++, such that 

1) Every member of ax(n + 1) is wholly included in one member o! 
Oy and one only. 

2) Unitlag(n)){ is the sum of all the numbers U,.,\¢ 
such that ((a,(n + 1)) is contained in ¢ Qin 

3) If S, is the ‘sum’ of a number of intervals from ag(n), whatevel 
n may be, and if S,,.; is always entirely included in S,, then either the: 
is a K-element common to every S,, or the sum of the weights of the 
intervals in S, approaches 0 as n grows without limit. 


*P. J. Daniell, Annals of Mathematics, vol. 19 91S), vol. 20 (1919 
(Cf. P. Lévy, Comptes Rendus, Aug., 1919 
t This notion is related to E H. Moore's ‘di clopment 
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Min), and t;(ax(n)) are said to belong to P,. 


A function f defined for all elements of K is said to be a Px step- 
miction if there is an a,(n) belonging to P, such that the function is 


Qk nN), Ak 


constant for every t;(a,(n)). We shall say that f has degree n. 


The mean* of a Px step-function f of degree n, taken over K with 
respect to Fn is said to be 


> Ua ft (Qk n)) flax ) 
> Ua it (Ax n)) 5 


where x; is a member of ¢(ax(n)). It will be written briefly 1,,(f). 

A function f will be said to have uniform P,-continuity if, given any 
positive number e, there is an integer n such that if 2 and y belong to the 
same Glag(n)), fir) — fly). < eT 

4. Application of Daniell’s Results. Daniell’s theory of integration is 
based on the existence of a set 7) of bounded functions, which shall be 
closed with respect to multiplication by a constant, the addition of two 
functions, and the operation of taking the modulus. The class of all 
?,. step-functions clearly has all these properties. Daniell further postu- 
lates a finite functional operation I defined over 7) and satisfying the 
conditions 

(‘) Ticf) = el(f), if ¢ is any constant, 


A) I( ft + fo) = I(fi) + Ife), 

P) Tif) = Oif fip) = 0 for all p, 

L) Iff; =f. =--- =O = lim f, for every p, 
lim J(f,) = 0. 


Our operation WM, satisfies all these conditions. The first three need 
no proof, being matters merely of elementary algebra. (L) may be proved 
if we can show that for every positive number a, the total weight of the 
-et of intervals containing the A-elements p for which f,,(p) = aapproaches 
as n grows indefinitely. Consider the set S, of elements p for which 

p) 2a. Clearly S,.; is included in S,. Three conceivable possibilities 


dre open. 


* The use of mean instead of integral is found in the posthumous papers of Gateaux (Bull. de 
Soc. Math. de France, 1919). This was however unknown to me at the time I wrote this 


If a term ris shared by two or more members of some a(n), in determining functions over 

we regard x asa set of different members of A, each consisting of x qua member of all of the 
tervals of a sequence (;(axK(1)), telax 2)), -++, where f an(n + 1)) is contained in /, (ax(n)) 
bach f,lax(r)) will contain only this value of 2. It may be shown (in the general ease, with the 
lof Zermelo's axiom) that this change will not affeet the validity of the three conditions for a 


ision, and will render every step-function single-valued. 


5 oe 
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1) Every S, contains intervals from some fixed a,(m). In this 
there is some term p common to every S,, so that for every n, fn(p 
This however is contrary to our hypothesis. 

2 1) is not satisfied, but there is some p common to every Ss 


] 


This again violates our hypothesis. 


2) Neither (1) nor (2) is satisfied. Then by (3) of the definition of a 


partition, the sum of the weights of the intervals in |S, approaches 0 as 
PTOWS without limit. In this case it follows from the definition of VM 
that lim My. I == i; 

e K 


Hence (L) is prove d, and we are at once ina position to apply Danie! 
results. He defines 7; as the class of all functions f which are the lin 
of A sequence t whi pe Cyery J by longs to 7: and ty f Pa. / 
is defined as the limit of J) fj). Given any function Pe | Is defin 
as the lower bound of J) ¢) for all funetions ¢ of class 7; such that ¢ 
and I(f) as —I(—f). If Ivf If) and is finite, f is said to 
summable, and it is proved that af fy, 5, ae | “++, IS a sequence 


1 { 


summable functions with limi J, and if a summable function ¢ exis! 


1 | 


uch that f = ¢ for all ». f is summable. and lim / ft ] 


We ean translate all this Into our language. and in particular we can - 


that if a function can be obtained as a limit of a set of Ps step-functio! : 


all less in modulus than a certain 7, step-funetion, it is summable and it 


mean may be determined. A constant is clearly a P?, step-function, a1 


we neither gain nor lose any generality by insisting that all our P, step- 


functions be less in modulus than some constant. 

Every bounded uniformly ?,-continuous funetion is summable. — | 
let f r) be such a function and let Fal be the maximum of f r) in 
interval f aeaeL that contains x and belongs to P.. It is clear that 


definition f, is a P, step-function, and furthermore that SAz 


+max fir). Moreover. since f _ uniformly P,-continuous, and since 


f, T J Tr where xz and - lie in the same ft a n lim f r —f, r { 
Lr 


so that f(r) = lim f,,(zr 

An important generalization of this theorem is the following: if / 
is the set of all K-elements contained in a finite number of intervals of p 
of Lm ta contained in Las for all m and if every K-element is in some L 


then if J ws hounded and uniformly continuous over all the intervals of ea 


Ly, Ut is summable according to Mp. Let gm(a fix) when z is in £,, and 


0 otherwise. Every Un is summable hy the argument of the last par 


graph; and the whole set is bounded as no g, can be larger than f in it 


largest. modulus. As f is the limit Ol iGmt. by Daniell’s theorem, f is Sun 
mable. 
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{. Examples. (a) K is the set of all real numbers in the closed interval 
ib). a,(n) is the set of intervals 


(a+ h(b —a) a+ (h+1)(b — a) | 


‘Jn , yn 
ka és 


h <2" 


nd each interval of ax(n) is given the weight 1/2". The mean M>,(f) 
- the Lebesgue integral 1 (b — a) f(x)dx, which is what we should 


iturally call the mean of f(x) over the interval (a, b). This results 
nmediately from the facts (1) that any continuous function can be 
tained as the limit of a bounded sequence of step-functions constant 
ver all the intervals of some ax(n); (2) that, as Daniell has shown, every 
Lebesgue summable function is summable in his sense if J( f ) be Riemann 
ntegration and 7’ be the set of all continuous functions, and hence if 
/ *) be the Riemann integral confined to some set of functions with 
respect to which all continuous functions are summable. 
bh) AK is the set of all points (1), re, «++, 2,) Ina bounded region V of 
y-space of ‘volume’ rv. a,(l) is the set of all intervals 


a. + 1) 2! lseé=n), 


ar. Zz Mi 


vhere the a,’s are integers ranging between bounds not less than the 
argest coérdinate of any point in V. The weight of each interval of 
is the limit of the sum of the ‘volumes’ of the intervals of a,(m) 
contained in this interval to the sum of the ‘volumes’ of all intervals of 
m), as m grows indefinitely, and V shall be such that this limit always 
exists. MW, (f) becomes 


lv) ff... ly Zi, Lo, °° *, Bnav. 


c) K is the set of all points (21, 2, +++, Um, +++) in a region of space 
a denumerably infinite number of dimensions such that an = %m = bm 


forall m. a,(n) is the set of regions 


2", + hin(Bm — On) 2" ay + (hm + 1)(Bm = dn) 
Sn—w = Um yn—m 
for all m =n. (Here h,, is some integer between 0 and 2"-™ — 1). 
lhe weight of each region is 
I 
Jnintl)/2° 
In the case where for every ma, = 0 and b,, = 1, Mp,(f) is Daniell’s 


v! >! 


I(f) = eae Les f(p)dx,dxs +++ dt, +++, 


eu e/0 


ER EO 
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and is defined for a class of functions including all continuous functions, 
This results from the fact that every function belonging to Daniell’s 7, 
the class of all continuous functions of a finite number of variables. js 
summable in our system. 

d) K is the set of all continuous functions defined between 0 and 1. 
satisfying a Lipschitz condition and themselves lying bet ween the bounded 
continuous functions ¢iv) and Yor). The coefficient of irregularity of s 
function f (written c(f)) is the upper bound of the modulus of the slope oi 
a chord of the curve representing the function. a,in) is the set of regions 
each of which consists of all continuous functions f satisfying simultaneously 


the 2" pairs of inequalities 


and an inequality either of the form 

/ = 4 J : } ° ] or "a J s 6 
for all integral values of m not greater than 2". Here h,, is an integ 
between 0 and 2°°-™, and / Is an Integer between O and m — 1. Thi 


coefficient of irregularity of an interval is defined as the smallest integer 


not less than 2 that is greater than the coefficient of irregularity of so! 


function in the interval. The weighting of a,(n) is earried on in a pro- 


- } 

gressive manner as follows: when A is divided into intervals of a,(1 
when any interval of Oe ix divided into intervals of Op nN + 1), all inte 
vals with the same coefficient of irregularit, are weighted alike. The tot 
weight of all the sub-intervals with a given coefficient of irregularit 
greater than that of the original interval we shall then make w c!, where 
is the weight of the original interval. The rest of the weight, of cours 
goes to those sub-intervals with the same coefficient of irregularity as the 
original interval. If w is the original weight of A, and q the least coet! 
cient of irregularity of any function it contains. the total weight of tho- 


intervals in any division whose coefficients of irregularity exceed k may be 


shown to be no greater than wie — 2 Hf > i, 

That is, the total weight of any set of Intervals whose coefficient 
irregularity is greater than a given number V approaches Q as N gro 
without limit. Furthermore. | 


such that every S, contains intervals with a coefficient of irregularit 
not greater than a fixed number N. and if N : is always contained in N 


PS), So, ++) S,, +++ are sets of interval: 
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there is always a continuous function belonging to every S,. To prove 
this, in the first place, if we discard from S,, all intervals whose coefficient 

irregularity equals or exceeds .V, and call the remaining set R,, Rnss 
will be contained in R,, which will always exist, whatever n. Let us 
divide the intervals of R, into those that contain intervals from an infinity 
of R,’s and those that do not. Clearly there will be at least one interval 

the former class. Select one such interval.* This will contain intervals 
helonging to some R,. These intervals can again be divided into two 


} 


classes, and we ean again select those that contain sub-intervals of an 


ifinite sequence of orders. In this way an infinite chain ¢;, fo, «++, tn, 
cain be selected of intervals belonging respectively to S,, S;, -++, S), 


and all of a coefficient of irregularity no greater than V. From a certain 
e on these @s will contain no function whose coefficient of irregularity 
~ more than V + 1. By atheorem of Frechet,? since ¢; is a bounded class 
of equally continuous functions, it will be compact. It may readily be 
proved that every ¢, is closed and hence extremal.t Consequently there 


tag 
if? 


will be a continuous function f common to every ¢,, and therefore to 

every S,. This completes the proof of (3) of the definition of a partition. 

‘The satisfaction of (1) and (2) is immediately obvious. We are hence in 
position to apply our definition of a mean to functionals of continuous 
inetions, and to give a meaning of Mypz\F}. 

It should be noted that there is much that is arbitrary in the actual 
carrving out of this definition. What is really essential is that some 
coeflicient of irregularity be chosen so that every ‘* Einschachtelung”’ of 
ntervals of less than a given coefficient of irregularity should contain a 
continuous function, and that then a method of weighting be adopted 
which shall make the total weight of the set of intervals whose coefficient 
of irregularity is greater than .V a decreasing function of V that approaches 
as a limit. This method can at onee be extended to space-curves, 
-urfaces, and all such entities as are usually made the arguments of 
functionals. 

It clearly follows by the theorem at the end of $3 that if a functional 
is bounded and is uniformly P,-continuous over every P?, that consists of 
all the a,(n)’s restricted to functions of no more than a given coefficient of 
irregularity, it is summable with respect to Wp... Now, the set of all 
funetions lying between two given functions in modulus and of no more 
than a given coefficient of irregularity is extremal, as may be proved from 
the fact that it is hounded and equally continuous. Hence by a theorem 


"An ordinal arrangement of every a@,(n) can be found which will make this and the following 


ctions perfectly determinate, and will consequently avoid the difficulties of Zermelo’s axiom. 
! M. Fréchet, tendiconti del Circolo Matematico di Palermo, vol. 22 (1906 , Pp. 34. 
+ Ibid., p. 7. 
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of Fréchet, every bounded functional / continuous over the set is unifor 
continuous over the set in Fréchet’s sense. This means that for every 
there is an ¢ independent of f and g such that if 


for every 2, 
Every functional uniformly continuous in his sense is uniformly continuous 


in ours, for if two functions y and g have coefficients of irregularity less 
than or equal to .V and if 


t Cy he < € 
for all the points between x = O and Mo 1 for which x a2". then 
Na 
a: e+. 
for all points. Since ¢€ + Va 2 becomes smaller and smaller as 


constrain f and g to lie within smaller and smaller intervals of Py, the 
dependence of our definition of uniform continuity on that of Fréchet 
follows. Hence every bounded continuous functional is summable in 
accordance with our definition. 


Massacuusetts INSTITUTE OF TECHNO! 
November 5, 191. 
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ON CERTAIN DETERMINANTS ASSOCIATED WITH TRANS- 
FORMATIONS EMPLOYED IN THERMODYNAMICS. 


By J. E. Trevor. 


1. Introduction. When a fluid mixture of two distinct component sub- 
-tunces is in a state of thermodynamic equilibrium, the energy E(x, 22, 

v;,) of the mixture is a positively homogeneous function, of degree one, 
of the volume x, the entropy x2, and the component-masses 2x3, 7, of the 
mixture. If 6£ denotes the increment of & when the variables are given 
independent increments 62;, +++, 624, it is concluded from the principles 
f thermodynamics that the equilibrium is stable when the sum of terms 
f order two in Taylor's expansion of 6£ is positive for all sets of suf- 


ficiently small increments that do not satisfy the conditions 


Or, ©, = 62» Lo = 0L3 X33 = 6X; wte 


\gain, when the specific volume y;, the specific entropy y., and the specific 
component-masses Y3, Ys are defined by equations y; = x; (23; + 24), the 
energy E is a function (23 + 73)-E ly, yo, Ys, 1 — ys), Le. a function 
J ry) °€(Y1, Yo, Ys); Whereupon it is concluded* that stability is en- 
-ured when the sum of terms of order two in the expansion of 6ée is positive 
for all sufficiently small increments of y;, y2, ys. From either of these two 
criteria of stability a set of necessary and sufficient conditions of stability 
May be deduced. 

To obtain equivalent sets of conditions in other independent variables 
it is customary, on writing p, for dF dx,, to employ the transformations 


Py Z2' = 1, 3’ = 3, Co = Ws, E’ = E — Pivi; 
ty) = 2%, Io’ = pro, f3 = 723, X, = Le E' = E — pod; 
ry = 7, Zo’ = Pro, 3 = 2s, zr, = 2a, BE’ = E — pti — po® je 


and similar transformations with reference to ¥;, Ys, ¥3, e. The conditions 
obtained, and their immediate consequences, are inequalities giving the 
-igns of the hessians of the functions EF, E’, e, and e’, and of the principal 
minors of these hessians. 

Now the elements of any one of these determinants include derivatives 
with regard to a of the variables p,, where a may be zero. In seeking : 


* J. Ek. Trevor, Amer. Math. Monthly, vol. 26, 444 (1919). 
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convenient rule for finding the sign of any determinant D of the set, | 
have observed that D is positive when a is even (0, 2, or 4), and is negatiyy 
when a is odd: save that D vanishes identically when it is the deter- 
minant of the second derivatives, of a function F or E’, with regard 
all the v's that occur in the function. The exception asserts that whe 
any of the p; are held constant the others are not independent; which is 
obviously true, since the first derivatives of a homogeneous function o1 
degree one are connected by a relation. 

The observation that the signs of the determinants D are given by 
simple rule has led me to seek a theorem of which the rule is a mani 
festation. The application of the result found, unlike that of the empiric: 
rule, is restricted neither to a limited number of variables, to analytic 
functions, to positive values of the variables, nor to principal minors. 

2. The Minors of the Hessians of Certain Related Functions. Let e(r 

r,) be a continuous function of the independent variables Wis we 
Yn, With continuous first and second derivatives. Writing p; = de, 0. 
consider the transformations 


; , , P 


ty = Pi, * "+s Om Pm: Danie = Bes e.My ey SS es 


The jacobians of these transformations are the hessian of e and the 
principal minors of this hessian. When any of these jacobians vanish, 
the corresponding transformation is degenerate and shall he excluded fron 


the set. The differentials of the functions f, Big +9, Din, Bunt 
are 
df = — 2 7 ap -. 2. p dx. 


Let us now consider the set of 2n elements. in “normal order.”’ 


Pili  P2We ae Dak 


and from this set form an arbitrary combination C, in “normal order,” by 
suppressing any n elements. As an illustration let us choose the set for 
which m = 4 and n = 9, and from it form the combination 


Pity “7. p ° Pils se Dp # ‘7, p,* * - 
where the suppressions are indicated by asterisks. 


Terming the letter- 
of the sets a1, +++, 7, and py, 


*, Pm Yespectively the x, and the p,, and 
terming the remaining a’s and p's respectively the x, and the Dats 
proceed to tabulate the indices of the elements of each set 
and ‘‘absent from” the combination (. 
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Pits "x ps* Pits eo pe* “2 Ds* sala 
Prese nt 7 ] r 4 4 Present Tu 7 
\bsent 21 3 Absent Tu 5 6 s 9 
Present yA l 3 4 Present pu 6 
\bsent pr 2 Absent pu 5 7 9 


On forming the jacobian of the letters of C, with regard to the variables 
+. tn, hereby denoting 6*%e/dx;0x; by e;;; and on forming the jacobian of 
these letters with regard to the variables p,;, x,,, hereby denoting the 
<econd derivative of f,,, 1.e. of fs, with regard to its ith and jth variables 


by fi;; we obtain, 


r é Cis Cis Cx Orr Ons l 0 0 0 0 0 0 0 0 
| 0 @ 8 8B @ 6 8 6 —fir —fie —fis —fis —fis —fie afig =f. 
) l 6088 8 8 8 8 whe, mfg = —foy — — a ae 

r xe ‘ r ( ‘ 0 i) ] i) 0 0 0 0 0 

11 Can Can Can Cae Cag Caz Cas Cao, 0 0 0 l 0 i) 0 0 0 
o08 6 tt @s 8 8 @ l—fa —fe —fa —fu —fa —fee —fa —fu —f 
f ‘ Coq f ( r r fe f f 64 i Sec f f 

0 08 8 6 8 8 l 0 0 0 0 i) 0) 0) ) ] 0 0 
( ( Caq Cap ( ( r f f f f Tse f f f 


Bv inspection we observe that the first of these jacobians (apart from 
its sign) is obtainable from the hessian of e(2;, x-;) by deleting rows and 


columns as follows. 


Illustrative Case In the General Case 
Delete columns 124, 7 Delete columns of the present x, and x). 
Retain rows 134, 6S fetain rows of the present p,; and py: 
I.e., delete rows 2, 579 I.e., delete rows of the absent p,; and py. 


We observe similarly that the second jacobian (apart from its sign) is 
obtainable from the hessian of f,,(p;, %u) by deleting rows and columns 


as f« le Ws. 


Illustrative Case In the General Case 
Delete columns 134, 7 Delete columns of the present p; and 2;,. 
Retain rows 124, 6S fetain rows of the present 2; and py: 


I.e., delete rows 3, 579 I.e., delete rows of the absent 2; and py. 


If we denote the minor of the hessian of a function u, obtained by 
deleting the rows 7---k and the columns /j---/, by the symbol U(':'), the 


above jacobians are denoted by 


{ 2,579 F 3, wre 
ou E( yoy *): ore, TF 
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where the sign-factors Oo, Oo, Aare vet undetermined. from the abo 
tabulations. the rule for the formulation of the jacobians of the n lette: 
of anv combination (, for any values of n and m, is expressed by 


( Indices of the absent Pr and Pu 
©’ \ Indices of the present 2x, and aj; /7’ 
and 


i Indices of the absent Jy and Pr ; 
oF ’ 


Indices of the present p and x 
or, more generally by 


Indices of the firs derivatives of u absent from (C 
al il ‘ f 


Indices of the independent variables of uw present in C 


— 


In seeking the sign-factor o,, we consecutively number the places Ol 
the n letters in the illustrative combination ¢ 

(Combination, p of ae 2 p i & Pp I 7 Ps 
Place-numbers, 1 2 3 4 459 6 @F SS Y 


and count the number A, of transpositions of letters necessary to bring 
each of the variables x, that is present in ( to the ith place in (, without 


disturbing the order of the p, that occur in C. These transpositions bring 


the letters of C into the arrangement 


l 2 3 } 5 () 4 Ss ‘) 
The corresponding transpositions of rows, in the jacobian of the letters 
of C with regard to the variables x,, 2;;, bring all the elements 1 of the 
array on to the principal diagonal. Henee the sign of the jacobian Is 
that of a = — 1). The number \, can indeed have different values. 
But these are either all even or all odd. 


In seeking the sign-factor ¢;, we count the number X, of transpositions 


necessary TO bring each of the variables / that Is present in oe where 


Yi = Pr, Ty, to the ith place in C, without disturbing the order of the 
z, and p; that occur in C. These transpositions bring the letters of € 
into the arrangement 


Pi Ly p Ds bi Le I 7 Pe p> 
] Fs % 


- 
—_— 
ws ¢ 


() ( ‘ {) 


rhe corresponding transpositions of rows, in the jacobian of the letters 
of C with regard to the variables Pr. ty. bring all the elements 1 of the 
Hence the sign of the jacobian of the 


— 1)". Now the jacobian of the 


array on to the principal diagonal. 
letters of the combination is that of 
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letters of C, with regard to the variables p,;, 2, contains the » = 3 rows 
\24) of negative elements corresponding to the uw 2;’s that are present 


in (. On factoring out — 1 from each of these rows, the determinant to 
which the jacobian reduces (on deleting the rows and columns of the 
elements 1, and on taking out the factors — 1) is multiplied by 

0} =\- 7. 


So, in general, the jacobian of the letters of the combination C, in 
‘normal order,” of any 7 letters of the set 
Pili Pete Fite Prtn; 
with regard to the variables 2;, 2, is a minor of the hessian of e(2x;, %;;), 
‘( Indices of the first derivatives of e absent from C 
“\ Indices of the independent variables of e present in C /’ 
and the jacobian of the letters of the combination, with regard to the 
variables p;, 2y, is a minor of the hessian of fn( py, @), 
])***.F . of the first derivatives of f,, absent from C 
™\ Indices of the independent variables of f,, present in C /* 
In each of these formulations the numbers \ and yu are counted with 
reference to the combination and to the variables taken independent ; 
\ being the number of transpositions necessary to bring each of the inde- 
pendent variables to the place of its index in C, and uw being the number 
of the variables r,; present in (, 
3. A Matrix of the Hessians and their Minors. It is now proposed to ar- 
range in a column the combinations C, in ‘normal order,” of the elements 


Pit, pote + Pun, 
tuken n at a time; and then to tabulate the jacobians of the letters of 
each combination, with regard to the variables of the successive sets 
Uy, Va, U3, °°, Tn, D1, Xo, Tay °° *%y Tay D1, De, Xa, °° *, Tay 
i Diy P2y Pay °° *, Pn3 
thereby expressing the jacobians as minors, of all orders from zero to n, 
of the respective hessians F(), PiQ), +++, FPa(). 
In this tabulation the successive places of the row corresponding to 
any given combination will be occupied by elements 


— 1)'-K(:::), (— 1)*".F,(:*°), (m = 1, 2, +++, n) 


where \, « are counted in each case with reference to the combination 
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and to the variables taken independent. The tabulated array of minors 
has (2n)! (n')? rews, one for each combination C; and it has n+ |] 


eolumns. one for each of the successive sets of variables. Hence the 





ae prs ie 
number of the elements constituting the array Is (2) nm + 1) (nt*. For 


n = 1 this number is 4, for 7 2 it is IS, for n = 3 it is SO, and for n { 
it is 350. 

Let the ‘th element (— 1)*-E of the first column of the array be 
denoted by E,. Then, because of the relation 


where the symbol ‘ee represents the letters of the th combination. thy 
m+ 1)th element of the ‘th row satisfies the equation 


— ] 


Thus each element of the (m + column of the array differs from th 
element EF, of the same row by the same factor a, We find that thi 
array forms a matrix such that all determinants of orders greater tha 
one that can be formed from it are equal to zero. The matrix is of rank 
one. The factors a,, are the reciprocals of the hessian £ and of thi 
principal minors obtained by successively deleting the last a 2. bt eee 
rows and columns of FE). The factor a, is the reciprocal of @°e 4 
The conclusion that the hessians of the functions ¢ and f, and the minor- 
of these hessians, are connected in this wav ix the theorem sought. 


To find the combination C that corresponds to any minor 


_ {Indices of the first derivatives of u absent from C 
+ . . ae iG ; : , ; u e737 
Indices of the Independent variables of u present in : 


of any order from zero to n, of the hessian of any function ¢ or fin, We have 
the rule, 

Comparing the symbol for the minor with the list of the first derivat 
and of the inde pe ndent variable: of u, write the derivatives not absent ar 
the variables prese nt, and arrange them in normal order. 

For example let F, be given, for n 3. The derivatives are 
— 21, — £2, p3, and the variables are Pi, Po, a. The derivative nol 
absent is — «1, and the variables present are p,, 3. Hence C = pit 
Again, let F3(;) be given, for n !. Derivatives are — 271, — 2, - 
ps, and variables are py, po, ps, 2; Derivatives not absent are —. 
— £3, ps, and the variable present is po. Hence C I 1Polap«- 
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In the case of a principal minor, which is formed by deleting the same 
columns as rows, the indices of the derivatives not absent and those of the 
variables present form a set of indices 1, 2, ---, m. Hence no transposi- 
tions are necessary to bring the ith variable to the ith place in C,—for 
principal minors } = 0. In particular the sign-factors of the principal 
minors (— 1)*-#£(::) of E() are all + 1. 

The properties of the matrix of the hessian minors immediately yield a 
veneralization of the empirical rule stated in the introduction. Let it be 
viven that the hessian #() and all its principal minors are positive. Then 
any element of the rows of the principal minors (of all orders) of the F 





m\ )y 
ince it is equal to a ratio of two elements of the column of principal 
minors of £(), is equal to a positive quantity. Hence any principal minor 
of the F,,() has the sign of its sign-factor, and so is positive or negative 
according as its \ + uw is even or odd. But \ = 0 for principal minors. 
 ~o any principal minor of F,,() is negative when and only when u is odd. 


Now yp is the number of the variables 2, 2., -+-, 2, appearing in the 

corresponding combination C, and can have any of the values 0, 1, 2, | 
m. Any variable x; of the set appears in C when and only when 

the corresponding numeral 7 is missing from the upper row of indices in 

the svmbol F,,(::) for the minor in question. When none are missing | 

0. So the minor is negative when and only when any odd number 

of the first m row-and-column pairs is not deleted; i.e., when the elements 


| = of the array of the minor include derivatives with regard to an odd number 
of the variables pi, po, «++, Pm. Further, when the function e is homo- 
veneous of degree one, its first derivatives are homogeneous functions of 


degree zero, wherefore the jacobian E() of these derivatives vanishes 
identically. This causes the column of the minors of F,,() to disappear 
from the matrix, and it causes all the minors in the row of the element 
/\) to vanish. These minors are the determinants of the second deriva- 
tives with regard to all the 2’s that occur in the respective functions f,,. 


The results thus obtained constitute a generalization of the empirical \ 


rule for the signs of the principal minors of the hessians F,,(). And it 
may be added that the elements of any row of secondary minors (including 


their sign-factors) in the matrix have the same sign, and vanish together. 

Further cases of particular interest arise when one or more of the 
principal minors of E() vanish identically. When m has a particular 
value c, then the (¢ + 1)th column of the matrix is the column of the 
minors of F.(), and the factor a, for this column is the reciprocal of the 
determinant 


eae ° 
c+1,---,n 
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If this determinant vanishes identically, which it will do if the primi 


function e(a). te. ©:*. t,) is homogeneous of degree one in 21, 22, 


then the transformation 


is degenerate, wherefore the ic 
and we have that the elements of the row of (1), i.e., the elements of 
row of the combination 


vanish identically. The special case ¢ n was considered in the 
ceding paragraph, where the condition £ 
of the circumstance that the primitive function @€ Was a homogen: 
function of degree one. 

4. Special Cases of the Matrix. When 1 1 we have 


} 


(te par, €e—- pr, (} —_— dp. 


The 2n elements are D,..X, the two combinations C are p and x, and 


have X p= 0 for all entries. The matrix asserts merely that 
l . dn} dp 
Ga-e a ] . 
1.@., that dp dr da dp. 
When n = 2, the 2n elements are p;, 2%), ps, Writing the 


combinations C in a column, entering the values of the \ and 4g, 


arranging the 


to the variables of the successive sets of independent variables. we obtai! 


the following tabulation. 


( ( Ve 
| -E(F 0 | Fis 04 —F3(j 
p () I () () Lf () 0 I + 
D 0) , E\; ( y i “4 0 ! — F,  ) 
p 0 E(}) eo} 1 I 0 4 —F:(5 
r () I + 0 } BE 0) 2 I 
| ] 


lith column. disappears from the mat: 


() appeared as a conseque! 


/ 


jacobians of the letters of each combination with rega 
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ON CERTAIN DETERMINANTS. $1 


The tabulated minors of order zero are equal to unity. For when the 
independent variables are v, w, and C = vw, we have 


U(13) = a(v, w)/a(v, w) = +1 (U = E, Fn). 


So, in more conventional notation, writing A, A,, for the hessians of e, fm, 


the above matrix becomes: 


0°e O°f Of 
OX OX» OP, OX OP, 0peo 
a°fy 
A stay ] 
OX2- 
One O°f» 
= ] - 
OX \" 0 p2 
one Of 
e 9 —_— Ay _—" i 9 
OX 2" Opry 
O7f 
] -— As 
Opi" 
an Of O°f 
OXLOX, OXLOP, OpP2OP; 


In this matrix each element of the second column differs from the 
corresponding element of the first by the factor (de d2,°)“, and each 
element of the third column differs from the corresponding element of 
the first by the factor A’. We thus have, 


l = Of Opi Of OX" - Ai a*f OP 0X2 
ae Ox l a A ~ Oe AX” 87e OX1OX2 ’ 

l — Of. Ap: — Of. Ape? A» Of. AP APe 

A ‘i One OX" a rahe) Ox }" ae ] jae O-e OX, OX2 : 


If the hessian A and its principal minors are positive, it follows, in 
accordance with the empirical rule, that 


af, ap <0, af, dx? > 0, A, < 0: 

Of, Apr <0, Offs Ap” < 0, A. > 0. 
It follows also that the secondary minors, 

0°e OX\OXe, Of; APiAXe, O°fo APiOPo, 


cither have the same sign or vanish together. 
If A vanishes, while its principal minors are positive, the function 
)i, po) disappears from the set of functions f,,, and we have 


arf; Opry < @, a°f dx." = 0, 41 < 0, 


— = > -- 
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again according to rule. Here also 0°¢ dx, 0x, and @°f; Ap, Ax. either 


the same sign or vanish together. 











ON CERTAIN DETERMINANTS. §3 


It may be remarked that a recently described classification* of the 
elements of a certain set of derivatives, which is of consequence in thermo- 
dynamies, is essentially an application of the properties of the above 
matrix forn = 2. 

When n = 3 the 2n elements are pi, 1, po, 2, Ps, %3, and the matrix 
of 20 * 4 elements is as on page S82. 

The factors that convert the elements of the first column of this 
matrix into those of the second, the third, and the fourth are the recip- 
rocals of the principal minors 


E (33) E(3), E( ). 


We thus have, arranging principal minors and secondary minors on separ- 
ate lines, and omitting duplicate secondary minors (of the starred rows 
i the tabulation), 


/ / Piss) © =H _ = ids) ~FiG)_ — Fi) 
/ | EG) E@) iE) #=&£ E(°) l 
Fi) — FaG _¥ _ FiGs) — FG) — — FG) 
> 26) £@) #6) #860 #3x£6 * 


together with a similar set of equations for the minors of F2(), and a 
third set for the minors of F’; 

If the hessian #£() and its principal minors are positive, it follows, in 
accordance with the empirical rule, that the principal minors of the F,,() 
have the signs prefixed to them in the table. It follows also that the sign 
of any secondary minor of any F,,() is determined by the sign of the 
~econdary minor of £1) in the same row, and that all the minors of the row 
Vanish together. 

If £\) vanishes, while its principal minors are positive, the function fs 
disappears. But the signs of the minors of Fy() and F.() are determined 
is before, save that 


F, =— F. < = (), 


which accords with the rule. 

In construeting the matrix for any value of n, the symbols F,,(:::) 
of any row may be rapidly obtained from the symbol £(:::) of the same 
row by the rule,—Replace E by F,,, delete all common indices 1, «++, m, 
und insert all missing indices m + 1, +++, n. 

In the case n = 4, where the operation of the empirical rule was first 

bserved, the matrix of the principal minors is as follows. 


*J. E. Trevor, Amer. Math. Monthly, vol. 27, p. 258 (1920). 
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When £() and its principal minors are positive we have that eight of 
the principal minors of each of the F,,,() are negative, while the other eight 


are positive. If £() vanishes, while its principal minors remain positive, 


the last column disappears from the table, and the signs are distributed 
as before save that 
Fi()) = F.(C3) = F3(j3) = 0; 


2\12 %\123 


all of which accords with the rule. The whole matrix of 350 elements is 
too extensive to quote. 
CORNELL UNIVERSITY, 
June, 1920. 
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THE PERMANENT GRAVITATIONAL FIELD IN THE 
EINSTEIN THEORY. 





By | 


1. Inaceordance with the theory of Kinstein a permanent gravitati 
field is defined 1 a quadratic differential form 


~ 


-_ 


where the q's. called the potentials of the field, are determined by 
condition of satisfving ten partial differential equations of the see 
order, G 0. When the four coordinate 


} 


parameter, the locus of 


four-space. 


are funetions of a si 
these coordinates Is a curve 


such a character that the integra 


the point: with 
If these functions 


are ol 


is stationary along the curve, the curve is called a ‘ world-line,” 01 
geodesic, in the four-space. 
Kinstein*® considered the are rectangular coo 
and 4 ‘epresents the time, and assumed that the field was produ 
‘origin Which did not varv with the time. In orde1 
obtain the equations of the world-lines in the form which enabled hin 
establish his well-known expression for the precession of the perihelion of 
Mereury, Einstein made also the following assumptions 
A. The quantities q are 


are independent of f, 
Lb. The ap 


equations (J 


C. The sol 


coordinates in the 


ution is spacialhy with respect to the origin 


SeTise that <olution 


orthogonal transformation of 


ix unaltered by 
At infinity the quantities () 


dD. 


./ 


Qotor ; ; and 
J; 


] 


Schwarzschild? using the first three of these assumptions and certs 
others integrated the equations G 


QO. and obtained (1) in the form 
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7 a , dk? ‘ 
3 ds? = e(1 de _ — R°(d6° + sin? éd¢’), 
cm 
© tees 
R 


where a is a constant depending on the mass at the origin. Levi-Civita* 
has given three solutions of the equations G;, = 0, one of which includes 
the above, and Weyl? has given still another solution. Later Kottlert 


obtained the form (3) not by the solution of the equations G;, = 0 but 
as a consequence of certain postulates. It is the purpose of this paper to 


accomplish the same result by the following set of postulates: 
I. Assumptions A and B of Einstein, in accordance with which we 
write (1) in the form 
| ds? = V-dt? — ds,’. 


where 
19 


5 ds," = » 3 a,,dx,dx,. 
the funetions Vo and a,, being independent of ¢. 
II. The funetion V is a solution of 
Ad = 0, 


where 4.4 is the Beltrami differential parameter formed with respect to 
the form (5), and is defined by 


] 0 JA 
} A.A >—( Ea a5) 


On; 


where ais the determinant of the functions a,, and a‘ is the eofactor 
of ain this determinant divided by a.§ This assumption is equivalent to 
the equation G,, = 0. In this equation and hereafter }> means the sum 


for | i & i 
I11. The surfaces Vo = const. form part of a triply orthogonal system 


n the space, Sa. of coordinates Xs, Lo, Le 

IV. The orthogonal trajectories of Vo = const. in Ss are paths of the 
particle, in the sense that the codrdinates 2;, ®e, 23, of a world-line deter- 
Inine a path in S; of a particle in the gravitational field for which the 
world-line is the representation in terms of space and time ¢. 

\V. The form (5) is euclidean to a first approximation. 

2. Geodesics in the four-space and in S;. It can be shown that in any 
three-space there exist triply-orthogonal systems of surfaces, and accord- 

* Rendiconti dei Lincei, ser. 5, vol. 27 (1918), p. 365. 

(nn. der Physik, vol. 54 (1917), p. 117. 
t Ann. der Physik, vol. 56 (1918), p. 401. 


§ Bianchi, Lezioni di Geometrica Differenziale, 2d ed., vol. 1, p. 6S, 
Wright, Invariants of Quadratic Differential Forms, Cambridge Tract No. 9, pp. 64-67. 
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ingly (5) ean be given the form 


= 


\ ds = S ad dv 
‘ — 





where now the codrdinate surfaces form a triply orthogonal system. 
If'we take s for the parameter along a world-line, and put é; = der 
t = dt ds, the integral (2) becomes 


vier? — Sar "3, Ods. 


The Euler equations of condition that 


Ve d { d¢% 
(Y : me dee leg 
Ov As Ou 


Applying these conditions to (S 


be stationary are 


, and noting that in consequence of the 
choice of s as parameter, we have ¢ = 1 along a world-line, we obtain 


» 


10) zi 13 @) log a, dr, dr lo da & " V =f dt \? = 0. 
ds? i or ds ads E : ok ds ( 


1, dx, \ ds 


11 
where / is a constant. 


By definition the geodesics is S; are the curves along which the integral 
| VSa.dr7 is stationary. 


When s, is taken for the parameter along suc] 
geod 


il ah 
esic, we find that the equations of a geodesic are 


: = + 
ds,° foo or ds, ds Zi. oa ae 


ds 


From (4) and (11) it follows that the parameters s and s 


+) along a world- 
line and the corresponding path In S; are in the relation 


i 
ds Vie7 l ds. 


When we express equations 10) in terms of s», we obtain 


d?r 0 log a, dr, dr l . 0a dr 
dse + 2 ~ 5,4 ( ) 


Or ds ds DY — or ds 


x bes l 4 
Vik? — V%)\ dso dso a, Ox 
From this equation and (12) it follows that a necessary condition that t! 


path of a particle be a geodesie in S, js 


* [2 


solza, Lectures on the ¢ 


14 


f \ trations, p. 
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Tenet iwi, 2, 3). 


ds) dsy = a; 02; 


15) 


If we multiply these respective equations by va;, square the resulting 
equations and add them, we get 


dV \? 1/avV — . 
6 (G) -~ 2a(Ge,) =o". 


where 4,4 is the first differential parameter of 6 with respect to the form (7). 
When ds,? is written in the general form (5), the expression for A,@ is 
OV AV 
7 A.t = atk) — — Baa 
li , p> OX; OX} 


Henee (15) may be written in the form 


dx, ] 10avV 
IS = 5 on eg 
dso VA,V 4G: On, 
The direction of the tangent to any curve on a surface V = const. 
through the point P where a path curve meets the surface is given by the 
values of dx, ds;, s; being the are along the curve, where 


OV dr 
Q Ale OY 
p> Or, ds, 
From (18) and (19) it follows that 
sin ~ dx, dx; _ 0 
»()) Sa, cas 


which is the condition that the path is orthogonal to the surface, since 
this condition is satisfied by every curve through P.T 


Conversely, any orthogonal trajectory of the surfaces V = const. is 
defined by (18). In fact from (20) and the equation 


dx, dx, 0 
Ya,;5— 5— = 0, 
dso dss 
lor a second curve on V = const. we get 
dx, dx; 
4 dso ere dso — R. 
dx» dx, dx. xs dx, dx dx» da ') 
(oA; —— a,a.{ = > 
 * \ ds, ds. = ds; dso = \ ds; ds. = ds, ds» 


* Bianchi, Ll. e¢., p. OL. 
| Bianchi, |. ¢., p. 330. 
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where by composition we find 


1 dar dr dr dis - 
P= hin = 
a VitydoasQ ds, ds, ds, ds» 





In like manner from (19 


we obtain 


Nil (og VNALV 
() 


From (21) and (22) follows (1S). 

The above results may be =tated ‘ 

If the path of a particle in a perma yravitational field is a geod 
it is an orthogonal trajectory of the surfaces const 

3. Condition that the orthogonal trajectories of the surfaces | = const. be 
geodesics. In establishing this condition we make use of the mixed differ- 


ential parameter of the first order, A,/@, ¢), which when formed wit! 


respect to (5) is defined by 


AlO¢ >a 


For the form ‘7) this is 


ag 


From (1S) we have 
d Mid ; ( l 
ds, 2d Or;\ V¥A.V 
Substituting in (12 


| 


al; Va. (v. 
vA, 5 


0 log a i 
Or : Or 


which may be writte 
: “| VV +m | ra] log l & 
Or 2 Ox; 2 a Or or ) 


HW, Lezioni, p. 61. 
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, 2 _OV\AV 17 \2 
24 Ai(V, AV) “= ai(V,5 )5e + Z(57) ai(v,~). 


5. 4; OX; J OX; 5 \O2; a; 


since 


1 0 : . OV | 1 dloga;/aV\" 
18 syn ai(v at) tpt eben (ary 


2 O27, On, 2a; Ox Ox; 


J J i 


equation (23) may be written 


1 od aS : . OV 
2 an, A,I - = A, V, A,I ax,’ 


Consequently A,(V, 4,V), and also A,V, must be functions of V. But 
when A,V is a function of V so also is A,;(V,A,;V). Hence we have the 
theorem: 

A necessary and sufficient condition that the orthogonal trajectories of the 
surfaces Vi = const. be geodesics is that AV be a function of V. 

In this ease the surfaces Vo = const. are said to form a geodesically 
parallel family.* 

!. The path of a ray of light. The function V is interpreted as the 
velocity of light in the field, and consequently along a world-line of a ray 
of light ds = 0, as follows from (4). In order to obtain the equations of 
these world-lines, we apply the Fermat principle that fd? be stationary 
along such a line, that is the integral {wv °Ya.dx?. This gives the 


equations 


dy dr ) a, dx Vy? 


' F 0 a;{dr;\° 
de * dt da, le V2 dt Da, & ar ri dt nis 


When we require that a path of light be a geodesic in S;, we obtain (18). 
Hlenee: 

When the orthogonal trajectories of the surfaces V = const. are paths of a 
particle in a permanent gravitational field, they are also the paths of a ray 
of light, and conversely. 

5. Certain triply orthogonal systems in euclidean space. .\ necessary and 
-ufficient condition that 


ds? = Hdxr; + H.2dr." + H;dr;? 


the linear element of euclidean space is that the functions H; satisfy the 
following equations of Lame :t 


* For other proofs of this theorem the reader is referred to Bianchi, |. ¢., p. 3 
Pe ie ). O4. 
} kisenhart, Differential Geometry, p. 449. 


38; also, Wright, 
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aH, 1 0H,aH, 1 dH, aH 
OV OX - H Of: OF J H Of; Ox,” 


¢ ‘1 OH 0 1 OH 1 OH, 0H 
ne € On ) " Ox = = ) “H "3 = 


where? +),1 # hij + hk. 
We consider the case where H, is a function of x; alone, and write 


26 H, X 


the accent indicating differentiation with respect to 2). Now equation 
0 ( 1 oH ) OH 
Ox, \ Hs dx ; VY o OF ) ey 
a ( 1 OH, ) oH 
; - ( 
dr, \ Hy, dx, WT 1 OX ) " 


: ( 1 dH d 1 oH l OH. AH 
\ He Axe ) H, dx "Hy? xy OX 


25) reduce to 


J Or 
From (2 we have by integration 
30 H. = ¢X,+ 4, H Pe. € 


where ¢. ¢, 7 and 7 are independent of x; In accordance with (27) these 


functions must satisfy the conditions 


Og 


If we replace these equations by 


Og 


we have 


l OH, : ] da 
i. ax ‘ 


so that (29) becomes 
d (! OT ; | dd 
OF» Oo OL: ; Var or ) eee 0. 


Each solution of this equation determines \ and yp, and then @ and 
follow from (31 
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Iquation (32) expresses the condition that 


odx.” + 7*dzx3? 





ix the linear element of the unit sphere.* 
If it is required further that H.H,; be the product of a function of x, 
alone, say ¢, and a function y independent of x,, we have, from (30) 


: oTr.,, , oT + OT,., oT 
; — Xi + a eo 
¢ v v 


From the two equations obtained by differentiating this equation with 
respect to x. and x; and (31) we find that ¢ ¢ = 7 tr =k, where k is a con- 
stants. Consequently the general solution may be written 


H, = X\¢, H, = X ir. 


(. Derivation of the Schwarzschild torm (3). In accordance with postu- 
late III, we take the surfaces V = const. for the coérdinate surfaces 2, 
const. of a triply orthogonal system in S;, and write 


34 Vy? = e*(} a 2¢) ry 


where ¢ is the constant velocity of light. 
From the results of $$ 2, 3 it follows that postulate IV is equivalent 
to A,V = Clr; 


i 


. Which reduces to 


_ | - ce," 
) a, = = 2 
: tay g ] = 2¢) 
Since by postulate II we have A.V = 0, we must have also 
i ve 
ty) a.a3 = —, 
a 


where y is independent of x;. 

From the results of $5 it follows that the linear element of euclidean 
space, satisfying the conditions that a, is a function of x, alone and (36), 
can be given the form 

37 ds? = dr? + 2(o°dx.? + 7°dx3°). 

In accordance with postulate V the linear element of S; is to be (37) to a 
first approximation. From (35) and (36) we find that such an approxima- 
tion is given by taking 


» ~ 
03) ¢1 = oF) + 


* Kisenhart, Differential Geometry, p. 157. 
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+4 
where m is a Constant, that Is ¢, Then from 
and (37) we have 

rida." + 2dr? 


0] 


l.7 sin we of (32), we obtain 
‘>*) 


If in (26) and (33) we 


When we take the solutions ¢ 


Derivation of a form due to Levi-Civita. 
where A, and uw are constants, we have in place of 


l : l oda - T dr 


and the expression In parenthesis has curvature Ayu 


‘- 


NX, = 1 vAgur 


In place of 


we put 
ub 1 + 2¢ 
where fois a constant. Proceeding as in the preceding section we | 


) 


Stes 


f we take accordingly 


where m is a constant. 





ON THE STRUCTURE OF FINITE CONTINUOUS GROUPS WITH A 
FINITE NUMBER OF EXCEPTIONAL INFINITESIMAL 
TRANSFORMATIONS. 


By S. D. ZeupIN. 


1. In a former paper* I have discussed the conditions to be imposed 
ona finite continuous group with a single exceptional infinitesimal trans- 
formation in order that some of the structural constants may be simpli- 
fied. It is the object of this paper to extend these discussions to groups 
with any finite number of exceptional infinitesimal transformations. 

2. Let the group G be generated by r + g (r, g integers) infinitesimal 
transformations, and let their corresponding operators be X,, Xo, ---, X,, 
Riss ** +, Den Oe 

0 0 


A; = Bs ah Pe... * * 5 Betial cs mp ees Bs op ABe. + +4, Basal s _ 
OX} , , 


tr 


(2 = 1,2, ---,r+q). 


These operators must satisfy the symbolic equation 
(XX) = DepnXit 6,5 = 1,2, --+, 7 +9), 
l 


where (N,, N,) = N.N, — NX,N,, and the c,;,’s are the structural constants 

of the group G. Denoting the operators, corresponding to the trans- 

formations of the adjoint of G, by the symbols Fy, Ey, ---, E,, Br4a, 
-, E,.,, where 


r- , ” 


+g ) 
E; / ey Qa jC; 
k=) 


Oa: 


Q= :. 2 ---,r+q), 


iM 


we must havet 


(E.. BE) @ 2 ek @G@,j=1,---,r+gq). 
b= 


We shall make the following assumptions about the group G: 
a) It has g( = r) exceptional infinitesimal transformations. 
b) The adjoint of G’ (which, we shall show, is isomorphic with G) 
has one invariant spread. 
**On the Structure of Finite Continuous Groups with a Single Exceptional Infinitesimal 
ransformation,”’ Dissertation, Clark University, 1917. 


PS. Lie, Continuirliche Gruppen, p. 385. 
tS. Lie, Continuirliche Gruppen, p. 467. 
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are os 
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ee a ae erp = eee 
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3. For simplicity let us take V,.;, Ve.2. +++, X,., to be the g excep- 
tional infinitesimal transformations of G, 1.e., | 
; : LS em Kee |, cre, 7 4 
VX) =DeuXs ( : 
“ J hy. ay 
and 
) ] . . wr 7 = fai 
x. x 0) ( 
J r+ 1, I 
There will then be a linear relationship with constant coefficients betwee 
the operators BE. ---, EL... ie. we ean find constants Ay, +--+, A 
all zero, for which* 
A NE, +E. + ++ +A kes (). 
The solution of equation (1) is evidently A, X: N Les d (), 
while A,.;, Apo. «++. A,., are arbitrary constants. Since 
E / () 
it follows that 
f I > j ] Zz ; 
; 
Therefore, if G contains just g exceptional transformations, there exists 
group, sav G’, with r essential parameters generated by r infinitesimal ; 
transformations },, ---, ¥.. where 
"9 


such that 


We shall denote the operators of the adjoint of G’ by the symbols 
, Where 


Oa 


4. Since we assumed that the adjoint of G’ has just one invariant 
follows that the nullity of the matrix 





y 
4 
4 





*S. Lie, Continuirliche Gruppen. p. 463 





t The a’s are the par meter 
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ix equal to one,* i.e., at least one of the minors of the determinant >> a;é; 


{=1 


of order r — 1 is not zero. But every minor of | >> @;&; is also a minor of 


t=} 
YaiCii1, e+, LZac;.r,.1, O---0 
> E ACs, 3. 95 BO des | SAC; 2,95 Q---0 
a, ££; = . . 
feat ~QiCj,1, 7415 8 Re SA Ci, +r, 941) Q---0 


SAC. reg, °° *%, SAL». 240, Oe +O 


Therefore at least one minor of >> a,E; of order r — 1 is not zero, and 


‘=1 
thus the nullity of the matrix Ya;F; can not exceed g + 1. Further- 
more, for ay, +++, @, @rsiy ***, Ary, assigned, the symbolic equations 


B (Lax, nX.) -( 


are clearly satisfied for 


1) mr = Qh, + °°, Me = Ary Nee = Nrge = *°* = Neg = 0 


~ 


z) m= m= -o> = mn, = 0, near = 1, Ora2 -o+ =n, = 0 


> ) ny = Te = *** = 7, = nro1 = O, %r+2 = I, Tag = ++ = nrg = 0 


ee eee ee ee ee ee Se 
But from the equations (B) follows the symbolic system of equations 


SaiEi(m, +++, try **y Meee) 


(Sa,Cii, ‘oe, Da Céiris Q). . ‘Oni, +7 6, Nry ee is Nr+g) 


i +i, Dein, Os al 
This system has g + 1 independent solutions, namely 
1) 11 = Q), 2 = Qe, 1 H'%, qr = Ge. Qr+1 = ee = Nr+9 = 0 


(‘)) m= i =, = UO, eS i. Qri2 = ee = rig = O 


q shes 1) meet KH r=: . ° . : , * = Nr+g-1 = 0, Nr+g - 1. 


* See proof in mv dissertation, Clark University, 1917. 
t This notation is taken from A. Cayley; see Philosophic Transactions, v. 148, 1858, pp. 


4-46. 
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Therefore the nullity of the matrix )) a,F, is at least g + 1. 


of the matrix ¥* a;F; is thus just equal to g + 1. 


oe 





The nullit 


5. The number of invariants of the adjoint of G. Since the nullity of the 


matrix > a;E; is equal to g + 1, the adjoint of G must have g + 1 ind 


— 


pendent invariants, 1.e., 


the system of r partial differential equations 


tg ar is of 
Est QAi°**aQa S G31 51 = + ceo = > a C} i . - (), 
- ¢ = OQ, ONrig 
C 
aor = of 
I lla a =: a — T “T + aly ’ ” 0, 
. — Oa, 1 da 
will be satisfied by g + 1 independent functions 
, = C1 Qy°* * Ara r Ce see *@ i 75%. oe cy * * oes 


We have assumed that the adjoint of G’ has one invariant, 1.e., 


of partial differential equations 


the systen 
































a) a af 
1 (¢ a > a aes > a — (). 
Ja Ja 
D 
—= at = ar 
fla Q > as a > ax a (), 
1 Oa ; Ja 
is satisfied by only one function fia;---a,), and all the other solutions of 


D can be expressed as linear functions of f. It is clear that I Gas *@ 


the solution of (D)) will also satisfy the system (C), for, 
af Q1°:°°a of Q@1°°*'a of Oy a 
” = : aes Q). 
Ja Oa Ja 


We may state, therefore, the following 

THEOREM: If the adjoint of G has one invariant, the adjoint of G ha 
then g + 1 inde pendent invariants, one of which is the invariant of the adjoint 
of CG’, 
6. The intersections of the spreads invariant to the adjoint of G. Suppos' 
that ¢;(a@) is the function, invariant to both the adjoint of G and the 
adjoint of G’. Let then ¢./a 0, g2la 0, --+, oo41(a@) (). the re 
maining g spreads invariant to the adjoint of G. be all flats of order 
. 2 in the r 4 oS l and let intersectio! 


space, their common 
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there is any) be an r — 1 flat. This flat will be represented by the 
tions 
ge OQ] “Ci = (), 
Cal Ay “a Q) 
¢g ay a Q) 


~ evident that this common intersection will also be invariant to the 
nt of G. 
Let us consider g points a'?, a”, «++, af, +++, a” in the space of 
adjoint of G, the codrdinates of a i= 1, 2, ---, g) being all zero 
the (r + 7)th which shall be taken equal to unity. We may take 
1,2, -+-,g) to correspond to the invariant subgroups, X, 
|. 2. +++, qg) of order one of the group G. Then, in the space of the 
of G there will be g points invariant to all the transformations of 
adjoint of G.* 
t, now, the (r — 1) flat (Ff) does not pass through any of the points 
-, a”, then, by Lie’s theorem,7 we can take X,, Xe, ++ >, ) a 
Sinuas #2 es oe such linear functions of the operators XY,, Ne, ---, X,, 
Rents + <o.0e that 
(Aor. - 


form an invariant subgroup of order r of the adjoint of G, 1.e., 


. = (=1,2,----rnrt+l,---rte 
7.23 «Pad (' - aie ay 


9 ay > / 
Tipp =O sé me Bee 0. 


7. Let us now suppose that gs(a), +++, gy.1(a) are not flats but alge- 
We <preads of orders Mo, M3, °° *, Mo41 respectively. There will then 
polar flats of the points a‘, a@, +++, a ® taken with respect to 
’ , Cortla). If the spreads Pl), ***, Cosi) do not pass 
nigh any of the points a\?, a®@, +--+, a'”, then the r — 1 flat, the com- 
intersection (if there is any) of g of the g® polar flats, will not pass 
nigh any of those points. It will therefore be possible, as we have 
WH) above, to take Xi, iis } such linear functions of pon i Se A 
1 N,, No, ---, N, will form an invariant subgroup of G, Le., 


c na — C, 1.9 - t-. @ = C, Lg = (). 


see S. Lie, Continuirliche Gruppen, p. 468. 


S. Lie, Continuirliche Gruppen, p. 479. 
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S. The ease might arise when ¢g.(a) passes through one of the points 
a, +++, a, say through a, but not through the others, and 
passes through a”, but not through the others, ete. Then the polar 
flat of a with respect to goa) will also pass through that point; simi- 
larly, the polar flat of a* qué ¢s(a) will pass through a”, ete. The 
common intersection (if there is any) of those g° polar flats may or ma’ 
not pass through all the points a. ee. So ee ; If the common int l- 
section is anr — 1 flat not passing through those points, then we come to 
the case which we have already discussed above. If, however, it does 
pass through them, then by Lie’s theorem, to which reference was made 
above, we can choose X,, «++, X,., such linear functions of X,, «+--+, A 
that V,, ---, XV, form an invariant subgroup of order r of G, g of which 
are the operators X 1: X\ ee b 

We shall then have 


Y ¥ _ + oe Se eee ee oe ee 
and assuming, for simplicity, that 


Biscuits Rsk Pre 4 Xx, 








we shall have 


XX) = DO sak ( Pe ane a | 


—t — 2 2 


But that means that G’ which has the same structural constants as thi 





corresponding r— |] operators of G, has an invariant subgroup of order + 





which is contrary to the assumption that the adjoint of G’ has one invari- 
ant spread, while an invariant subgroup of order g of G’ would necessitat: 


an invariant gq — l' flat of the adjoint of G.* 
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CONFORMAL MAPPING OF A FAMILY OF REAL CONICS 
UPON ANOTHER. * 


By T. H. GRoNWALL. 


|. Introduction. Let z = x + yi and w = u + vi be vwo complex vari- 
es, and w(z) an analytie function of z; then the relation 


w= wz) 


ines a conformal map of the z-plane upon the w-plane. It is the 
impose of the present paper to determine all functions w(z) such that 
here exists a family (containing at least one real parameter) of real 
nics In the z-plane which is transformed by (1) into a family (obviously 
th an equal number of parameters) of real conics in the w-plane. A 
unmary of the results is given in the last paragraph. The particular 
case Where the conies in the w-plane are straight lines parallel to the real 
‘xix has been investigated by Von der Mihllt and Meyer.t The fact 
cand y appear in (1) in the combination « + yi immediately sug- 

-ts the use of the isometric codrdinates 


2 = = -t yl, z2=IrI=-> yi. 
We have conversely 
ae I ; 
b= ale oT 7 oe ) 
é al 
rmtyH=2zzi= (2° 


2. Equations of the straight line and circle in isometric codrdinates. The 
lation of a straight line through x = p (= 0), y = 0 and perpendicular 


the real axis is z = p or 2+ 2— 2p =0; replacing z by ze~*' we 


tain the equation of a straight line, the perpendicular on which from 
« origin is of length p and forms an angle a with the real axis: 
2 ez +e"z — 2p = 0. 
* Read before the American Mathematical Society, 
Kk. Von der Muhll, “Ueber die Abbildung von Ebenen auf Ebenen,” Journ. f. Math., vol. 69 
pp. 264-285. 
Hans Meyer, “ Ueber die von geraden Linien und von Kegelschnitten gebildeten Isothermen, 
cher einige von speciellen Curven dritter Ordnung gebildeten Isothermen,”’ Diss. Gottingen, 


Zurich, Zircher und Furrer). 
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The equation of a cirele with center at 2 and radius ris z— 2, or 
27 —2,)(2 — 2,) = ror finally 

3 23 — 2 — 22 +212, —r° = 0. 


Consequently, the equation of, a straight line or a circle may be written 


in the form 


az h 
} ~ C2 re d? 
where 
5 ad — he e 
When (4) is to be identical with (2), we find a = — ke, b 9 
¢ = 0. d = Ie™'. the factor of proportionality being determined by 
which gives /? = — 1. Consequently 

ay s —_ elt = , h Jepi, 
6 
c =U, a ele, € + ], 

and the conditions that these equations shall be satisfied by real values 


ot p and a, 1.e., that (4 shall represent a real straight line, are 





_ - } 


4 a= ad, hy + | (), ex (). 





In the same way it is seen that when (4 represents a real circle with 
eenver 2; and radius 7, we must have 


S a= d, b+ h (), ec+F= 0). c +0. 
ka , 212) €l 2 ’ 
8) az=é-—, b= €/ (, _ , Cc / d — €l—, € : . 
r r r a 


) 


4. Equations of the other conics in isometric codrdinates. An ellips 
hyperbola) with foci at 1 and — 1 and major (or transverse) axis 2a 
defined by 


10 Fe ate ae rs Da, 
Transposing and squaring, we obtain 


zg+1)(z24+] fa? ++ (2 — 1)\(2 — 1) — 4a'2z — 1] 


or 


squaring again and solving the resulting quadratic for z, we find 


z= (2 jz + vi4da* — 4a2)(z2 — ] 


’ 


or writing 2a* — 1 = /: and omitting the double sign before the square ro 


(11) Z=hze+ vk? — 1)(z2? — 1) 
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mn the definition of k, it follows that k > — 1, and since a > 1 when 
()) represents an ellipse, it is seen that (11) represents an ellipse when 
| but an hyperbola when 1 > k > — 1. When k = 0, the hyper- 
a is equilateral. 
Replacing z by 


“2 


11) we find as the equation of an ellipse or hyperbola with foci at z; 


Ni 
+ 


he equation of a parabola with the origin as focus, the real axis as axis 
nd the distance }p from focus to directrix is 


» | = .. 
2) = 3(2 + Z + Pp) 


-quaring and solving for 2, 


I: Z=>2—pt2vypz. 


Replacing z by (z — z,)e7", we find the equation of a parabola with 


ocus at 2; and its axis forming an angle a with the real axis: 


at *) at) mw ~ ) 


|| 2=e NZ + 2 21 fat + 2ivpe z= 2, 


From (12) and (14) it is seen that the equation of any conic which is 
ot a circle or a straight line, may be written in the form 


ls) =az+b+ vwe2? + 2dz +e, 


~ 


id that its foci are the zeros of the expression under the radical sign. 
1. Condition that two given one-parameter families of real analytic curves 
shall correspond in a conformal map. Let f(z, ) be an analytic function of 
and ¢; for real values of ¢, the equation 


lt) 


efines a one-parameter family of analytic curves. At a point z = 2p, 
{, where to is real, af/dz + 0 and f(zo, to) = Zo, the preceding equa- 
on takes the form 


~ ~ 


= {oe + 1Dean) (2 —_ 2zo)™(t _ fa)", 


14 — 


m+n> 


Where alla and b are real, and ay) + tb;) + 0. By Weierstrass’ prepara- 
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En 


tion theorem, this equation may be solved for z — 20, giving as result a 
power series in 7 — and ¢ — ¢), and in order that (16) shall represent a 
family of real curves, it is necessary and sufficient that the solution of (17 
in respect to z — zp shall be identical with the result of changing 
complex quantities into their conjugates in (17), or 

2—-2,= > Ann — Wmn(Z— aie <= Fo 


— 
n+" 


me 


Denoting by f or ¢ a power series in one or more variables, and by f 0 


the result of changing its coefficients only into their conjugates, the 
necessary and sufficient condition that (16) represent a family of real 
curves is therefore that the equation 


18 > — (3 f) 


~ “+ 


shall reduce to an identity in z and ¢ upon substitution of the value of : 
given by (16). 

Now let 
19) c= F(w, t) 


that 


define a family of real analytic curves in the w-plane, and suppose t] 
the analytic function 


20 ee 


maps the z-plane upon the w-plane in such a manner that the curves (16 
are transformed into the curves (19). A necessary condition is found by 
differentiating (20 
duv = w'dz, 
where w’ = dw dz, and taking conjugates, whence 
div = nm’ - dz. 
By means of (16), (19) and (20), the last equation becomes 
OF du OF : ofr of 
— —dz+—d = w'| —dz+—dt ): 
Ow dz at \ OZ at ‘ 


equating coefficients of dz and dt on both sides, and eliminating 7’, we 


obtain 
OF of 
(21) Ow dw 2 02 
OF dz of’ 
dt “at 


This condition is also sufficient, for if (20) is an analvtie function inde- 


pendent of ¢ which satisfies (21) the equation diz = adi becomes by (16 
and (21) 








& 
: 
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| 
i 
- a 
dw = -.,, dF(w, t) 
OF P 
ot 


ithat @ is a function of F(a, t) alone, or 
22 Fi(w, t) = ¢(). 


Taking conjugates, and observing that F(a, t) = w since (19) defines a 
family of real curves, we find w = ¢(w), and consequently # = ¢(i), 
-) that the curves (22) into which (16) are transformed by (20), are 
dentical with the given curves (19). Writing (21) for two different 
values of f, say ¢) and t, we may eliminate dw dz and obtain 


OF /dF\ of of 
Ow Ow Oz Oz 
pa a F . a F — a f . ff) f 


at Ot / t=t Ot \ dt/ tat 


If this is an identity in w, z and t, each member must be a function of ¢ 


/ 


lone, sav y(t), and we have 


of OF 
4 Oz = olz)ult) ow = d(w)u(t) p pee — 
2 ili y(t), ark W\)) dz ee 
at ot 


In this case, the z- and w-planes may be mapped on an auxiliary Z-plane 
such a manner that the curves (16) and (19) correspond to a family of 
parallel straight lines in the Z-plane. For define the map of the z-plane 
n the Z-plane by 
; dZ 


pas as 


-' — vo 


the curves (1€) are then evidently mapped into a family of real curves 
Z = GZ, t) in the Z-plane, and we have the equation, corresponding 
21 

OG of 

aZdZ_ az 

0G dz of’ 

dt at 


or using (25) and the first of (24), 


- | AG OG —~ (0 
sh y(t) dZ att bisitiaas 
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The left member being the jacobian of G and Z + S (dt W(0), the latter 
expression is a function y((7) of G, so that the equation of the curves in ; 


the Z-plane corresponding to (16) Is 


so that. since Z = GZ, t 


; "dt 
Gr Z l \ rs ae - 
J vil 
Substituting in (27), we find 
na yil 
Y(Z)=— constant = a, 
yil 
and y¥ and y¥ being conjugates, we have a l ora —e™, TI 


curves Z = GZ, t) are consequently the parallel straight lines 


Conversely, it follows from (26) that when the curves Z = GZ, t 
parallel straight lines, the quotient af oz): (of dt) must be the product 


“> 


of a function of z by a function of f. We remark finally that when (25 


not an identity in w, z and ¢, this equation gives was a function of zw! 
out integration, and if (16) and (19) are both algebraic curves, wz) is 4 
algebraic function of z 

»). Cases where the conics in both the 2- and the w-plane are all circles or 
Straight lines. When a one-parameter family of cireles or straight line- 
in the z-plane 


28 f= — Cd — hc = 


is mapped into the circles or straight lines in the w-plane 


A t)ur + B 
(29 ul = cain 2(' 
d ( f " | D / ’ AD BB a 


the equation (21) takes the form 


. | dv 
(30) lz? + mz +n) 7- = Lu? + Mw +N, 


where 
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l= a'(t)c(t) — c'(tja(t), 


I 


3] m = a'(t)d(t) — d'(t)a(t) + b’(t)e(t) — c'(t)b(t), 


I 


b’(t)d(t) — d’(t) b(t) 


ai 


with corresponding expressions for L, M, N in terms of A, B,C, D. Giv- 
ing 2a constant value fo in (30), this equation takes the form 


dw dz 
Low? + Mow + No yz? + moz + ng’ 
using the well-known property of a fractional linear substitution on z to 
transform any circle into a circle, we may reduce the last equation to a 
impler form. Denoting the zeros of (oz? + moz + no by 2; and z2 (or the 


-ingle finite zero by z,; when J, = 0), we have 
dz 1 Z— 22 zZ-— 2 ; 
= a( ) when 2; + 2s, 
mez +N = [o(2) — 22) 2-2, \2— 22 
l ee 
= qd 21 = Zo 
ly cs = 23 
] 1 
=—- d(z — 2, ‘5 ly = 0, m, +0, 
m as a 


= a( 2) - lo = me, = 0, 
My 


and making the linear substitution indicated by the form of the expressions 
to the right, as well as the corresponding substitutions on w, our equation 
may be reduced to one of the following four forms, / being constant: 
du dz 
k—, 


uw « 


dz 
dw = a 
32 : 
dw 
= dz, 
uw 


dw = dz. 


Consider first the ease (32,). Substituting the value of dw dz from this 
equation in (30) the latter becomes 


Lzw? + [— klz2 + (M — km)z — knjw + Nz = 0; 


differentiating, and substituting the value of dw dz from (32,), we find 





EON we em rer 
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Dk + 1)Lzw? + [— kik + De + (hk + 1)(M — km)z — nw + Nz = | 
and subtracting and dividing by hu, 
2Lzw —-(k +1] Iz? + M —/:m)z — I; — 1l)n = Q). 


Differentiating. substituting the value of dw dz, and eliminating w, we 
obtain 
hk? — 1)l22 — ki M — km)z + (F° — 1l)n = 0. 


When k = +1, (32;) gives w = const. z and w = const. z respectively, 
and these linear substitutions transform every circle into a circle. When 
> + 1, we have 

| = 0, M = km, n= 0, 
the preceding equations give 


L 0). N (). 


and (30) reduces to (32 
In discussing the equations |] = 0, we distinguish two cases. 
First, let a = 0; then, by (31), / 0) gives ¢ cya, and n 0O,be=ec 


where C} and Co are constants. By the conditions of reality 7 or . we 
have d = @ so that b = c.4, hence a constant would make 6, ¢ and 
constants, and our family of circles would reduce to a single cirele. Equa- 


tlon (5) now gives aail — CC. l and c+ ¢ Q, c,a + ¢,a .. oF 
multiplying by a and using the preceding equation, ¢ ] me Ce a--+ Co (): 
since @ is not a constant, we must have « l Cc. = Vor h c (). Kron 


6) it now follows that 
i = — €2¢ nist d ele iu p = (). 
so that (2S) represents all straight lines through the origin, and (31,) gives 


dA 


- ) 


df F 


The second case, a = 0, gives d a 0, and consequently 1 = n (), 
Since now c + 0 by (5), it follows from (9) that 


b = eir, C : 2, = 0, 


so that (28 represents all circles with the origin as center. and bv (31 


dr 
ee. 


m ys ; 
dt 


Similarly, the equations L = N = 0 give rise to the straight lines through 
the origin with 











2 
* 
4 
+ 
e 
¥ 
4 
3 
4 
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—- 5 a : dd 
A= — ee", D = ee”, M=- 21 
and the circles with the origin as center with 
} dR 
B — R, : = = d = ll pi 
- R? M dt 


since 6, 3, r and R are real, the equation M = km now shows that the 
constant /& is either real or purely imaginary. In the former case, the 
-traight lines through the origin correspond in the two planes, and so do 
the concentric circles. When *& is purely imaginary, the straight lines 
in one plane correspond to the circles in the other. 
Proceeding to the case (32.), we obtain from (30) 
i 


Lut + Mue+N —lz—m-— -= 0. 


~ 


Differentiating, using (32.) and multiplying by z, we find 


i 
2Lw+ M —ilz+-—=0, 


~ 


and repeating this process, 


i 
2L —lz-—-=0, 
whence 1 = n = 0. Hence, as in the preceding case, the curves (28) are 
the straight lines through the origin and the circles with the origin as 
center. Ona line through the origin, we have 7 z = constant, and hence, 


oe) 


bv (32 
dz dz 
di —dw = ~-—-—— = 0, 
or @ — w= constant. Similarly, for a circle with the origin as center, 
const., and by (32.), @ + uw = const. Consequently, in the case 
320), w = log z + const. maps the straight lines through the origin in 


the z-plane into the lines parallel to the real axis in the w-plane and the 
circles with the origin as center in the z-plane into the straight lines parallel 
to the imaginary axis in the w-plane. The case (323) reduces to the pre- 
ceding upon replacing z by w, and (32,) obviously transforms all circles 
or straight lines into circles or straight lines. 

(}. Cases where the conics in one plane are neither circles nor straight lines. 
Permuting wand z if necessary, we may assume that the conics in question 

in the z-plane and have the equation (15) with coefficients depending 
On ¢, or 


33 z= a(t)z + b(t) + ve(t)2? + 2d(t)z + e(t). 





neetutibee te 
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$8 ade a ate ad 


When the corresponding conies in the w-plane are the straight lines 


circles 29), equation 21) becomes 


a NCzZ - Jdz2 - € + CZ d 
az+ bb) vez + Juz +ec } cz + Id'2 L.4 
where a’ = dait) dt ete., and L. V and N are defined by 31 
When the conics in the w-plane are 
30 y= Affe + Bit) + wClbu? + 2Dithw + Et 


equation 21) becomes 


ty 
a Ne Jdz ( eZ d 
1 z i) Vi Juz ‘ 1 es Id'z ( 





The foci of the conics in the z-plane being the b 


‘anch points of the radi 





in the right-hand members of (34) and (36), we shall distinguish the e: 





+ 


when one at least of these foci is variable with ¢ from the case where t} 
foci are fixed, and the former case will be subdivided according as the 
variable foci are or are not branch points of the right-hand members 
34) and (36 

«. Cases where the conics in the z-plane have a focus variable with / but 
which is not a branch point of the right-hand member in (34) and (36). Whi 


z turns around the focus in question, the radical in (33) changes its sign 








and by hypothesis, the right-hand member in (34) or (36) remains u 





changed. Being ra linear fraction i the radical. this right-hand member 








must consequently be independent of it, that is 














a A(C 2 AT | f a h,’ C2 ad () 
whence 
(Me 2a ( () 
Sy ad —a'd — b' () 


ae’ — Qh'd (). 


First, assume that a(t) is not identically zero. The differential equatio! 
37) are then readily integrated and give 


( Ca 
d 
2 
> ) ( h ( 
a : 
¢ eb Peob ( 
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ere €), Co, €3 are constants. Assuming our conics to be the central 
nics (12), where /, z; and z. now depend on ¢, (38;) gives 


that / is a constant; (38.) now becomes 


ae aa 
2): ica Ze + Co = (Q), 
that 2; + 2. is a constant, which may be made equal to zero by a 
nge of origin. Hence 2, = —z:, ¢:=0 and b= 0, (38,) gives 
h’\2,° = ¢3, so that z; Is a constant, and we have a single conic instead 
a family. When our conics are the parabolas (14), we have c = 0 
hence cy () by 381), and SS») becomes 


= 2 pe so W. oe 


that both p and @ are constants. By a rotation of the axes, we may 


ke a = 0, and (38;) becomes 4p(p — 2;) + ¢; = 0, so that z, is a 
nstant, and we have again a single conic instead of a family. There 
ains the ease where a(t) = 0, and since the coefficient of z in (14) is 
trerent from zero, we have only to consider (12) with / = 0, representing 


family of equilateral hyperbolas. Since ¢ + 0, (37.2) gives b’ = 0 or 
const., and (37;) is satisfied; moving the origin, we may make 
constant equal to zero, so that z. = — 2z;, and (12) becomes 


| the right-hand member of (34) and (36) being independent of the 
dical, it is equal to 


aC2 
{*) 


usider first the ease where the z-plane may be mapped on an auxiliary 
‘plane, the conies in the z-plane corresponding to parallel straight lines 
the Z-plane. By § 4, this is the case when (42) becomes the product 


function of z by a function of ¢, which is possible in two ways: c’ = 0 
0 and e’/c’ constant. Assuming c’ = 0, it follows from (41) that 6 
i constant (that is, a parameter independent of). By (25) and (42), 


Fee rm 





ee 
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we obtain dZ dz = 22. so that making the integration constant zero 
moving the origin of the Z-plane 


(43 Z *. 
and by (39) and (41), it is seen that the family of all equilateral hyper- 
bolas with the origin as center (having two parameters r and @ 


44 err +e r=r 


is transformed by (43) into the family of all straight lines in the Z-p!| 
45 ews + e's r 


In particular, giving 6 a constant value, (44) becomes the family 
all equilateral hyperbolas with the origin as center and their foci on 1 


straight line z; = re", while (45) represents parallel straight lines. For 
those lines (45) which pass through a fixed point Zi re we have 


I eZ t+ eZ 2a° cos 2(6 — a), 


and the corresponding equilateral hyperbolas in the z-plane have the 
foci at 


. ‘ ‘ ” 
46 os mage t av2 cos 219 — a)-e 


The equations of the hyperbolas and straight lines in question are 


é -7 7 _ a-e* and e~” ri — (1~¢ _ = (), 


= A — a-e-* os a ‘A =— (*( za (), 


Multiplying z and Z by suitable constants, we may make a = | 
a = 0, and it now follows from (25) and (42) that the function 

47 Z = log (27 -— 1 

maps the one-parameter family of equilateral hyperbolas 

18 ei(2? — 1) + (22 — 1) = 0 

with center at the origin and foc} 

(49) + 2, t+ V2 cos 26e"' 

situated at the end points of the diameters of a lemniscate with its | 
at + 1, upon the straight lines 


(50) MA —Z ={% -+ 19) 


parallel to the real axis in the Z-plane. 


W e now pass on to the CASES where c’ + () and ‘ 4 ce’ is not independ: nf 
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‘; from the remark at the end of § 4, it follows that w is an algebraic 
function of z. Let us assume first that the conics in the w-plane are the 
traight lines or eireles (29); by (42), it follows that (34) becomes 


as ] dw 2cz 
0 Lu? + Mw+Ndz = c’z+e’’ 

and giving fa constant value, making a linear transformation on w accord- 
ng to (32), and observing that w must be an algebraic function of z, we 


obtain from (51) 


1 du 2mz 

wdz 2+¢,"’ 
whence 

“v= Z — Cy 


where mis real and rational. Replacing, if necessary, w by 1/w, we may 
--umeeon > O, and substituting in (51), we find 


wii 2 Ca sate cz" — e’ = cl a a ee i cM 2° — ¢.*)* _- cN. 


Letting z — x, we find L = 0, me’ = cM, so that the preceding equation 
m(Zz* -- c;")™ lig’ — Cy c’) = cN, 


nd since e’ — ¢,°c’ is not identically zero by hypothesis, we must have 


i 


1, whence, moving the origin in the w-plane, so that c; = 0, 
w= 2°. 


Since (44) represents all equilateral hyperbolas in the z-plane with the 
origin as center, it follows at once that the present case reduces to that 
defined by (43), (44) and (45) upon replacing w by Z. In the second place, 
assume the conics in the w-plane to be (35); since w is an algebraic func- 
tion of z, and the right-hand member in (36) is (42) and has no branch 
points variable with ¢, the same must be true of the left-hand member, 
i.e., this must be of the type (42) unless the foci of (35) are fixed. Conse- 
quently (36) reduces to 
2Cw du’ 2cz 

Cw? + BE’ dz” cz +e 
Giving (a constant value and multiplying w by a suitable constant, we 
obtain a differential equation giving upon integration 

w? + co”? = (27 + ¢)° 


here m is rational since w(z) is algebraic. Substituting in the preceding 


equation, we obtain 
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mCe’ — cC’)iz2 +e, + mie’ — ¢,7c’)(2*7 + ¢;7)"" — c(E’ — c2C' ; 
and if m + 1, it follows that eve’ contrary to hypothesis. Henc 
m = 1. and writing c, instead of ¢,° — ¢2°, we find 
59 ‘ ; 
where ¢; may be assumed real (multiplying z and w by a constant 
Noting that (44 represents all the equilateral hyperboles 39) und 
consideration, it follows at once that (52) transforms the two parameter 
family of equilateral hvperbolas t+ into itself with a changed para 
metel 
ays) f r Ie eos 2A 
There finally remains the case where the foel of (35) are fixed, and per- 
mutating z and rr, this falls under the cases treated in § 9 and 10. 
‘. Cases where the conics in the 2-plane have a focus variable with f which is 
a branch point of the right-hand member in (34) and (36). In any such ¢: 
the right-hand member in (34) and (36) cannot be of the form ¢iz)¥ 
since the branch points of giz) are fixed. By the remark at the end of § 4, 
wis therefore an algebraic function of z. Now the branch points of th 
left-hand member in (34) are those of wiz) and consequently fixed, wl 
the right-hand member has at least one variable branch point by hvy 
thesis. This case is, therefore, excluded and there remains the case (36 
where the left-hand member cannot be independent of the radical 
which case all the branch points would be fixed). Hence we may sol 
36) for the w-radical and obtain 
o4 iw — wi)(w — giz, UNiz —2,)(2 —2 
where ue Wyll and We woi(t) are the foci in the w-plane, both Sup- 
posed variable, and similarly 2, and z the variable foci in the 2-plan 
¢(z, ¢) is rational in z, w and dw dz and is, therefore, an algebraic funetiot 
with fixed branch points (viz., those of w). If only one foeus in th 
u'-plane is varlable, we divide hy the 1actor Vw— ws which Is independ: lit 
of t, and obtain 
oda Vw — wy; viz, t) wiz 2 cae 
Where the branch points of the algebraic funetion ¢(z. t) are now tho- 
of w and eventually also the points where w uw», that is the brane! 
points of ¢ are again fixed. There are similar modifications when 0! 
one focus in the z-plane is variable. In (54), ¢(z. t) eannot have a fix 
zero except 2 = ~% since for such a zero z, we must have w(Zo) ury(f 
we(t), while both the latter are variable. Moreover, ¢(z, t) cannot hav 
: 
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; 
‘g 
sf 
a 
i 
i 


j riable zero z(t) since, excluding those constant ¢-values for which z(t) 
neides with one of the (fixed) branch points of ¢, or for which w(t) 
‘), we have then a holomorphic expansion 


G\<, t) = Co l) z— 2(t)) + 
| 54) gives, assuming for instance that w = w,(t) for z = 2(Q), 


w= wit) + A(D(z — 2(t))™ + ---, 


here m = 2, and consequently 
> 
dw 0 / ' 
= or 2= 2\C). 
dz 


ch is impossible, the zeros of dw dz being fixed. Similarly, we see 
viz, t) ean have no pole variable with ¢. Hence z = z;(t) makes the 
lical to the left in (54) vanish, so that w = w(t) or wo(t). Consequently 
tukes only two values for each value of z, and in the same way it is 
that z takes only two values for each value of w, so that the algebraic 
ition connecting wand z is of the second degree in either (in the case 
_it is of the first degree in w). By (54), ¢ is therefore a two-valued 
vebraic funetion of z and satisfies an equation of the form 


alz, fl gt os 2B of e+ 7\Z, {)= Q, 


rea, 3 and y are polynomials in z, and since ¢ has no zero except 
- and no pole variable with ¢, it follows that 


y¥iz,0 = yil a(z, tl) = alzja,ll 
i we find 
— B3(z,t) + welz, t)- — alzja,(by(b) 
fa 
alz)a,(t 


has no branch points variable with ¢, and consequently 
B(z, t)? = alz)a,(t)y(t) + 6(z)6,(0) 


ere 6(z) is a polvnomial. If 6(z) equals a constant times a(z), it is 
hat onee that ¢* takes the form 


~iippose now that 6(z) and a(z) are linearly independent; any zero of 
Which is variable with ¢ must satisfy the equations 


ale)*a1y — 6(z)- 6, = (), 


Qe) Ay TT O12) = 0, 
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and consequently a(z)é'(z) — a(2)6(z) = 0, so that 6(z) = const. 
contrary to the hypothesis. Consequently the zeros of 8(z, 0) are 
so that 3(z, f) = 8(z)3;\t), and the identity 
IZ ( Z)a Y t se 6 Z 6 l 
gives 
aa Y < d 6) 
) ¥( 2 + ih e-4 
roan al 9 dt 8, 


) 


and 6(z) requires that 3,(¢ 


the linear independence of a 
alt) ¥t0), 6; 1) = const. allyl and ¢ takes the form 


It is thus shown that (54 mas always be written in the form 


and similarly ota). Now differentiate in respect to ft: 


| ° , / 1 
and il (tw, + w and / 


/ 


member by member, thus obtaining vas a rational function of z. hh 


ease, W riting Q0) 1n the ror 


and proceeding in the same way, we find that when (z; + 2.) and 
are linearly independe nt, z is also a rational function of aw, that 1 


algebraic equation connecting wand zis of the first degree in either. 


degenerate cases like (54a) lead to the same conclusions, and permut 


eventually wand z, we see that there are only two cases to be consi 


First, the relation between w and z js 


~ - 


a, 3, y, 6 constants) and second, a linear relation exists between (2; 
and (2:22). In the first case, suppose y + 0: replacing w and 
expressions of the form liv + m, nz 4 p, the relation between then 


be reduced to the form 


(96) 


{ 
A 


i 


are linearly independent, we may elim 


yz by writing this equation for two different values of ¢ and dividi 


i 
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4 CONFORMAL MAPPING OF A FAMILY OF REAL -CONICS. 


| our conics in the z-plane, which are not circles or straight lines by 
thesis, are transformed into curves of the fourth degree in the w- 





ine.* 
lu -—_ 
r=7 v : SS ae 
u* -- jp “? = | 
There remains the assumption y = 0, or 
+ w= m+n, 
cd 


hich evidently transforms the five-parameter family of all real conics is 
ihe z-plane into the corresponding family in the w-plane. 

In the second case, we have either (z; + 22)’ = 0, so that z; + z. = ¢, 

By suitable 


/ n , 
} ro = Co(2Z1 tT 22), SO that (21 — Co)\Zo — Co) = Cz. 


ear transformations, these relations are reduced to the forms z; + z. = 0 
nd 2:22 = 1 respectively. 


First, let 


nd denote by 


the algebraic equation connecting z and w, and which is of the second 


legree in z. Sinee z,(t) and z.(t) are the two roots of the equation 


(r(z, w,(t)) = 0, 


ida) ¢) is variable, it follows that for any w, the two roots of G(z, w) = 0 


wezand 12. The two equations 


I 
G z,uv) = 0 and G(s, ) = (0 


~ 


ing identical, it follows that both transform the given family of focal 
ics in the z-plane into the given family of conies in the w-plane, and 


Hema 
wie 


consequently the relation 


Z= 


isforms our family of focal conies in the z-plane into itself, which con- 
‘ion we have recognized as impossible in connection with (56). 
Now let 
z,(t) + z(t) = O, 
By the same argument as before, it 


‘that d = 0, and by (12), b = 0. 
= (0 are z and —z. Moving the 


lollows that the two roots of Giz, w) = 
rigin of the w-plane, we may assume that one of the branch points of the 
his is most readily seen by using rectangular coérdinates and transforming an equation 


second degree In xz and 7] by the formulas 

















algebraic function zw) is w = 0. When w makes a circuit 
origin, z changes into — z. Now e(f) is not identically zero, sine 
2, =z. = U, and if Fit) is not identically zero, We may choose an ¢ 
and an interval for ¢ such that ef e, (E(t €. 


circuit about w 
branch point of vCu 


AvCu? + 2Dw + E 4 


A’'u + B’) WCw? + 2Dw + E + 3 


Comparing this to (36) we find 


aNCZ rT © a Ge 


az ale. = € > (C2 rs 


takes the form 


According as 3 + 0 or 3 0, this 
suitable constants, to 


and the conies 





and 


correspond. 


In the first case, 


and since we also have 


it follows that 





or of 
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VCZ 


7 ft 


Co + D 
Car Ey an +4 d 
a NCZ 
-— @ 2 *CZ 7 ¢ 
— @ CZ ( 
-— a'2ve2? +e + ie 


fore to he discarded, and we must assume 


or 


which is exactly the condition, investigated in § 7, 
member in (36) shall have no variable branch point. 
that Kit 


Then ws = 0, Giz, w) is of the first degree in w. and Giz, 


that the right-] 
This case Is ther 


Vanishes identi 


2D 


du 


We 


abou 


Making 
0 sufficiently small, it will not, therefore, enclos: 
2Dw + E 


tinuing (36 analytically along this cireuit is then, remembering 


, and the result o! 


G 
identically; since w = Oisa branch point of 2/1), it follows that G 






4 
A 
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(A+ B)24+ B4+2V(C + 2D)2 4+ 2D 
s+ 1 - 
(a2 + c)22 +e + 2azvez? +e 


(a7 + e)2? +e+1+4 2azve2z*7 +e 





When a = 0, the conics in the z-plane are the equilateral hyperbolas 
14) which are mapped by Z = 2? on the straight lines (45), and 


LN ei AS Cela A 


Z 
w= > 
Z+ 1 
4 maps these on straight lines or circles in the w-plane, instead of on focal 
conics. Hence a + 0; making z = + 7 in the equation above, it follows 
: that —~- A +iv—C =O0o0raA =C = O (since we cannot have 
e+1—a—c+2aive —c = 0, 
which would imply c = e or z= — 1) 


Therefore, the left-hand member in (58) has no branch points, while 
the right-hand member has the branch points + 2;, since a + 0, so that 
this case is impossible. 

There finally remains the case 


59 w= 2°, 
transforming the family of conies (12) with z2 = — 2; or 
- 21, 21 
HO) Z=k—-24+—v(K —1)(2—2, 
«1 “ 


and having three parameters kk, r, 6, into the conics (with w. = 0 on 
account of EF = 0) 


v Wy I-A. , wy Fo 
th] w= K w+ - y+ vi A® — lywlw — wy): 
wy 2 uy 
hy (54a), it follows that w = w, for z = 2, or by (59) w; = 27, and 


writing the conditions that (61) shall result from (60) by means of (59) 
ii the same manner as in the preceding case, we find that these conditions 
reduce to K = 2k? — 1. Thus the elements of the conics (61) expressed 
in terms of those of (60) are 


62 waz, w=0, K=2e-1. 


In the particular case k = 0, we obtain (44) and (45). 

‘). Cases where the conics in the z-plane are ellipses or hyperbolas with both 
focifixed. Placing the foci at z = + 1, the equation of our conies is (11), 
and the right-hand member in (34) and (36) becomes 








Ly(z7 -— 1 


Is wi k- 


k’zwv( kh? — 1) (2 


Since this is a product of a function of z by a function of ¢, the case mer 


\ 


tioned in the last sentence of N 


ri 
we now write 
whence 

63) Z= 


1] 


and this quadratic in ¢4 evidently ha 
Hence 
6-4 

which represents a real straight 
and only when 1 > 


hyperbola, or 


65 


representing a real straight line, parallel to the imaginary axis, when an 


Z 


only when ik > 1, the conic being t) 
in , we find 


Hb 


‘s+ 
5 


transforming the ellipses and hyper 


imaginary axes In 


* Writing Z lo in (63 


rent 


GRONWALL. 


cannot oeecur here. 


According to 


= the two roots 


vk= — lye 


} —_— 


— | 


— 1, that is, when the conic in the z-plane 1: 


a Se 


| — log 


en an ellipse. Changing Z into 


cos Z, 


rbolas into parallels to the real 
the Z-plane respectively.* 





. viz., a parallel to the real axis, when 


} 
| 
‘ 
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: |. Cases where the conics in the z-plane are parabolas with fixed focus. 
i lacing the origin at the focus, the equation of our parabolas is according 
{ 14 

4 z= ez — pe™ + Qe vpz, 

1 hich may also be written 

a 


7 em yz — eM vz = iVp, 
ud the right-hand member of (34) and (36) is, by (21) 


Oz ON 


Oz Oz 


OZ 93’ 
al at 


tad 


r using (67), 
] 

— 216’2 + ei" (6’pt + ipg tp’) vz 
(‘onsider first the cases where this expression is the product of a function 
of z by a function of t, namely, 6° = 0 and 
00) e§(9'p§ + ip-ip’) = — ives’, 
where ¢; Is a constant and 6’ + 0. In the first case, @ = const., the axis 
1! the parabolas (67) is fixed and may be taken as the real axis, so that 

0. Now (25) and (68) give 


dZ ] 
dz ~ 2yz° 
and we have the result that 
V0) Z=n ‘ 


transforms the one-parameter family of parabolas with focus at the origin 
ud the real axis as axis 


‘| Vi— WZ = UVp 


my 


to the straight lines parallel to the real axis 

‘2 Z—Z=ivp. 
In the second ease, the differential equation (69) is readily integrated 
ind gives 


Vp — anid 2 VC 16 $0 + Col 406 


«, for p constant, the ellipse 


1 
2 l z—l|=pt-; 
p 
lor? constant, the hyperbola 
e+1!/—lz2—1] =2cosd. 


See Rika, ss 
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c, being the integration constant, and since vp is real, we must have 


Co — ¢ VC} or 
es a . - As 


Vp : _ aN i¢ re t b Cx" 
Now (25). (68) and (69) give 


dZ 1 | 
22+ deve’ 


dz 
multiplying z by a constant we may assume that ve; is real, and we hav 
the result that 
19 Z log (vz + we, 


transforms the one parameter family of parabolas with focus at the origin 
and passing through the fixed point z = ¢ 
74 ei (yz + vei) — e( Wz + Vey 0) 


into the straight lines 
re Z—-Z+h (Q) 
parallel to the real axis. 
When (68) is not the product of a function of 2 by a function of 


know from § 4 that w is an algebraic function of z. Consider first equa- 
tion (34) which becomes by (6S 


] dir ] 
Lu =e Mir , \ (2 ze A'> 


76 . 

e # p} + ip ip’ V2 

giving a constant value to f, making a linear transformation on w accord- 
ing to (32), and remembering that aw must be algebraic, we obtain 


| f | Hi 
wdz 224+ ¢,2 
whence 
i VZ ( . 


with ml real and rational, Substituting in 76 we see 4s in the cast 


equation D1) that m 1, so that we may make Cy Q by moving 
origin in the w-plane. From (67) we now immediately have the result t! 
7 Th VZ 
transforms the two-parameter family H7) of all parabolas with focu- 
the origin into the two-parameter family 


‘ied ¢ a e 
is eG — eo My = ivp 


of all straight lines in the w-plane. 






re! ro ee 
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Next we take up equation (36) with at least one variable focus in the 


' r-plane. This focus cannot be a branch point of the left-hand member 
: of (36), since the right-hand member, or (68), has no variable branch 
; points, and we have therefore in the w-plane the case treated in § 7 for 
3 the z-plane, so that, according to (42), equation (36) becomes 
” 2Cw dw 1 
§ a) woo» ee ee : eS : me 
: Cw? + EB dz — — 2i6'z + e'(@'pt + ipgip’) vz 
i 
; (iiving a constant value, and multiplying w and z by suitable constants, 
; we obtain a differential equation which gives upon integration 
WZ + Co = (u- + ;)” 
and substituting this in (79), we obtain m = 1 as before. Replacing 
¢; — Co by — vey, we have the result that 
SO) we = Wt VW, 

where we may assume Vc, real, transforms the two-parameter family (67) 

‘ of all parabolas with focus at the origin into the two-parameter family 


\] et iG? — ey? = 7 vp + 2 Ve) sin 29) 


of all equilateral hyperbolas with the origin as center in the w-plane. 

Finally, consider equation (36) with fixed foci in the w-plane. By § 9, 
confoeal ellipses or hyperbolas in the w-plane would give (68) the form of a 
product of a function of z by a function of ¢, which ease is excluded by 
hypothesis. Hence the conics in the w-plane are parabolas, and we may 
take the common focus as origin. The parameters of these parabolas 
heing P and J, (68) shows that (36) takes the form 


l du 
— 2i0’w + e!*(90' PI + iP UP’) ww dz 
~ ] 


— 216’2 + e!"(0'p) + ip ip’) wz 


Giving ¢ a constant value, multiplying z and w by suitable constants and 
integrating the resulting differential equation, we find 


Vw+t Vc. = (NZ + C1)” 


and substituting in (82), it is seen as before that m = 1 (and c. = 0, ¢1 
real), whence the result that 


S3) Vw= V+ WC 
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transforms the two-parameter family (67) of all parabolas with fo 
at the origin into itself with a changed parameter p: 


S4 el vit — vu ii vp + 2ve, sin 48). 


11. Summary of results. Replacing z and w by az +6 and aw 


respectively. or by (az + b) (cz + d) and (aw + 3) (yw + 6) when 1! 


conics involved are circles, and interchanging z and w when necessary, we 


may reduce our conformal maps to the following types, arranged according 


to the number of parameters in the families of conics: 
Five paramete s one tvpe 


l. r 2: 


any conic in the z-plane is transformed into the same conic in the w-plane. 


T} ree parame fers (TWO t\ pes 


IT. w = 12; 


any circle or straight line is transformed into a circle or straight line. 


IIl. 


denoting the parameters by /, r and 4, any ellipse (/ > 1) or hyperbola 


l>k>-J] 


with center at the origin and foei at 


‘ ia al 


is transformed into the ellipse (/ > 1) or hyperbola (1 > k > — 1 
; iF 1-A 
= Kk Pa a » oe VAS -— lwiw — 
with A = 2/* — 1 and foci at 
w= 2; rig? ig 
In the special case / = 0, the equilateral hyperbolas 
get 4 ey r 


with center at the origin go into the straight lines 


Cow = er" a r- 


Two parameters, denoted by r, Oor p, 6 (four types 


IV. ee 
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iny equilateral hyperbola 
Eig? 4 e%iz? = f? 


with center at the origin and foci at 21 > re’. Z2o=> — 2) is transformed 
into the equilateral hyperbola 


ewe + et? = r? — 2 cos 20 
with center at the origin and foci at 
uw, = we? — 2 cos 26e", ws = — WU. 


In the special case r? = 2 cos 26, we have a pair of perpendicular straight 
lines through the origin in the w-plane. 


\. w= 2; 
any straight line 


‘ 2 —_ 


" 
~ 
‘ 
" 
| 
@< 
~ 
~ 


ix transformed into the parabola 
evi — ew Nw = UNp 


with focus at the origin and at a distance }p from the directrix, 6 being 
the angle between the axis of the parabola and the real axis in the w-plane. 


VI. w = (227 — ¢;)", where c, = Oorl: 


e'% 32 — e— M22 = a vp + 2c, sin 34) 
with center at the origin and foci at 
2, = ew* vp + 2c, sin 34)}, 22 => — 2] 
ix transformed into the parabola 
( Vie —e "ww = ivp 


with foeus at the origin. 
VII. w = (vz — 1)’; 
any parabola 
eves — e Mraz = 2 Vp — 2 sin 56) 
with focus at the origin is transformed into the parabola 
evi — eww = ivp 

with focus at the origin. 

One parameter, denoted by r, @ or p (nine principal types, the linear 
composition of each of these with itself or with another giving a total 
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of forty-five types). There are tabulated below the nine functions whic} 


map the one-parameter families of conics specified on the parallels to t) 
real axis in the Z-plane. When ¢i/z) and g2(z) are any two of thy 


functions (identical or different), all maps transforming one-paramete 


families of conies into others are found by making 
gol w Agi(z) + B, 


where 1 and B are constants and A eal, and then making the lin 





transformations on z and w indicated at the beginning of this summary. 


VIII. Z 
all parallels to the real axis special ease of I 
IX. Z log 


all straight lines through 2 () the circles with center at, = QO go int 
parallels to the Imaginary Z-AXIs). 
» a Fd log z: 


} 


all circles with center at z 0 (the straight lines through zZ () 


] 2 tri) 
parallels to the Imaginary Z-aXi> 
XI. 4=2 
all equilateral hy perbolas Z r- with center at the origin and 
on the real axis (special case of III). 
XII. Z= log (2? — | 
all equilateral hyperbolas 

( Z 7 ¢ 2 vs COS A 

with center at the origin and foe] t vy? cos JA” which are the e1 


points of the diameter with angle of slope 4 of the lemniseate with f 


at si ae | and = | F These hvperbolas al] pass through the foc} of 
lemniscate. 
Ail. VA log 2 + Ve et l or ii 1 Z Z 


~ »\f  « 


all hyperbolas with foci at + 1 and — 1 (all ellipses with these foci 


into parallels to the imaginary Z-axis 


oe ; l 
AlV. 5 = - log z+ v7 — ] or = cos Z° 


all ellipses with foci at + ] and — 1 (all ellipses with these foei go in' 


parallels to the imaginary Z-axis), 
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\ Z= VZ5 


parabolas ¥Z — vz = 7vp with focus at the origin and the real axis 
axis (special case of V). 


q LVI. Z = log (wz — 1); 
‘ | parabolas 
f ei Vz — e Mz = 2i sin 16 
ih focus at the origin and passing through the point z = 1. As examples 
% the possible combinations, we may mention the following: It was 
i wh in § 5 that 
4 ]- 
5 w = 2" 
* 
2 °° . . . . 
usforms the two families of straight lines through the origin and 
; reles with center at the origin into themselves when k is real and per- 
ites the two families when / is purely imaginary, and w = 2* is obtained 
composing VIII with itself: 
log w = k log z 
hen kis real, but VIIT with IX 
log wv = -_logz 
hen / is purely imaginary. 
j The map 
: ( : l ms 
w= 52+ v2 — 1+ 5(2 — 1) 
ere mis real, transforms the families of all ellipses and all hyperbolas 
th foci at + 1 and — 1 into themselves, since it is obtained by com- 
posing NIT or XIV with itself: 
: log (w + vu? — 1) = m log (2 + v2? — 1) + loge, 
| ] 1 
log (w+ vu? — 1) = m- .log (z+ v27-— 1) + ; log c. 
i t 
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ON THE LOCATION OF THE ROOTS OF THE 
DERIVATIVE OF A POLYNOMIAL.* 


By J. L. Wansn 


1. Introduction: Jensen’s Theorem. ‘This paper contains some geometri 
results concerning the relative positions of the roots of a polynomial and 
those of its derivative. \lthough not entirely restricted to real polv- 
nomials, and although the cubie is especially treated in detail, most 
the results here presented are naturally connected with the followin 
theorem of Jensen's: 

If circles are described whose diameters are the se qime nts joining pa 


; ° ° , , . ‘ ' . 
CON uqgate naqinary roots ot a } | poly? ow al r(Z), then every non-rea 


ot the de ravatinve J 2 lie on or i thar hose circle 8.7 
For brevity we shall call the circles with which this theorem is con- 
cerned Je nsen circle S, 


17 
| 
i 


The succeeding developments follow largely from Gauss’s theorem ¢] 


the roots of the derivative are the positions of equilibrium in the field of 
force due to particles one situated at each root of the original poly nomial 
each particle repelling as the inverse distance. The derived polynor 
has roots not only at the positions of equilibrium but also at the multipl 
roots of the original polynomial. When we are concerned with real poly- 
nomials especially it seems natural to study the field of foree due to tw 
particles. 

2. The Field of Force due to Two Particles. In the field of force due to 
particles of the kind described, the force at a point P due to a particle 
at (J is in direction, magnitude, and sense Q’P, where Q’ is the inverse of ( 
in the unit circle whose center is P, The foree at P due to k particle 
is equivalent to k coincident vectors with one terminal at P and the othe 
at the center of gravity of the inverses of the positions of those k particle S. 
In the sequel we shall have frequent occasion to use this fact. 


* Drocenterd to t} sae : wee 
Presented to the American Mathematical Society, December 31, 1919 


t This theorem was stated without proof by Jensen, Acta Mathematica, vol. XXXVI (1912 
( t ntion llevl ¢ + } , } 
p. 190. Attention was called to it by Professor D. R. Curtiss in an abstract published 
Sullet ortne merica4r t Yr ’ + . ’ 
Bulletin of th American Mathema al SOc vol XXVI, p 62, No proof of Jensen s the 


has previously been published, 


[wo recent papers by J s hy Tat Jahreshberi ht der Deutschen Mathematiker-Vereit ung 


4 ye | ( 7 rt r ] 

Bd. 27 (1915), pp. 3¢, 44, contain some results cor erning the roots of the derivative ot 
: te oe eee 7 ee e ot 

nomial, more particularly if all the roots of the original polynomial are real, 
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According to the previous notation, the force at P due to unit particles 
at Q and R is in direction, magnitude, and sense S’P, where S’ is the mid- 
point of the segment Q’R’. Since S’ is the harmonic conjugate of the 
point at infinity with respect to Q’ and R’, and since cross-ratios are 
invariant under inversion, it follows that the force at P due to unit particles 
at Qand R respectively ts equivalent to the force at P due to two coincident 
particles situated at S, the harmonic conjugate of P with respect to Q and R. 
The point S may of course be constructed by ruler and compass; we shall 
describe the case where Q and R are the points + 7 and — 7. At P con- 
-truct the tangent to the circle through P, + 7, and —7. Using as center 
the intersection of this tangent with the axis of imaginaries describe a 
circle through P. This circle intersects at the point S the circle through 
?, +7, and —7. An alternate construction is found by noticing that 
the lines joining the origin with P and S are symmetric respecting the 
coordinate axes. If P is on either coérdinate axis a construction is used 
which differs slightly from either of these but which is easily devised. 

We obtain immediately some results concerning the field of force. It 
ix symmetric respecting each codrdinate axis; at a point on either axis 
the force is directed along that axis. At any point on the unit circle 
whose center is the origin, the force is horizontal. Inside that circle but 
above the axis of reals, the force has a component vertically downward. 
Qutside that circle but above the axis of reals the force has a component 
vertically upward. The line of action of a force always cuts the axis of 
imaginaries between the points + 7 and — 7. 

Qn any circular are bounded by the points + 7% and — 7, the force 
has a minimum on the axis of reals. On the unit circle whose center is 
the origin, the minima occur at + 1 and — 1, where the force is of mag- 
nitude 1, 

The relation between P and S is reciprocal; when expressed in terms 
of complex variables as coérdinates that relation is linear. Hence when 
one of the points P, S moves in a circle so does the other. 

We shall now proceed to determine the lines of force. The field of 
force is given by 
f (2) 2(r4 — iy) 

f(z) (7 — iy)? + 1’ 


und this leads to the differential equation 


dy y *+y¥—-1 
de x vet+ytl 


The solution of this gives us the lines of force 


re—ytil = Cry, 
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(together with ry = 0) which are equilateral hyperbolas having the origin 


as center and passing through the points + t and — 7. 

What is the locus of points such that the lines of action of the forces 
there all pass through a fixed point (a, 0 *? The line of action of the 
force at (.v;, ¥;) is given by 

0 
mxe—- yy tl = 5(ry + yt). 
We have also the equations 
‘he | . 
Gi; -+ ] = 3» AY 1, oo Yi T l = ( Ui, 


from which we obtain 


which is a circle easily constructed by ruler and compass and which passes 
through the points + 7 and — i. 

The results of this paragraph have been deduced on the ASSUIMNPtlol 
that we have merely two single particles, whose distance apart is 2. It is 
obvious what are the results for / particles at each of two points With am 
distance between them. 

3. Some Immediate Results. \ proof of Jensen's theorem is now evi- 
dent. At a point not on the axis of reals nor on or within any Jens 
circle, the force has a vertical component in direction away from the axis 
of reals—this is true of the force due to any pair of conjugate imaginar) 
roots of fiz), also true of the force due to any real root of f(z), so it is true 
of the resultant. Hence such a point cannot be a position of equilibri l 
Such a point cannot be a multiple root of fz) and hence cannot be a root 
of f'(z).t We may add that a point of a Jensen circle not on the axis o! 
reals cannot be a root of f(z) unless it is on or within another Jensen 
circle or is a multiple root of f(z 
Jensen’s theorem can be generalized as follows: 

If all the roots of a polynomial fiz) not on a line L nor one of a 
then « 


opposite side of L there are no root of f- yA ercepl on or within circle 8 


situated symmetrically with re spect to L lie on one side of L 
diamete rs are the SEINE nts joining those s ymmetric roots. 

Phis theorem and likewise Jensen's theorem are limiting eases of the 
following: 


For a point not on the axis of reals we are in general led to a cubic equation, 


7 A more immediate but less ele 


gant proof can be given by the method of inversion ind 


at the beginning of § 2. 
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If f(z) is a polynomial such that every root not in nor on a circle C is 
of a pair of roots symmetric with respect to C, then all the roots of f(z) 
in or on C and in or on circles whose diameters are the segments joining 
ise pairs of symmetric roots. 
The proof here is similar to the proof of Jensen’s theorem—the force 
a point P external to C has an outward component along the line from 
the center of C to P. Similarly, it is readily shown by the geometric con- 
truction given that the force at P (external to the other circles considered) 
lue to any pair of roots symmetric respecting C has also an outward 
‘component along that line. 
There are an unlimited number of theorems that can be written down 
nmediately. We give a few more examples. 
If a circle C contains all but P and Q, two equal roots of a polynomial 
_ contains neither of them, but has its center on the line PQ and not on the 
ment PQ, then no roots of f(z) lie in that semicircular region bounded by 
perpendicular bisector of PQ and that half of the circle on PQ as a diameter 
ch is nearer C.* There are also no roots of f'(z) outside of the circle on 
Pas a diameter and in that half plane bounded by the perpendicular bisector 
PQ which does not contain C. 
The limiting case of this theorem is also true—C is replaced by a 
traight line. 
If fiz) is a real polynomial having equal roots at + i and — i, if there is 
other root of f(z) whose abscissa is less than a > 1, and if the point z = 1 
nterior to no Jensen circle, then there is no non-real root of f'(z) in the 
cle whose center is — 1 a and which passes through the points + iand — 1, 
In this proof we need consider only that part of the last circle lying 
to the right of the axis of imaginaries. The line of action of the force at 
uv point inside that circle due to the particles at + 7 and — 7 cuts the 
iis of reals to the left of the point x = a. The line of action of the force 
lue to the remaining particles (whether these be real or in conjugate 
imaginary pairs) cuts that axis in a point not to the left of the point 
\ll of the theorems stated in this paragraph may give a closer idea of 
the location of the roots of the derived polynomial than does Lueas’s 
theorem that the roots of f(z) lie in any convex polygon enclosing the 
ots of f(z). Sinee the location of the roots of f’(z) does not in general 
depend on the solution of a quadratic equation, it is not to be expected 
that the ruler-and-compass constructions used here would determine 


‘Varying the roots of f(z) which are on or in C and finally allowing them to coalesce at a 
tin Con PQ (this method is used frequently later) shows that the other semicircular region 
i these boundaries has in its interior precisely one root of f’(z). 








a 
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precisely the location of the roots. In exceptional Cases, however. that 
loeation ean be found.* 

If a polynomial f z) has only four roots, and if these are equal in 
multiplicity and located at the vertices of a rectangle ABCD, then the 
circles whose diameters are the two longer sides of the rectangle, AB 
and CD, intersect in roots of f(z). For the force at each of those points 
due to each of the pairs of particles (A, B) and (C, D) is in direction 
parallel to the shorter sides of the rectangle, and the two forces at eae} 
point are equal in magnitude and opposite in direction. Symmetry shows 
that a third root of f >) lies at the center of the rectangle. If the rectangle 
becomes a square, the center is a three-fold root of f- - 

Another example of finding the explicit location of the roots of 
is civen in the last paragraph of this paper. 

4. A Theorem Complementary to Jensen’s Theorem. The question of how 
many roots of f z) are situated in a Jensen circle, and how many in the 
intervals of the axis of reals readily suggests itself. An answer is given 
in Grace's theorem, which indeed is true for both real and non-real poly- 
nomials: 

If a polynomial f(z) of degree n has roots at + i and — 1, there is at 
one root of f’ 7) on or in t) 


e circle whose center is the origin and 
cot r n.T 

This maximum value for the modulus of the root of f’(z) which is 
nearest the origin is actually assumed when the roots of fiz) are thi 
vertices of a regular polygon of n sides whose center is cot 7 7. 

A theorem other than this can also be proved for real polynomials, and 
which may give more definite results than Grace's theorem: first we pro 

In the interior of any interval of the aris of reals containing no root 0 
and exterior to Jensen's circles, there is at most one root of f' Z 

The theorem refers merely to the interior of an interval, so it is sul- 
ficient to prove the theorem assuming that neither extremity is a root 0! 
either f(z) or f(z). Consider the interval @ = r = 3, and suppose lr 
that the forces at a and 3 are In the same direction toward the right 
definiteness. Move all the roots of fiz) whose abscissas are greater than 
horizontally and continuously to the right, and allow them to becom 
infinite. The roots of f’(z) also move continuously (at least when we 
consider the stereographic projection of the plane) and one or more |! 


become infinite. The forces at a and 3 continually increase in magnitude 


* There is of course the trivial case where Vand N are re spectively me and n-f 
ot f 48 The re be ing no other roots, the iding the se yinent MN in the ratio? 
root of 7 

+ Proceedings of the Cambridge Philosophical Sov ety, vol. XI (1901-02), p. 352. 1 
later but independe ntly by He wwood, Quarterly Journal of Mathematics, vol XXXVIII 


p 54. 
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uid are never zero. Hence throughout the process there are a fixed 
unber of roots in the interval—a number which at the end of the process 
evidently zero. 
secondly we consider the case that the force at a is directed toward the 
right, and the force at 3 toward the left. Here there is evidently at least 
one root in the interval. Let «; and w be any pair of conjugate imaginary 
ots of f(z) whose common abscissa is greater than 8. Allow them to 
inove continuously toward the right, always remaining conjugate imag- 
inary, along the cirele through yw, wo, and a, and finally to coincide on the 
axis of reals. This motion keeps constant the force at a and continually 
increases the magnitude of the force at 8. Treat in this manner all the 
pairs of conjugate imaginary roots of f(z) whose abscissas are greater 
than 3, and correspondingly treat all the conjugate imaginary roots of f(z) 
whose abscissas are less than a, moving them so that the force at 3 is kept 
constant. During the whole motion the roots of f’(z) vary continuously, 
none can enter or leave the interval, and hence at the beginning there was 
precisely one root of f’(z) in the interval. 
Thirdly, it is conceivable that the force at a should be directed toward 
the left and that at 8 toward the right. This means that the force at a 
due to the particles whose abscissas are greater than § is greater than the 


force at 3 due to those particles, which is impossible. 
Irom the theorem just proved and by similar methods we shall deduce: 
If a Jensen circle has on or within it k roots of f(z) and ts not interior to 
nor has a point in common with any exterior Jensen circle, then it has on or 
thin it not more than k + 1 nor less than k — 1 roots of f'(z). 
Denote by uw and v (u < v) the intercepts of this circle C with the axis 
of reals. If the forces at uw and y are respectively directed toward the 
right and left, and if the particles whose abscissas are less than u are moved 


1e=4 


} 


by translation to the left and to infinity, one and only one root of f’(z) 
willissue from C, and that toward the left. If the particles whose abscissas 
are greater than vy are translated horizontally to the right and to infinity, 
one and only one root of f’(z) will issue from C, and that toward the right. 
Finally & — 1 roots of f’(z) remain in or on C, and therefore the original 
number was k + 1. If the forces at uw and » are respectively toward the 
left and right, and if the particles exterior to C are translated horizontally 
to infinity, although during the motion one root of f’(z) may enter C, it 
will eventually issue from C. The final number of roots on or within C is 
the same as the original number, k — 1.* In a similar manner it is 


* Immediately we obtain the theorem: Jf f(z) is a real polynomial with two simple roots at 


md — i, with m roots whose abscissas are qreater than m + 1, n roots whose abscissas are less 


nN 1. and no other roots, then f'(z) has one real root and no other root in the unit circle whose 


the origin. Cf. the theorem of § 6. 
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shown that if the forces at uw and y are in the same sense, there are on or 
within C precisely / roots of f(z). The cases where » or v or both are 
roots of f’(z) are easily treated. 

5. A Theorem Related to Jensen’s Theorem. Jensen's theorem gives « 
configuration—the Jensen circles and the axis of reals—in which all roots 
of f(z) must lie, and it is easy to see that no more restricted locality wil! 
satisfy the conditions of the theorem. First, any point of the axis o! 
reals may be a multiple root of f(z) and hence a root of f(z). Second, wi 
may have a root of f(z) as near as desired to a point p interior to a Jense1 
circle in any preassigned configuration. Let the line of action of th 
force at p due to the particles « and »v determining the Jensen circle inter- 
sect the axis of reals at a point co. If the distance from p to p’, its harmonic 
conjugate respecting w and y, is commensurable with the distance from 
po toc, then neglecting the other particles in the field, by a proper choic 





of the multiplicities of the roots of fiz) at u,v, and o, we can make pa root 
of f(z). If the two distances are not commensurable, and taking account 
of the other particles in the plane, we can make the multiplicities of the 
roots of fiz) at uw, v, and @ very large in comparison with the other roots 
of fiz), and in such ratio that there is a root of f’(z) as near to p as desired. 

This reasoning refers to a preassigned configuration rather than a pre- 
assigned polynomial; it is of course impossible if the degree of f(z) is 
limited; by considering polynomials of a fixed degree we may expect to 
obtain some results concerning a region more restricted. 

Considering the polynomial 


= b] 


where @ is real, we shall prove that the non-real roots of f’(z) lie on the 
circle whose center is the origin and radius vin — 2) n. We eliminate a 
from the equations obtained from the real and pure imaginary parts of 
the equation 





When a is large and positive, one of the roots of f(z) different from o 
is near the origin and the other near the point 2a,n. As a@ decreases, the 
former root moves to the right, while the latter moves to the left. The 
two roots coalesce at v(n — 2) n when a = wWnin — 2). As @ continues 
to decrease, the roots move on the circle already determined, remaining 
conjugate imaginary, and when a = 0 those two roots are + iqvn( — 2), 1. 
The path of the roots when a@ further decreases is found from symmetry. 
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We shall extend this result and prove: 

If f(z) is a real polynomial of degree n whose roots are all real except 
‘mple roots at + 1 and — 1, then all the non-real roots of f'(z) lie in or on 
‘he circle whose center is the origin and radius V(n — 2) /n. 

In the proof, we first notice—this is in the nature of a lemma—that if 
ithe force at a point P is in direction along a line / and due to k particles 
ona line A, then the force is not greater than the force at P due to k coin- 
cident particles situated at the intersection of 1 and \. The lemma is 
proved by the method of inversion previously described (§ 2). 

We next consider the force at points along the are of a circle bounded 





by the points +7 and — 7, the are intersecting the axis of reals at 8, 
between the points v(m — 2) n and 1. The lines of action of the force 
at points of the are due to the particles at + 7 and — 7 all pass through 


the point 23 (1 — 3°). The force at 8 due ton — 2 particles at 28 (1 — 8?) 
- less than the force at 8 due to the two particles at + 7 and — i, for if 


we have 
n—2 2 
28 1+ 3°’ 
— re} 2 =: 
l — p- 28 
are led to 
n—2 ; 
s 8. 
n 


which is contrary to our assumption. The force at any point on the are 


considered due to the particles at + 7 and — 7 increases in magnitude as 
we move from the axis of reals toward + ¢ or — 7. Moreover the force 
due to n — 2 particles at 23 (1 — 3°) decreases, so no point on the are 


can be a position of equilibrium when the n — 2 particles coalesce. From 
the lemma, then, no such point can be a position of equilibrium in any 
other case, 

The treatment of the ares of circles which have a point in common with 
the cirele whose center is the origin and radius v(m — 2) n can readily be 
made, noting as before that the foree due to the particles at + i and — 7 
nereases as we move away from the axis of reals, while the force due to 
the » — 2 coincident particles decreases. This completes the proof. 

6. Sufficient Conditions for the Reality of the Roots of f(z). When all the 
roots of f(z) except two non-real roots are sufficiently removed from the 
latter, the roots of f’(z) in the corresponding Jensen circle are real. This 
paragraph gives a theorem containing sufficient conditions for the reality 
of the roots of f(z), which theorem is stated simply to concern one Jensen 


circle, but may of course be applied to several in order. 
If fiz) is a real polynomial with simple roots at + i and — t, m roots 
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whose abscissas are greater than wmim + 2), n roots whose abscissas are |i 


than — Wnin + 2), and with no other roots, then f(z) has precisely one ro 
in the interval (— vn (n + 2), vm (m+ 2)) and no non-real root in ti 
Jensen circle whose center is the origin. 

The degenerate cases here are first m = 0, n + 0, and all the n roots 
concentrated at — snin + 2), in which ease f(z) has a double root at 
—~ vn (n +2): and second m + 0, n = 0, all the m roots concentrated 
at vmim + 2), in which ease f(z) has a double root at wm (m+ 2). In 


either of these cases we make the convention that simply one of those 


roots belongs to the interval mentioned. 


In any non-degenerate case, the force at wm (m+ 2) is directed 
toward the right, for otherwise we have the force at that point due to the 


particles at + 7 and — 7 less than the force at that point due to the » 
particles: 
2 Iti 
9 Ml Wn 
is Tle Ps Hil . wi 
-_— — Vim +- 2) — : 
\ m \ m+ 2 \ m—+ ? 

which is absurd. Similarly, the force at — vn (n + 2) is directed toward 
the left, so the interval of the theorem contains at least one root of f 2 

Suppose neither of the points + 1 and — 1 to lie on or within any 


Jensen circle except of course the unit circle C whose center is the origin. 
Then C contains at least one root and not more than three roots of f 

In fact, by considering the forces at the points + | and — 1 we immedi- 
ately determine from the results of §4 whether C contains one, two, or 
three roots, and it is then evident that all those roots are real. 

We shall now prove that under no circumstances consistent with our 
hypothesis Can any point of C except + 1 and — 1 be a root of f 
First suppose a point of C in the first quadrant to lie in or on one of the 
Jensen circles pertaining to the m roots. At such a point (xr, y), the hori- 
zontal component of the force due to the two particles at + 1 and — | 
is greater than the horizontal component of the force due to the m par- 
ticles. Assuming the contrary, we must have 


2 : 2 m— 2? 
D7 ‘ 9 r e , 
-- 2(vm(m + 2) — 1] Vm(m-+ 2) — 1] 
vm(m+2)—1. 
x Af: 


m— | 
which is impossible. 


The proof just given is also valid for the point + 1, 
if that point is on or 


within one of the Jensen circles belonging to the ” 
roots, it is not a root of f’(z). 
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It is conceivable, secondly, that a point P : (x, y) in the first quadrant 
nd on C should he exterior to all the Jensen circles pertaining to the 
roots, and yet should lie interior to one or more of the Jensen circles 
pertaining to the n roots, and should be a root of f’(z).. We shall prove 
he impossibility of this, roughly, as follows: such a root of f’(z) must be 
car the point + 1, for as we move upward from that point along C the 
izontal force at P due to the particles at + 7 and — 7 becomes greater 
and eventually exceeds the force at P due to the m particles. The force 
due to the m particles is such that the vector representing the total force 
P due to the m particles and the particles at + 7 and — 7 is inclined to 
he horizontal at a comparatively steep angle. In order for the force 
: P due to two or more of the n particles to be inclined at that same angle, 
/’? must be quite near the center of the corresponding Jensen circle, which 
proves to be impossible. 

(‘onsider the slope of the line of action of the force due to the two 
ticles at + 7 and — i and to the m particles (the force always with a 
omponent toward the left),—this slope is numerically least when the m 
oots are all concentrated at wm(m + 2). For invert the configuration 

the unit circle whose center is P, except that the point (— 2, y) is to 
be inverted into a point Q by means of a circle whose center is P and radius 
\— 1. When we replace the m particles of the theorem by m coincident 
particles, the terminal of the vector corresponding is seen to lie in or on 
the boundary of the sector of a circle, which sector is bounded by the line 
through P and wm(m + 2), and by the circle which is the inverse (re- 
varding the unit circle whose center is P) of the reflection of that line in 
he axis of reals. The point of contact of a tangent from Q to that circle 

innot lie between the point which is the inverse of vm(m + 2) and the 
intersection of the line PQ with the circle. This fact is proved most 
easily, perhaps, by inverting the inverse figure (including Q) again in the 
init circle whose center is P. The details are omitted here, but this com- 
pletes the proof that the slope is numerically least when the m roots are 
concentrated at vm(m + 2). 

If all the m roots are located at vm(m + 2), the total force at P due 
to the m particles and to the particles at + 7 and — 7 has a slope numer- 
ecally equal to 

NXY 
xrvm(m + 2)8 — mx? — mim + 2) - y 
ming that the force has a component toward the left. If this quantity 
less than 
my 


; a a , . ~ ™ , 
vm(m + 2)) — m — m(m + 2) — 1 
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we shall have 
— mx — m(m + 2)r — 2 < — mx? — m(m + 2) — 1, 
ma(l — 2) + m(m + 2)r +2 > m(m + 2) +:+1, 
which inequality is false for x < 1. 
We turn now to consideration of the foree due to one pair of the » 


particles, using running codrdinates (£, »). The slope of the line of action 
of the foree at (£, 7) is 

" & n — 1 

s ea T 6 3 1’ 


and the locus of points at which the force has the slope — yu is given by 
n + Be) (e° + 9°) — (9 — ps) = YU. 


All points in the first quadrant and interior to the corresponding Jensen 
circle at which the slope of the force is numerically greater than 4 lie 
above the line 7 — pe = VU. For the point P considered above. we have 


Then if P is a position of equilibrium we must have 


. my 
y > , vm(m+ 2) > m+], 
Vim + 2)? — m — mom+ 2) - ] 
which is impossible. 
We have therefore proved that no point of the circle C except + Lon 


— lean be a root of f(z), and that + 1 is not a root if it lies on or withi! 
one of the Jensen circles pertaining to the m roots, nor — 1 if it lies on 01 
within one of the Jensen circles pertaining to the n roots. 

If the Jensen circle of any pair of the m roots incloses or intersects thr 
unit circle whose center is the origin, continuously move those roots 
toward the right along the circle joining them with the point — J]. and 
move them until the Jensen circle cuts the axis of reals slightly to the right 
of the point + 1, and so that there is no root of f’(z) on the axis of rea! 
between the point of intersection and the point + 1. During this motio: 
the force at the point — 1 is constant, so there is no change in the numbet 
of roots inside es Similarly move any pair of the nm roots whose Jens: ! 
circle incloses or cuts the unit circle. keeping the foree constant at thi 
point + 1. In this final position, the forces at the points + 1 and — | 
are in the same direction as were the forces in the initial position, nev 
having changed sense. In the final position—which is of course t! 
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; nitial position so far as concerns Jensen circles not inclosing nor having a 
3 joint in common with C—the circle C contains one, two, or three roots of 
according as the forces at + 1 and — 1 are both, one, or neither 
. directed away from the origin. The forces at the points vm (m + 2), 
: vn (n + 2) are initially and finally directed away from the origin, 
, it. is clear where the one, two, or three roots of f’(z) lie inside the circle 
and in the same intervals in the initial and final positions. The 
eader will readily take up the possibility that one or both of the points 
| and — 1 may be a root of f(z), and this will complete the proof of 
the theorem. 

It is to be noticed that the intervals given in the hypothesis of the 
theorem are the smallest which will insure the reality of the roots of f’(z). 
For if we allow, for example, an abscissa smaller than Vm(m + 2) for the 

roots, we ean concentrate them at the point nearest the origin and 
emove the n roots so far (by changing either their abscissas or ordinates) 
that their influence in the field of force is as small as desired. Hence f’(z) 
will have two non-real roots in the circle C. 

7. The Reality and Non-Reality of the Roots of f’(z). A General Theorem. 
Having derived a sufficient condition for the reality of roots of f’(z), we 
hall now derive a sufficient condition for the non-reality of roots. <A 
number of results will then be collected into a general theorem. 

If f(z) is a real polynomial of degree n > 2 with simple roots at + 7 and 

i, and if all the other roots of f(z) are interior to the interval (O, sn(n — 2)), 

cn f(z) has precisely two non-real roots. 

First, f(z) ean have no root interior to a finite interval of the axis of 
reals bounded by the origin and a root of f(z) but containing no root 
of J For consideration of the forces at such a point x due respectively 
to the particles at + 7 and — ¢ and the particles on the axis of reals would 


lead to the inequalities 


2 n—2 
1> a 
vn(m — 2) —a 
r+ 
r 


second, there can be no more than one root of f’(z) interior to an 
terval of the axis of reals bounded by two roots of f(z). If there were, 
hy moving to the left the root of f(z) which is the right-hand boundary of 
that interval, eventually at least two roots of f(z) must become imaginary. 


lor when a k-fold root and an /-fold root of f(z) coalesce, the point is ¢ 


1 — 1)-fold root of f’(z). 
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It will now be shown that no point (x, y) interior to the cirele wh 
center is the origin and radius unity and whose ordinate is positive and 
less than } can be a root of f(z), assuming that there is at least one root 
of fiz) in the interval of the theorem and whose abscissa is less than vy. 


The vertical component of the force at (Cr, y) due to the particle in that 
position is not less than the component for a particle at the origin: 


The vertical component of the force at (rx, y) due to the two particles at 
+7 and — iis numerically 


Assuming that (.r, ¥) is a root of f'(z), we have 


) m4 Pi ’ 
2y(l—a--—y y 
9 : , Pye — lL esaety 
erty te—-y)+tloety 


which is impossible if y < . 

This completes the proof that there is not more than one root of J 
interior to any interval of the axis of reals bounded by two roots of f 
and hence there are precisely two non-real roots of f(z). It may be added 
that the entire argument remains valid if in the plane there are / particle- 
of positive abscissas none of whose Jensen circles includes nor has 
point in common with the unit circle whose center is the origin—this last- 
named circle contains precisely two non-real roots of f’(z 


We shall summarize a number of the previous results in the theoren 


ff Z is a polynomial of le qree nw th simple roots at + l and — i, a? 
if all the re maining rt=-— Zz roots are real and 

l CONLCE ntrated at vin — 2 e 2 2 has a double root at 718 = 2 i 

Z with abscissas not less than vnin — 2), | i Zz has all its roots rea 
Precise ly one of which lies in the interval () wine — 2) nm). 

3) with abscissas non-negative but less than wn(n — 2), f'(z) has pre 


C1S¢ ly two non-real roots. 
4) with abscissas unrestricled, the non-real roots of f' Z) lit on or will 
the circle whose center is the origin and radius vin — 2S on. 
5) with abscissas unrestricted but coincide nt, the non-real roots of f 
lie on that circle. 
8. Variation of the Roots of a Real Cubic. This paragraph considers ho 
the roots of the derivative of a real cubic vary when one of the roots 0! 


the cubic varies, and also how the roots of a real cubic may vary so t] 
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lie roots of the derivative are fixed. We shall have frequent occasion to 
i.e the well-known theorem that the roots of a polynomial and those of 
- derivative have a common center of gravity. 


a 
4 


, There has already been described (§ 5, n = 3) the variation of the 
: roots of the derivative of a real cubie with two fixed non-real roots when 


the third (real) root of the cubic varies. Of course the variation of the 
roots of the derivative when the real root is fixed and the two non-real 
roots move horizontally is essentially identical with that. When the real 
root is fixed and the two non-real roots move in another manner, the 
notion of the roots of the derivative is easily determined. For example, 
the two non-real roots of the cubic move in a vertical line, and if the 
roots of the derivative are not real they also move in a vertical line. 
lor the sake of completeness we consider also a cubic whose roots 1, 
1, a are all real. When a is very large and positive, the two roots of 
the derivative are approximately at the origin and the point 2a 3. When 


a decreases, both roots move to the left, and when a = 1 these roots have 
reached the points — 3 and 1 respectively. When a continues to decrease, 


the roots continue their motion to the left, and when a = 0 these roots 
are at +43. For negative values of a the location of the roots is 
obtained from symmetry. 

When the cubic has two coincident roots at 0 and a third root at a, 
the roots of the derivative are at 0 and 2a 3.* 

We shall now consider what real cubics have given fixed points as the 
roots of their derivatives, first choosing those points at +7 and — i. 
The cubie itself must be of the form 


fiz) = 2+ 32+ C, 


and therefore we have to study the (C, z) transformation. We shall 
deseribe the result rather in terms of the variation of a, the one real root 
of fiz). When a = 0, the other two roots of f(z) are at the points + 37. 
When a moves to the right or left, these other roots move toward the left 


or right, one on each branch of the hyperbola 


The common abscissa of the two non-real roots of f(z) is always — a@ 2. 


This completely determines the motion. 
Suppose two fixed points + 1 and — 1 are the roots of the derivative 


: If f 7) is a non-real eubie two of whose roots are fixed while the third traces a line bisecting 
cir segment, the roots of f’(z) trace a cubie curve having that line as asymptote. Only the 


degenerate cases of the cubie curve have been considered in detail here. 
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of a real cubie. How do the roots of the cubie vary? If those roots «1 
all real. there is one of them in each of the intervals (— *, — 1), (-— 1 


+1),(+1, + <), with the obvious convention regarding roots at thy 
ends of these intervals. When one real root of the cubie is a@ = 2, t| 


— ‘ it’ 


other roots coalesce at — 1. When a moves to the left, the other roots 


move along the axis of reals, one to the right and one to the left. Th 


hi 


former coincides with a at the point 1, when the latter has reached the 


point — 2. Asa further moves to the left, the former root moves from | 
toward the right, while the latter moves from — 2 also to the right. 
When a = 0. these roots are at + v3. When a@ reaches — 1, the root 
moving from the left coincides with it, whereas the other root is at thi 
point 2. As a moves to the left from the point — 1, the other two roots 
move toward each other, and coalesce at + 1 when @ = — 2. As @ con 


tinues its motion to the left. those roots move along the right-hand branch 
of the hyperbola 


Y 
== l. 
7) 
The common abscissa of those two imaginary roots is always = 2a ). 


Symmetry now gives us a complete discussion of the situation. 
When the real cubie has two real coincident roots at the origin, the 
roots of the cubie lie one on each of the lines 
y = VU, y= VSL. y= — Wr. 
The three roots lie always at the vertices of an equilateral triangle whose 
center Is the origin. 


9. Ruler-and-Compass Construction for the Roots of the Derivative of a Cubic. 
It is to be expected that the roots of the derivative of a cubie have som 
interesting properties relative to the triangle whose vertices are the roots 
of the original cubic. In fact, it has been proved that these two points 
are the foci of the maximum ellipse which can be inscribed in that triangle, 
which ellipse touches the sides of the triangle at their mid-points.* We 
shall use this property to give a ruler-and-compass construction for the 
roots of the derivative. Of course those roots depend on the solution of a 
quadratic, so it is known a priori that they can be located by ruler and 
compass, 

Let A, B, and C be the roots of the original cubic. let F be the mid- 
point of AB, and let the intersection of the medians of the triangle be MV. 


* This seems first to have heen proved by r 


1882, 1884, 1SSS. 


van den Berg, Nieuw Archief von Wiskund 
That reference is not available to 
by E. Cesaro, Periodico di Mat., vol. XVI (1900-0] 
vol. VII (1892), p. 70; Grace, |. ¢.; Heawood, |. e. 


the present writer, but is given indirect 
,p. Sl. See also M. Bécher, these Annals, 
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£ 
G 


i 
4 \/B are in direction conjugate diameters of the ellipse. Determine the 
f neth MG such that 

. MG? = DF-FB, 

; hich construction is readily made. Lay off this length from M on a line 

: through VW parallel to AB. Then MF and MG are in direction and 


ot a line through M parallel to AC intersect AB in D. Then MD and 


ngth conjugate diameters of the ellipse. For if any tangent meets two 
mjugate semidiameters of an ellipse, the rectangle under its segments is 
sual to the square of the parallel semidiameter.* 

Knowing in direction and magnitude two conjugate semidiameters of 

he ellipse, we can find the foci.t From F draw FN perpendicular to MG 
d produce FN its own length to H. Join WH, and on MH as diameter 
<cribe a circle whose center is denoted by A. Join FK, cutting the 
rele in P and Q. Lay off on MP, MX = FQ and on MP lay off MY 

FP. Then MX and MY are the axes of the ellipse; the foci may be 
ind as the intersection with MX of a circle whose center is Y and 
lius MN.* 

This construction can be greatly simplified in some special cases, 
tably if the polynomial is real or more generally if the triangle ABC is 
<celes. If ABC is an equilateral triangle, the intersection of the 
edians is a double root of f(z). If AB < BC = C4A, the circle with M 
center and WF as radius is the major auxiliary circle of the ellipse. 

Lot this circle cut AC in the points Sand 7. If Ris the mid-point of AC, 
lines through R parallel to WS and MT respectively cut CM in the foci. 
or the length of a line through the center parallel to either foeal radius 


ector and terminated by the tangent is the semi-major axis.$ If 
\b > BC = CA, denote by V the intersection of RM with AB. Then 
/\’ is the semi-major axis, so we can complete the construction as before. 
There seems to be no obvious construction applicable when the points 

|. B, C are collinear, but we can get a rather simple procedure with the 
lof the equations involved. The center of gravity of the three roots is 
ily found by ruler and compass, so we can choose that point as the 
Seo, eg., Casey, Analytical Geometry (1893), p. 231. In fact we may simply lay off 


14 =1: 12. The corresponding result given by Grace, l. c., p. 356, contains a numerical 


Phe construction which follows is due to Mannheim and given by Casey, |. ¢., p. 210. 
t We indicate briefly another construction. Lueas has shown that in the sense of least 
. the line passing nearest to the three points A, B, C is the major axis of the ellipse. That 
n be constructed by ruler and compass. See Coolidge, American Mathematical Monthly, 
XX (1912-13), p. IS7. Knowing the major axis of the ellipse in position, from any of the 
of the triangle and its mid-point (a tangent to the ellipse and its point of contact) we can 


et the major auxiliary circle and hence find the foci. 


> Salmon, Conie Sections, p. 175, Ex. 2. 
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origin of codérdinates. If two of the roots of the polynomial are deno} 


| 
( 
4 


by a and 3, we have to deal with the polynomials 


. 5 ds 9) 
a” —— @o — 8} 


By means of a succession of right triangles, we readily construct 


and we easily divide it in the ratio 1 
Harvarp UNIvErsIry, 
February, 1920 
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| THE ASYMPTOTIC EXPANSION OF THE STURM-LIOUVILLE 
2 FUNCTIONS. 


By F. H. Murray. 


|. In the Proceedings of the National Academy of Sciences (vol. 3, 
pp. 656-659), Professor Birkhoff gave a direct proof of the closure of the 
et of Sturm-Liouville functions defined by the equation and boundary 
conditions, 

dy 
: dr? + [p*? — gix)ly = 0, y(O) = y(1) = 0. 


This proof was based on a certain asymptotic expansion for these 
functions, similar to those used by Hobson* and Kneser.+ At the sug- 
vestion of Professor Birkhoff I have undertaken to develop this expansion 
in detail, using explicitly the Volterra integral equation of the second kind 
used more or less implicitly by most writers in this connection; the method 
of successive approximation employed in the asymptotic development of 
the characteristic numbers is capable of extension to the functions satis- 
1\ ing the boundary conditions 


a’y Q) — ay’ Oo) = &. aa’ =a). 
B’y(0) + By'(0) = 0, BB’ = 0. 


The explicit use of the Volterra integral equation is especially con- 
venient in the study of the differentiability of the characteristic functions 
with respect to a parameter a, introduced by replacing g(x) by og(2). 

|. Some preliminary inequalities. Assume that g(x) has bounded vari- 
ition; instead of the system (1) consider first the system 
ay 


Ty? + [p* = oy x)ly a y(O) = y 1) = 0. 
Ga” 


The equation above can be written in the form 


dy > 
—5 + py = og(r)y, 
dx? 


which leads to the Volterra integral equation of the second kind, 


* Proceedings of the London Math. Soc., ser. (2), vol. 6, p. 374. 


Die Integralgleichungen und ihre Anwendung in der mathematischen Physik, Chap. 3. 
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Oo 


P Jo 


Here a. 8 are arbitrary constants; if y(.r) satisfies the boundary conditic 
y(0) = 0, we may assume 8 = 0. For convenience assume @ positive 
or zero: p, o are real, and g(r) is real for 0 - ' 
bounded variation for 0 = 2 = 1, gir) has an upper bound G in this 


interval. 


Suppose 
K(rig) = sin p(x — E)g(ég 


Equat ion (3) becomes, 


Suppose 


Then the solution of (4) can be given in the form 


| ca 
| 


6 Y\t) = a sin pr + >_U 


ww 
(3d) y(r) = a sin aAz—- ps) +- sin p(\r — 


c 
s 


I 


c 
S) 


~] 

T 
Ms 

] 
Ya 
Q 
~~ ~ 
ene” 

9 


For convenience assume a l. From 


tant ones. Expand U): 


a ; 
U,=- | sin pir — &;) sin p£ig 
P Jo 

Substitute 

sin pe, sin Ht — = eos Alii Zz 

: fon vr Co for 

[ 1 =— = — PHS 4 ag li _ : 

1 ‘ pil J\o1J4S1 T; COS p 
2p ale 2p Jo f 


} rom a lemma by tiemann* it follows that, the second term on thy 


right is of the order of 1 'p?. 


* Gesammelte Werke, p. 241; Whittaker and Wat 


itson, 





6 


it is seen immediate! 
that for large values of |p, the first few terms of the series are the impor- 


<1} 
? 
— cos pa], 
9: ; 
@51)9 E, dé). 


Bo 


gié)y(s)dé. 


l. Since gix 


sin pt, diid 





‘ 


te 


Modern Analysis, 2d ed., p. 166 
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\=sume 
h(x) = { g(&,)d&, h(1) =h. 


%Z 


oC 4 
H(z, ¢, p) = 2p | cos p(x — 2&,)g(é,)dé, + aU. 
ad e/v rn 2 
fhen from (6), 
‘ aoh(x) : 
Yr) = sm pr — 2p cos px + H(z, C5. p). 


The funetion y(2) has already been so determined as to satisfy the 
houndary condition y(O) = O, for all values of p; it remains to deter- 
the particular values of p for which y(1) = 0, or the characteristic 
bers. This condition becomes: 
ah H(1, a, p) 
tan p =5- > = Qld, p). 
=p COS p 
his equation can be solved by a method of successive approximations 
lving a Lipschitz condition of the form 


o(a, p'’) — ola, p')| < CC, p” — p 


To find an upper bound for C,, compute the partial derivatives 0U,, dp: 


. of, at ” 
o- ey *1 ty—l : . 
—-U,(x,0, p) + ( ) vee | | > A(2, &:) 
p pP, /Q #0 VAT) «=1 
- 0 , - . ; re 
K,(Ei-ay $4150) 5-9 Ky (Ents Ex) ++ Ky (Es-1 &) | [sin pd db» a, 


a ¢ te ’ 
aa | K(x, &:)---A,(E,_,, &&, cos pé,dé,dé.-++dé,. 
j { f evi 


ra] re : 
“ K,(&, 1» Se) = (EL, — €,) COB plé., — 5.9 £.), 
Jp 

0 er 

at oe» G 

Op 


~equently 


. 0 ] oGe \' "LT oGr ] ] 
ap Or 4 p= | ( p ) p ( +5) 


From (8), 


oH —o [{" . 
‘ ao cos aT — QE )g(k,)déy 
Up at 


o 2. 0U 
—_ ‘i | a = 2f1) SIn piv — 2é )g(Ei)dsy + >> ——. 
0 


ae va2 Op 
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It follows from 
constant a, such that if p is real and greater than 1, 


13 


From (10), 


14 


From (7 


15 


If p is so chosen that 


14), 
16 


15 


This inequality holds for 0 = 7 = 1, 


Ss . 


11 


that for SOME 77, 


iS); 


COS f 


F. H. MURRAY. 


OH ay 
Op q p 
oH F 
. ces 2" H sin p 
ah Op 
_ COS” p 


H ao @, op < 


,, and p > # 


Jo 
ra) 


ad V 


i es = ] 


immediately to the Lipschitz condition desired. 


It will be convenient also to ealeulate Oo Oa: 


Since from (5), 
at’ 
Og 
we have finally, 


17 


where a; is a constant: p is real and 


2. Asymptotic expansion of the characteristic numbers. In the equat 


put p = «xr + ¢ 


(18) 


“3 


tan e, 





trom (10), 
all 
d res) ) da 
dg 2p COS p- 
. xr - ° 
A) 
COS PAT — 2° qi dé, a: 2. . , 
, P 9 Og 
(ra (rx ( ao(rr \' ] 
! ’ 
i p p y— 1)! 
dod i] (1 
dg 2p p 
p a Ll. COS p —- * 


tan p dla. 


p 


the equation beeomes 


Q\0, KT -+ € 


« 








and Riemann’s lemma that there exis; 


a 


it follows from 


, and p real; it lead 
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4 
Let 6, be the interval «zr — (73) = p= «r+ (7/3). From the 
‘ inequalities already established it is seen immediately that N can be 
. 4 sen so large that if « > '\, and if p;, ps are in the same interval 6,, the 
lowing inequalities are satisfied: 
( 
(a) . dla, py) P 
; k —1)r 
| 
mi’ ps — px| 
(b) | dla, pz) — o(o, pi)| < “ 
[((x — 1)z}* 
4m 
}') 
* : ( ¢ be 
[((x — 1)z}° 
2C l 7 
d) 
k — l)r | 4m 8) 


; v) 


Condition (b) follows from (16) by integration. Let ¢’, €’, ---, € 


he defined by the equations 
tan ¢€ OAC, «T), 


tan .* = O\C," 


tan e‘”? = ole, kw + € 


In solving this system, observe that if uw <li, 


™ dr < Ul 
zs aretan = o arctan xe 
ees Fas Mm ee, 
| From this inequality we obtain: 
P 3 Q\dO, KT 
€ fe 
1 — dle, x7)- 
From (19), (a) and (d), 
Q\d0, KT) ~ | ) 
(onsequently 
QO-\0, KT) i 5, 
22 e’| <2) de, «r)| < rr 


It follows that («a + e’) lies in the interval 6,, and «’’ can be determined 
from (20). 

\pplying the method of induction, we shall assume that (xm + €’), 
(xm + €) lie in the same interval 6,; in addition, assume 


e 


KT  € j)eee 


hat for Le < Vv, 
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oe 4m “ 
92) ut 
CZ) € —_ 2 . ’ 
( xk —1)x lx = l rr |’ 
. - OE. KT -- €* — ola, Kr + €" 
ai = ¢" "N¢ ' ‘ 
1+ ol, xr +e )o(o, em +e 


From (19) (5), (d), and from (23 


2m 2U 4m | 
Pan te = er 5 j> 


From (19) (c), (d), and from (21 


-v, +++: from (23) the series 


‘ 
converges absolutely and uniformly with respect to ¢, for 0 = ¢ 
consequently e, is a continuous function of o. 


To verify that ¢, satisfies (18), observe that in the identity 


tane, — dio, k7t+e, Itan e, — tan e*)] 
tan €'°*") — dla, ew + e€*”) 
ldlo, Ker + €)) — dla, xr + «,)], 


the second term on the right vanishes, while the first and last terms ¢ 


be shown to approach zero, as vy becomes infinite, with the aid of 
inequalities (19) and (23), 
of v, this difference must vanish. 

The asymptotic expansion of ¢, can be determined with the aid of t! 
inequalities established above. 


t hie 





)/ 4m , 
€ — € 
Yt —_ | iS | —_ ] 7} 
€ = € FF e- -—*¢ € — ¢«' 
)/ , $77) 4m 
4 K—I1)r Kk — 1)r [((xn — 1)z 
_f 
~ ) 
from (19), (dj). Consequently the Inequalities (23), (24) hold for : 3 
and e’’’ can be determined from (20), while («7 + ’ kw + €'’) lie in é 
kam +e’) lies in 6,, hence « * can be determined, and (x7 + e I 
in 6,, ete. By the principle of induction (23) and (24) hold for v Pe 


Since the difference on the left is independent 
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| ¢ —éel=\(e"-—e&)+(&" —e")4+.---] 


- 2C | 4m 
(kx — 1l)rL[(x — lap t jut 





T 4m 
ee m4 
6 [(« — 1)x}’ 
, 
e = arctan dlo, x7) 


= o(o0, kr) + C;[d(¢0, xr))? + 


ho H 
= - + 
2kr COS KT 
: ho n , ho 
: é. — = (e—e)/t+le : 
¥ Qk7 2K 
a 
< ’ ’ 
K? 34" 
7 ho | Hao, x) 
Z3 & *3 T ae 
2k K* 3r" 


where H is a function less than some constant H for all values of «x > N, 
and for 0=o¢0= 1. For large values of « the derivative dp,/do exists. 
For suppose o;, ¢2 two values of ¢ in the interval 0 = ¢ = 1, p,, pe the 
corresponding values of p for a given kx. 

From the equations 


tan p; = (a), Pp), tan ps = ldo, po), 
tan ps — tan p; tan (po — p;) 
= {1 + tan p, tan py] : 
Ps Fi Ps Pi 
ve obtain 
(a2, p1) — O01, pr) 
p — 21 0» — Oj 
— 67 ; tan ( po— p) Q(d2, po) — Ola, P1) ‘ 


1+ d(o,, \O(d2, Po) 
ie P2 — Pi p2 — Pl 


Let the difference o, — o,; approach zero; the partial derivatives ap- 
proached on the right exist and are continuous in p, ¢; consequently 


0d 
dp Og 
do “a - Oe’ 
l+¢ - = 
Op 
0d & 
Oo Op 
=- 1+- . 
Oo = eke) 
7? 


FF) p 
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Consequently from (11 


26 = 


where A, is a function of p, 


3. The characteristic functions. In equation (9 


: ohia 
o yiv) = sinpr—- cos pr + H(a 
~~ 
substitute p = «7 + €, 
} } = . ' 
=1n =ll € COS KTI + €, 1 


COs pw COS £72 “Fe a a 


] | 


and hereatter will denote 


in vz and less than some constant iy for« > XN 


where ¥:. We 


becomes. 


Equat ion (9 


( ye ? mane ee } 
v Yi = SIN ATI 9 rah — nis COS Kk 








Equations y and ‘) are identical for () 
pute dy dc: 
OV OH / ] > 
s = -, — CoS o27 
Oo dag 2p 
OT 1p T/ 
z cai am sO COS pr 
io Zp 
r} — / v 
= 2 COs T - 
wk iT h 
From (9’ 
OV h— hia ] ay 
COS KTZ ; 
. ae : ‘ 
do oh AK Og 
Comparing results, 
¢ ul 
OY , 
da ies 


From 9’) compute 





functions of x, 
-and 0 


A, 


g, bounded for large values of p. 


0 


In 


‘ontinuo is 


pw 


COT) 


aH 


ii se aes 
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ince from Riemann’s Lemma, 


vl 
o ‘ Cc 
| ) [zh — h(x)] sin 2xradx <<. 
e/V = K~ 


KT 


=O, 


! 
ii 


d v1 rel ; 1 9 
y*(x)dx = 2 | y(x) | (xh — h(x)) cos wrx + YS ae, 


dao, QKT Kk" 


applying Riemann’s Lemma again, we obtain the result 


d >! ‘ c’ 


here c’ as well as ¢c is a constant independent of «if x > N. From (28) 


Oe ’ OWs 
oo <¢; = 7. 


Og Og 


ach of the functions y,(x) is normalized by division by the function, 


| y,"(x)dx. 


i, 

s 4. , He, 
Vl+2z2-1=5-577% T9.4.67 = : 
vitz—1| <', [1 +]2| +]2\?+ | 

Il z 

<31-|2] 


lf the constant N has been chosen sufficiently large, 


ve 1 
2x2| ~ 2” 
ud accordingly 
! 
Ys Yo 
ya - = v2 > 
ers oF 
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y (x) yy Ys 
yr) = = Ya i Re ; 
: = KP 
2 
(30 \ | P7(a)da 
- f : oO y¥ 
= w2{ sin «wrt - [rh —h r)| COS KT 7 
( aK A : 
| (” OY r yr Oy( a) H 
y*(x)dx -. —- — y(x)—— dz | 
N, 0 wl | { 0 do : 
aed ghey dx 
Ole ! 0 
(31) foley ~ xi 
Y I da 
-| 7a — hia Jay | 
= VL COS K7I 
2KT a 
Comparing (30), (31), we obtain the result: 
av, 
(32) ~. = ¥1 
dd 
Hence, finally, the normalized functions y,(.r) satisfying the system 2 
are given asymptotically in the form 
Ds G ., y¥ Lt, GO, K) | 
) P = FF gs rr + “hi — fi . ‘OS Tr 
Y,(a V2) SIN KT ¢ oq bl hir)| cos «ra 2 [ 
OW( Tr. a, bh b 
32 A, 
Oo 
where AK is independent of «,¢ < 1 for « > N. 
4. Nature of the solutions for small values of p. In the preceding discu-- 
sion the parameter p was assumed larger than a constant .V’; to complete 
the discussion it is necessary to study the functions y(x) for small values 
of p. For this purpose write the equation of (2) in the form 
e dy 5 
Bb) - = io Li _ Xr Ye x 
dr? Log Y 


The solutions of the homogeneous equation obtained by equating th 
left-hand member to zero are 1 and x; the corresponding integral equ: 
tion becomes, 





Y\r) = ar prer | x — &)[og(f) — Aly(é)dé, 
e/( 
since y(0) = 0, a = 0; for convenience assume 8 = 1, 


y(x) = at } r— &)[og(g) — Aly (E)dé. 


vu 








i 
y 
4 - 
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i 
. For values of \ less than or equal to N” the kernel is bounded, and con- 
‘inuous and differentiable with respect to ¢, \; the series expansion of the 
lution of this integral equation converges uniformly as before for 
\=g¢=1, |  =N”. Consequently the solution y(x) is continuous 
n A, o, and as before the partial derivatives with respect to these par- 
7 ameters can be computed from the series expansion. 
; If dy 8X has continuous first and second partial derivatives with 
respect to x, such that 
0 ( oy 0 [oY 
On (5¥) ~ Od ( =) : 
0 0 y 0 o- y 
then from the equation 
. y’ + (dX — og(x))y = 0, 
we obtain: 
ios mal 5 + (. — oalz)) OY Papa 
sie dx? zz) a4 Or y. 

Let y(xr) be a solution of (2’) vanishing for x = 0, and suppose j(.7) 
any solution not vanishing at the origin for any value of ¢. The solution 
of (33) becomes, 

ay 7 ] ‘ ' pr z 2 
ay Cyy(X) + Coil X) + 7 = 2 | [7 r)y(g) — y(xjal(ge)|[— y g\]dé. 
When x = 0, dy dX = 0, y(O) = 0, hence c, = 0. 
The conditions @2y drdX = 0°y AXAx, ete., are easily seen to be satisfied. 
~uppose \ a characteristic number; then y(1) = 0. Puta = 1. 
7 : OY — y(1) eee 
: | an | . yi = oa | v gd. 
Since y(1) = 0, 7(1) + 0, hence 


OY ; 
+ (). 
| Or | l - 


It follows immediately that d\ do can be computed from the equation 


i Oy OY dy 
: : = Q 
feles | , + | Ov de | 1 


and is finite for p<WN’. 
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Consequently if o;, 2 lie in the interval O = ¢ = 1, 0, < az, 

ae | 

: (~ OU, OY, dd 5 4 

rr. Oo _ i.€¢ ea 7 . we” ad ae 

Ye\t, O2 ds i + A Og OX da if i 

- + aia 4 

4 

where A, is independent of ¢, for 0 = ¢ = 1. 


Since NV’ is finite, some A, is equal to or greater than any of the others; 
eall this one 1: 


34 Y, F. Ga)} = UAL. <A o-oo; 
P, ‘id | a oO ‘ CO» l 
It has been seen that UAL. ix continuous in a; it follows that MAD 6 
vanishes just k — 1) times in the interval 0 < x < 1. For this is true 


when o = 0: aso increases from 0 to 1 the end-points of the curve y= y, 


remain fixed, and consequently zeros can enter or disappear only if for at 
least one value of o the curve becomes tangent to the x-axis. At the 


point of tangency y = yj’ 0; since yor) satisfies the differential equa- 
tion (2) yor) vanishes identically. But from (82) this is seen to by 
impossible for very large values of «; suppose V so large that for « = \ 
YN, F does not vanish identically for any value of o between O and 1. 
Then y,(.c, ¢) has the same number of zeros for ¢ 1 as for o = 0, or 
k — 1) zeros. Now for « = NV the characteristic functions can be so 
ordered that y,(.c, 1) has one more zero than y,-;(.7, 1); assuming thi 
functions y, in this order, yy; has (NV — 2) zeros, yy-2 has (N — 3 
zeros,—hence for « = V as well as for « > N, y, has just (« — 1) zeros 


in the interval 
< 


sO 
— 


The equation and inequality (32), together with (34), are sufficient 
for an immediate application of the theorem of Professor Birkhoff, with 
the aid of which the closure of the set -of normalized functions satisfy Ing 

1) is established. 
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ON THE CONFORMAL MAPPING OF A REGION 
INTO A PART OF ITSELF. 


By J. F. Rutt. 


1. This note will extend to domains of any degree of connectivity a 
theorem proved for simply connected domains by G. Julia in the pre- 
liminaries to his prize memoir on the iteration of rational functions.* 

(‘onsider, in the plane of the variable z, a closed and bounded domain A, 
consisting of a two-dimensional continuum plus its boundary. Let a 
junetion f(z) be analytic in A and assume throughout A values which 
correspond to inner points of A. Then f(z) maps A conformally on a 
Riemann surface of one or more sheets, every interior and boundary point 
of which lies within A. If we project the points of this Riemann surface 
upon the z plane, we obtain a closed domain A,;. To every value assumed 
by fiz) in A, no matter how many times, there corresponds one and only 
one point of A; The domain A, consists of inner points and boundary 
points, each boundary point being a limit point of inner points. Every 
value which f(z) takes at an inner point of A gives an inner point of Aj; 
the boundary points of A, correspond only to values which f(z) takes at 
houndary points, but not at inner points, of A; in certain cases, however, 
values which f(z) takes only on the boundary of A may give inner points 
of A;. It is easy to show that the inner points of 4, form a continuum, 
hut we shall not have occasion to use this fact. 

It is evident that f(z) transforms A; into a closed domain A, whose 
points are all inner points of A,, A, into a smaller domain As, ete. 

The theorem we are to prove states that: 

a) In the transformation of A into Ay, one and only one point of A 
stays fired, 

b) At this fired point a, we have f'(a)) <1. 

c) The domains A, A, As, «++, Any +++ converge to the fixed point. 

The application of this theorem to doubly connected regions shows 
that it is impossible to shrink a ring conformally into a ring situated 
in its interior; that is, if the given ring is bounded by certain curves 
(', and C, (C, interior to C;), it is impossible to map the ring conformally 
in a one-to-one manner upon a ring bounded by curves T; and [,, with 
I’; interior to C, and C, interior to T,. For it is clear that the points of 


*G. Julia, Sur l'itération des fonctions rationnelles, Journ. de Math., 1918, p. 69. 
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the second ring would be mapped on a third ring, interior to the second 
the third ring on a fourth in its interior, ete., and that the sequence o} 
rings thus obtained could not converge to a point. 

It will be seen that Julia’s proof, which consists in mapping A on a 
circle, in showing the existence of the fixed point by the theory of the 
zeros of analytie functions and in using Schwarz’s lemma for the second 
and third items of the theorem, cannot be used when A is multiply con- 
nected. We shall handle the general case by means of Montel’s norma! 
families of functions, which Julia uses later himself, to the greatest ad- 
vantage, in his remarkable paper. 

2. We denote the nth iterate of fiz) by f,(z). Since, for every z in A, 
f(z) also lies in A, it is clear that all of the iterates 


l f(z), folz), ©**, In(2), 


are defined throughout A, and have a common upper bound for their 
moduli in A; they constitute a normal family in the sense of Montel. 
We can therefore select from the sequence (1) a new sequence 


2) Fiz), Fil), «**, Ji (2 
which converges uniformly in every closed domain interior to A to an 
analytic function ¢(z).* 


The central part of the proof consists in showing that ¢({z) Is a constant. 
Let us grant this fact for the moment; we shall see that the theorem fol- 
lows directly from it. 

The functions of the sequence (2) converge uniformly in A;, which is a 
closed domain interior to A. The values assumed by f;.(z) in A; are the 


affixes of the points of A,.;. Hence if ¢(z) is a constant a, the domains 
oe ore” 
must converge to the point a. But since every A, contains A,41, it Is 


clear that the domains of the entire sequence 


a “er oe 
converge to a. 

The point a@ must stay fixed in the mapping, otherwise, for large 
values of n, the domain A, which is very small, and close to a, could not 
contain A,.;, which would be very small and close to f(a). The fixed 
point a is clearly interior to every A,. | 

rinally we must have f’(a) <1. For sinee f(a) = a, we have 


Fin (a) = f[fi—1(@)) Sf’ [fin—2(a)]---f'(a) = [f’(a)] 


* See, for instance, Montel, Les Séries de Polynomes, p. 22 
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¢’(a) = lim f;,'(a), 


i-> D 
ince ¢'(z) is identically zero, we must have 
fi(a)| <1. 


It remains now only to prove that ¢(z) is a constant. 
We shall show first that if ¢(z) is not a constant, the points corre- 
uding to the values assumed by ¢(z) in any one of the domains A, 


1, 2, ---),* are the points common to Aj, As, +++, An, ++ +.T 


Firstly, if w is interior to each of these domains, it is interior, in par- 


iar, to the domains of the sequence 


fd eae aT F Te 


i Re Me re, Be 


ce f(z) transforms A, into A,;,.,, each function of the sequence (2) 
-umes the value w at some point of A,. It is the simplest matter to 
iw from this that ¢(z) also assumes the value w in A,. 

(Conversely, let ¢(z) assume the value w at some point ¢ of A,. If ¢(z) 
hot a constant, there must exist a circumference lying wholly within 
\,, with center at ¢, on no point of which ¢(z) is zero; there is a positive 


Vf uch that, along this circumference, 


.—w > WM. 


C\2Z 
lor » sufficiently great, we have, along the same circumference, 
fiz) — ¢g(z) <M. 


Hence, by a well-known theorem on the zeros of analytie functions, the 


imetion 
fiz) — w = [¢(z) — oe] + [fi.(2) — ¢(f2)] 


lias the same number of zeros within the circumference as ¢(z) — @. 
What is the same, w is interior to A,,.,—1 for n sufficiently large, and hence 
ix interior to every A,. 
Thus ¢(z) transforms every A, into the same domain 6 which consists 
' the points common to all of the domains A;, As, «++, An, ++. 
In transforming A, into 6, the boundary points of 6 come only from 
boundary points of A,; in transforming A,,: into 6, the boundary 


‘We take p at least equal to 1, because we have not shown that the sequence (2) converges 


lomain Which includes <A, 
he proof of this fact will be recognized as a familiar argument in the theory of normal 
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points of 6 must come from the boundary points of A,.;. But since ti, 
boundary points of A,.; are inner points of A,, the boundary points oj 
A,+1 ean give only inner points of 6. 


The assumption that ¢(z) is not a constant has forced a contradict: 
The theorem is proved. 


CoLuMBIA UNIVERSITY. 











CONJUGATE NETS Ff AND THEIR TRANSFORMATIONS.* 


By Luter Pranvter EISENHART. 


|. \ rectilinear congruence for which the asymptotic lines on the 
o focal surfaces correspond is called a W-congruence. When the tan- 
nts to the curves of each family of a conjugate system of curves on a 
riace form W > congruences, the system is called a net R.* It is the 
rpose of this paper to establish two types of transformations of an R 
into R nets, called transformations W and transformations T. 
lf NV is an R net, each pair of solutions of two completely integrable 
tial differential equations of the second order determine a W transform 
which is an R net; the nets NV and NV are on the focal surfaces of a 
-congruence, and either net is a derived net of the other, in the sense of 
(;uichard. These transformations W admit a theorem of permutability, 
that is if Vy and Ns are W transforms of N, there exists an R net N4. 
which is a W transform of V, and Ns. 
[na previous papert the author established a theory of transformations 
fof any net whatsoever such that if V; is a 7 transform of a net VV, the 
velopables of the congruence of lines joining corresponding points of 
\ and V, meet the two surfaces on which NV and N, lie in these nets. 
ln $ Sit is shown that an FP net admits a group of transformations 7 into 
nets. Moreover, these transformations admit theorems of permuta- 
lity similar to W transformations. 
In § 10 it is shown that if NV and NV, are W and 7 transforms respec- 
vely of an R net NV, there exists a net NV, which is a 7’ transform of N 
nda W transform of NV. 
4 In another paper§ we apply these results to the surfaces applicable to 
quadrie and show that the transformations B, of these surfaces estab- 
‘hed by Bianchi) are of the type W, and that the transformations of 
Cuuchard® are of the type 7. 
2. Differential equations of a net. If x, y, z are the cartesian coérdinates 
* Presented to the International Congress of Mathematicians at Strasbourg, Sept. 28, 1920. 
Tzitzeica, Comptes Rendus, vol. 152 (1911), p. 1077; also Demoulin, Comptes Rendus, 
153 (1912), p. 590. 


Transactions of the American Mathematical Society, vol. 18 (1917), pp. 99-124. This 


er will be referred to as M. 
s Proceedings of the Strasbourg Congress. 


Lezioni, vol. 3. 
* Mémoires 4 L’Academie des Sciences, vol. 34 (1909). 
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of a surface S upon which the parametric curves form a conjugate syst, 
or net, the codrdinates are solutions of an equation of the form 

o-@ dlogadaé 0 log b aé 
(I Oud ov Ou Ou ov’ 
which we eall the point equation of the net VY. This follows from one of 
the three equations of Gauss for S.* From the other two of these equations 
it follows that x, y and z are solutions also of an equation of the form 


a-a a-a 0” , 08 
7) - = 7. - @ = rT 2 => 
onl Ou Ou di 
where 
DD" 
3 fi 
D 


the functions D and D” being second fundamental coefficients of S. 

In order that two equations of the form (1) and (2) admit three inde- 
pendent solutions, it is necessary and sufficient that the functions a, }, 
a’, b’ and r satisfy three differential equations of condition. Instead ot 
calculating these conditions, we determine the conditions that the more 
general system 


0-@ ra) log ade ra] log h ae 
. © - - T - - s T ch, 
Oud J? Ou Ou OV 
4 
0-8 o7*g 0” OA ; 
= aoe —- GQ - -O0O = cu 
oi Ou Ou or 


admit four independent solutions. 
equating the expressions for 4°4 dud obtained from these equations 
by differentiation, we have 


" 0°@ 0-4 ae OA 
»)) ; = Ai. > B, P + ( is T D,9, 
Ou Ou Ou OV 
where 
0 h a’ 
A, = > log — . 
Ou i r 
| 1 0°a ra] h dloga 
B, =- am: 78 - <— @ = log —_— h’ : = — c’ 
r\aov- Ou a Ov . 
6) 
(= ] (7. log h dlogadlogb ab’ 
; r OUudD OV Ou ' Ou 
l 0 loga ,Ologb — de ac’ 
hatte 4 eo we ; 
7 Ov Ou di Ou 


* Cf. Eisenhart, Differential Geometry, p. 154. 


He reafter a reference to this book will | 
written, E., p. 154. 





CONJUGATE NETS R AND THEIR TRANSFORMATIONS. 163 


lifferentiating the first of (4) with respect to u, we obtain 


q 0°6 0-6 06 _ 0b 
% ri « o« = A» o 9 os B, - a ( . ae — D.6, 
; OuU-dv Ou- Ou Ov 
Cre 
dloga @loga . dlogadlogb 
i, = , ; Bb, - ae ‘ * ¢ ; 
‘ ov OUdD Ov Ou 
s\ 
1 a°b 


0 
==, D. = c — log be. 
‘7 b du? iy ' Ou _ 


When from (5) and (7) we express the condition 


ra) ( 0°@ 0 ( 0°80 
av\ du ~ gu dudv J’ 


we get an equation of the form 


o-@ aa oe ; 
( Po 40— +2 +20 = @ 
Ou- Ou Ov 


where P, Q, Rand S are determinate functions. If we do not have 
1() P = () —— - R = S = Q),. 


equations (4) and (9) admit at most three independent solutions. Hence 
I()) must hold. When their expressions are calculated we find that (10) 
is equivalent to 


OA, J, . GAs 

- a ( 17 = = - + 8, 

Ov Ou 

OB, ab. ra] log a 

A,B. + a’C, —+C,. + D, 

OV Ou “Ov 

1] 

re] Oe 0 log b OC’. 0 log b 
2 —+ A4,C. + B, —— + 0,4 D, == +42001+ C2. ; 
_ Ov 9 1 au id . Ou sit ~ ou 

aD, ‘ OD», ‘ 

_ + A.D. + Bye + Cie’ = =— + AD: + Cre. 

Ov i Ou 
: It is readily seen that when these conditions ‘are satisfied, equations (4), 


5) and (7) are consistent, and consequently equations (4) admit four 


independent solutions. 
When we take equations (1) and (2) in place of (4), we have 


, 


( c’ = D, = D» = 0, and the last of (11) is satisfied identically. 
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3. Equations of anet 2k. When the tangents are drawn to the eurye: 


v = const., the second focal net of the congruence of tangents is given by 


19 l Ou ‘ 
(52) : Yee ee 
. Oo log h au 
Ou 


By differentiation we have 


Ou ( ra) log h Ou 0 log h Ou 


Ou 


where 
(14 K — 


ra) log hy a log aio log h 


aud a Ou 


"ope if ( a log hy a, 
uz 0 log ly Ou au 
Ou Oo log h | 
au 
l Or ra) (" ( 
+; — | = 
0d log h au Ou d log h ; da le uv h 
: } 
Ou Ou ou 


C4 Or 
ra] log h OQ) 
Ou ; 
1 ra] K or 1 K 


ov ol t log h a0 ia ( 0 log h 
Ou ) Ou ) 


of a log aor 
AN = = 7 
Ov Ou 


it follows that if the asymptotic lines are to correspond on 


From (3) 


0 log b ar 


Ou 


the two focal surfaces, we must have an equation of the form 


O-r_| O°2zr_, or or 
(16) ——— = Ps tg ag —— 
ov Ou" Ou Ov 


*E., p. 405. 
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rom (13) and (16) it follows that a necessary and sufficient condition is 


hat Cyr = K, or in consequence of (6), 
2 ; ob’ ue log b 
q - Ou OUdv 
In like manner the condition that the tangents to the curves u = const. 
\ from a W congruence is 
da’ 0° log a 
IX == §) 
i . . . 
Ov Oudl 
Hence equations (17) and (18) constitute the condition that NV be an R 
Ni When these conditions are satisfied we have from the first of (11) 
hat @ log r dudv = 0. Consequently we have the theorem of Tzitzeica: 
An R net ts tsothermal conjugate. 
\ecordingly the parameters u and v can be chosen so that r = — 1. 
since a and 6 in (1) are determined only to within factors which are 
functions of wu and v respectively, we have the theorem: 
The two di fhe rential equations satisfied by the cartesian codrdinates of an 
R net are reducible to the forms 
a-@ dlogadé  dloghodae 
Oudr ov Ou : Ou av’ 
} 4) 
0-8 0-6 , 9 logadé , 9 log b a@ 
Our Ov Ou Ou : Ov Ove 
lhe complete determination of R nets requires the solution of the two 
equations to be satisfied by a and b which follow from the second and 
r hird of (11). 
!. Derivednets. If Visa net whose point equation is (1), the equations 
Ax’ Ox ax’ On ay’ OY ay’ )9Y 
" E - ’ P ? ° ts ’ - = ° ’ 
; Ou Ou Ov Ov Ou Ou Ol Ov 
‘ Z() 
ae! ee ae’ a: 
Ou Ou’ Ov Ov 
ure consistent provided h and | satisfy the equations 
oh dloga al  , log b 
2] —- = (| — h) —. . — = (h —l) —. 
Ov Ov Ou Ou 
lt is readily found that x’, y’, 2’ satisfy the equation 
Z ; 0-6 0 06 0 06 
¥ ~<) = —logah— + =-log dbl —, 
: ae g g 
: OUdV Ov Ou Ou te) 
; Ne as :° 
. \ 
= yS i. 
2 Yang 
44 Vas 
‘ye ‘ 
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and consequently are the cartesian coérdinates of a net N’ parallel to \ 
as follows from the form of (20). Moreover, whenever the cartes; 
coordinates of two surfaces satisfy equations of the form (20), the tangent 
to the parametric curves at corresponding points are parallel, and these 
curves form nets on the two surfaces, 

When the lines of a congruence H lie in the tangent planes of a net .\ 
the developables of H correspond to the curves of V and the foeal points 
of H lie on the tangents to the curves of .V, the congruence H is said to 


be harmonic to N. Each solution @ of (1) determines such a harmoni: 


« 





eongruence. The codrdinates of the foci are of the forms 


2 4 ar of ae 

20d p= ——, = — —;” 
OH dau dv av 
Ou ov 


If H,; and H, are two congruences harmonie to N determined by solu- 
tions 6, and @, of (1), corresponding lines of H,; and H, meet in a point MV 
whose coérdinates are of the form 


or or 
24 c= r Pp; qd = 
Ou ol 
where 
| a8, an | aa, OA. 
p= A — fi, ( 6. - A, . - 
A dl Ol f A “Ou Ou 
pF 
av 
an. Aa, dA. AA, 
A=; aaah ce 
Ou Ol Oo’ ou 


By differentiation we have 
OF O-7r 1 /0°A, AA 0°70. 00,\ Ax 
—— oe Oe - "Site 
Ou ou’ A Ou da) Ou ani Ou 
l : 9; 00. 0°80, 00,;\ Ax 
A\ou? du Ou- Ou F i 
OF O77 1 / 0°4A, AAs 078, OA, \ Ox 
a OCR ee > 8 a 
Ov CoV A dO? on Od) Ov Ou 
l Ee 09, 80, 00,\ Ar 
A\ dr du av du Jav i 


It is readily seen that the functions 6,’ and ,’ defined by 


26 





- / - - , “AF e , - - ° 
(97) Op, 7 9) On, p99: aa, OA. 00." 1 992 
OU Ou’ Ov Ov ’ Ou Ou’ ov Ov 


are solutions of (22), the point equation of the net N’ parallel to V as 


* Guichard, Annales de L’Ecole Normale, Ser. 3 vol. 14 


”, 





1897). 
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en by (20). We call 6; and 6,’ corresponding solutions of (1) and (22); 
ewise 6. and 62’. 

3y means of 6,’ and 6,’ we obtain congruences H,’ and H,’ harmonic to 
_and corresponding lines meet in M’ whose coordinates are 


Or. Or 


7+ = 


/ i 
\ Z=2 + D a 
rf Ov 


Ou 
where p’ and q’ are analogous to (25) in 6,’ and 62’... The derivatives of 2’ 
ie expressible by means of the preceding formulas in the forms 


08; OAs 08; , 08s 
° , - — @; ° - ee 4, - : = we A = ina 
Or “ Ov ' OV OL Or “ ou OU OL 
‘) — = . 
. Ou Op, 00, du’ Ov 06, O68. Ov 
g.- — 6, = i = Fj = 
~ OV OV “Ou Ou 


since these equations are of the form (20), the points M and M’ describe 
nets, Vo and N’, which are parallel to one another. Guichard* calls V 
i derived net of NV. 

Since @,; and @. are solutions of (1), we have 


ap 0 loga > {0°0, 00. 8°80. 08; 

a —l-q-.- toe ot Ses ; 

du Ov A \du? dav du- ov 

ap dloga 4 l 9 0705 P 0-8, p { 0°8,; 04. 0°85 06; 

e . tl ) . - ‘aia = Ze — “_e ge lg “tr saa” * ’ 

Ov / Ov A ' Ov- “ ov- A Ov- ou Ol- ou 
30) 

ra} q ra] log h ; l 9 0-6, 9 0°8. q 0°70, 08, 0-0, 065 

— —— | > ; — =e’ jal he i ek Es ie oak 

Ou d Ou * A “Ou ow A\ou- ov Ou- OV 

a q | fa) log bh | (Ce 0b, 076, 0A. 

-—~[—p-; +3 = 

OV / Ou A\ dv- du Ov- dou 


With the aid of these expressions we show that the point equation of .V is 


" ovo 0 0g. 06 
" dudv av log ap du du log bq av’ 

5. Reciprocally derived nets. Ordinarily NV is not a derived net of JX. 
When it is, we say that N is a reciprocally derived net. Tzitzeicat was 
ihe first to consider nets of this kind. If N is a derived net of V, the 
iangent planes of N pass through corresponding points of NV just as the 
‘angent planes of N pass through the corresponding points of V. Hence 
‘he surfaces S and S on which N and JN lie are the focal surfaces of the 
congruence G of lines joining corresponding points. Since the lines of G 


b 


*L.c., p. 489. 
‘ Comptes Rendus, vol. 156 (1913), p. 666. 
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are not tangent to curves of V or V, the focal nets of G are a second | 


of corresponding nets on S and S. Consequently the asymptotic lin 


correspond on S and S,* and G is a Wo congruence. 


If V is to be a derived net of \V, we must have 


Or _OF 


ww) 
lo 


bi Iroc p 


Ou 
and the point equation of N analogous to (31) Is 


aca a aa 0 
log app . 
( 


ww 
w 


ouaer an yi Ou 


Comparing this equation with (1), we have pp 


ala 


i 


and V are functions of wand v respectively. From 


yr hae 
lk oo 14 ap ° 


qq V, where [ 


24) and (32) it 


seen that the parameters u and v can be chosen so that 


34 pp == eC 
where ¢’ is a Constant. 


When the expression (24) for # is substituted in 
- 


equation is reducible to the form (2) where r 


p l l dp q p\oa log ¢ 
— (] ~ - . - . : 
a ( p p Oil p 7] or 
oye) 
_ b’ q ' | ' | aq ' & q ra] log h 
Cc q q Oi q 3 Ou 


By means of (30) equations (35) are reducible to 


a-#A, a-A, O08 | ad a-A a-a 
_ -_ — : — (/ ~ + = 4 — 
Jd) Ou Ou eS Ol 7 j 


ai Ou 
(0-8, OA ml) | ao” aa are 
ou- Ou on Cc . Ou an Ou 
from which it follows that §, and #. are solutions of 
me 0-4 O-4 (O04 an 
S18) : y= = +h) —-+ cf, 
OU or Ju OV 


In order that equations (1) and 


! 





32), the resulting 


and 
| ap 
q ov’ 
] aq 


p Ou 


2) with r = — 1 may have three ind 


pendent solutions, the functions P,Q and R in (9) must be equal to zero. 
Since 6; and @. must be common solutions of (1) and (36). it follows the: 


from (9) that S = 0. Hence from the last of 
from the first of (11) we get 
reducible to (19). 


*E., p. 130. 








11) we have (17) and th 
IS), that is NV is a net R with equatior 
When these conditions are satisfied, so also are equ: 
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ys (11) for (1) and (36), and consequently this system admits four inde- 
ndent solutions. 
If we substitute in (24) the expression (32) for x, we find that in con- 
i uence of (34) and (35) the codrdinates of N satisfy the equation 
- “6 8A > 9 a6 


—. = 2— log ap — 
Ou" Ov ma: = P au 


0 A 


Ov . 


0 
+2 ap log bq 


From (31) and (37) it follows that NV is an R net. 
We have just seen that if 6; and @, are independent solutions of (1) 
nd (36) the tangent planes to N pass through the corresponding points 
\. In order that NV be a derived net of V there must be two solutions 
31) such that p and q are of the forms (25). The latter are equivalent 
to the condition that 6; and @. satisfy the relation 
O60 | 06 
oT PET 85, - = 
Hence in consequence of (34) there must exist two solutions of (31) such 
that 
c 00 ¢' ae 
se #4 - . —— = @). 
pou q Ov 
lifferentiating this equation with respect to uw and v and making use of 
31) and (35) we obtain 


Oe ra) | qo loga\daé pa log b 00 
ae (2. logap +-—+- ; ee ate Ee — 
Ou ou p Pp Ov Ou q ou Ov 
a-a q ra) log adéd 0 | p 0 log b \ 0 
a ak ae ee oe Relea oe Ber, 
an p Ov Ou ov ° q q ou / Ov 


yy differentiation we find that these equations are consistent with (31), 
and consequently there exist two independent solutions of (31) and (38). 
Ilence we have the theorem: 

If N is a net R whose coédrdinates satisfy (19), each pair of solutions of 
1) and 
ao aA 


- 0d log ade me 0 log b dy 


a ‘ee pero ~ - ; rc & 7 
Our Orv- Ou Ou ov Ov 


| 


ao) : + r co, 
rhere ¢ is an arbitrary constant, determines an R net N without further 
quadratures such that N and N are derived nets of one another; and N and 
\ are the focal nets of a W congruence. 

Since equations (1) and (39) form a completely integrable system, any 


solution is expressible linearly in terms of four of them. Hence from the 


lorm of (25) we have the theorem: 
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6. Theorem of permutability of transformations W. 
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solutions of the equations 
a-A a aa ‘a ala 
“ST ; loga-:. > log bh. = ‘ 
JCudv OV Ou Ou Ov 
40 
aA aca 0 loz a oe 0 log b dé ; 
: + > , ; — +; —+c8, 
Ou OV ou Ou OV dl 
where c’ is a constant, and consider the functions 
4] aa aa 
4 4 i + @- i 3, 4 
f Ou f Ol 
where p and q are given by (25 Analogously to (26 





aa | A-A ] aA. f AA. 0-0 aa. a-a 
sg ee a 
Ou Ou Alou Or ou ov ou 
on (< 0-6, 
On Ou dou 
aa | o-A 1] dA an, A-A, AA, A784 * 
“Weds i ler ake : Setar We eas as 
Ov | on A} du ove dl ave av 
42 
Op (<2 078, 
Ov \au or 
} O86, 1 00, (005 0°84, 
= oS Ss or ke — Ce cH. — - : 
| Ou A du Ov ou 
100A te O78, 
A aov\odu du 
| 1 oA 
gdGi—_ = +i(c¢—c)@ cH 
d pou [ P 


Differentiating the first 


0-4 


Ou- 


020 0 


ON 


Ou" 





BY 
“ Ou 





oa @¢ l 
. -— log pa*h 4 
du | ou A 


Making use of the expression 


“log pab + 


ot these expressions with respect to 


Of, O°—A, On, AA, 


Ov ou Ov ow 
ra] log h 
—p 


Ou 


| cb + (> 


] q Ologa 
p p 


P O#, 
T p a — () 


0 | ig h 


ov ou 


—p 


Ou 


)| p c = C7 


aa 


Ou 





AnR net admits 20 Uf" transforms into Rone ts for each value of c in 
Let 6; and @, be t 


we have 


ag, ara 
Ou Ou 
06, 0-6 
Ou ov 


O86; 0-8. 
Ov ou 
OA, ara. 
Ou Ou 


u, we get 
an 


Ou 


30) for dp du, we reduce this equation to 


[(c’ — c)0; + €)| 


a 
ri 
Ee 
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we find that | 
0°80, 0 O86, a) a 6; 
> - = > 109 ap: = 6) IC 
OUdv Ov B a} Ou © a u lt. a 
from the seeond of (42) we get 
A q 0 loga a0, d log q_ q 0 -—— 6, 4 06 
_ - —— - - og bq + cc a(c’ —c)=—. 
p Ov Ou Ov p Ou 8°" a5 Tg Ov 


With the aid of the expressions (30) we obtain 


Fae 


O70; — 06, 0 | 06; + } C A 
_s7tsaTe 2 og ap = Og 0¢ C U;. 
Ou av- ou ” / Ou 1 


lence the functions @, and 6, determine a W transform of NV. 
dinates of this transform N are of the form 


i) z =f a Pp: + q 


Ou ra} ; ; 


where 0% du and 0 dv are given by (26), and 


(i 00. A a0, (4 00. 0. 00; ‘) 
fa A > On * oe 7’ a A ‘out i 


OO; OA» ra) A. a A; 


Ou Ov Ou ov’ 


lrom the above expressions we find 


’ Oo; 0A; d0; 00s 
A c —c)t 63: — @;- +c @; — @; 
Ou OU , Ou ‘Ou 
) . 04, 06 04. fala 076 070 
=f | c ; _— > 63 . : —- 4. 
A | du ov av du Ou" Ou 


06; O80. OA. 076; 06, 0-6 
4 63 - ~ 6,- a a ee 
“Ou ‘Ou Ov ou Ov 
1 9 Ob, 9 04. 0A, 076, 00; 0°64 *) 
») ied —<— = : —_— . - 
* Ov av du dw du Ow 
OO, 08; 00; 00s 9 076, 
7 & - saat - ae 
du ov Ou Ov “Ou- 
00; O08» 00; 0°60; 6; 
A. = — A, - "2 P= ee ee 
“Ou Ou Ov ou Ov 


00, OA. 06, 0°60; 
= As Ria A; F le, (ea 
Ov Ov Ou dur 


The co- 


Ou" ) 


p 076s 
tou: 

0°63 ) 

Ou? 


_ 965 0- "As || 
~ Ou Ow by 
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By making use of first of these expressions for A, (24) and (26), 
reduce (43) to the form 


c —c |or OAs Op, O-0, 0-8; 
r=7rt 7 Pp}. §,— — bo- 6,. 3 — Os. 
é 7 AA Ou ' OV " OV ’ Ou Ou” 
aa OA,\f . 6, 07a 
St ,.- — 63 - O..3 — 6,. } 
“Ol “ol “ou Ou 
ar aa OA, 0-6, aA. \ 
é,— — 6.- 6,. ~— @, 
a) Ou “du “Ou Ou 
aa aa, a-A, 0-8 
—( — §.- ‘) Jd... —-— 6,. 
Ou “Ou “Ou Ou 
In consequence of (45) the expression (46) is symmetrical in ¢ and ¢’, and 
in the pairs of functions 4;, 4) and 43, @;. Hence the net V ean be obtained 


also by applying to \V the W transformation determined by @; and 
and then to the resulting net \V the transformation determined by the 


functions 
aa aa aa an aa an 
A on ae = A tae F 
d an, Oi ao 


au oi 


Of. of aa. aa 
ouiod au oo 
which are analogous to (41 
When c’ +c, we have that \V is a W transform of N and N. Het 
If N is ani R he 4 and N;, and N are obtained from N by transformat 
We, and We 2 there can be found dire tly an R nel Nx 
of transformations a and We Mi will \ 1 and Ns re spective ly. 
When c’ = c, NV coincides with V. Hence: 
If an PR net N iaWw transform of an R net N by MeCANS of solutio? 


which is in re latio) 


3! 
pe ndent of 6, and 6, then N is the W transform of \ by means of the fun ti 
4] 
This result is a proof of the theorem at the end of $5. 
‘. Transformations 7. If \V is any net whatsoever with its point 
equation of the form (1), and N’ is a parallel net, defined by (20); if al 
§ and 4’ are corresponding solutions of (1) and 
27), then equations of the form 


a a) 
(47 ry ena 


and 9. a} equations 39), and 6. and 0, are tivo other solutions of (39 


22) that is in the relatio! 


give the coérdinates of a net NV, whose point equation is 


0°78 a ar o@ ra) he 00 
{ 48) F . - Og : = og = - 
OUdV dl A ou Ou = 6 6p’ 


, 
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r= hé — 6’, o = 16 — 6’. 


(he developables of the congruence G of lines joining corresponding 
nts of V and V, meet the surfaces on which these nets le in the curves 


he nets.* 


If V’ and N” are two nets parallel to V, defined by equations of the 
ar Or Ox’ ; or Ox” Ox Ox” Or 
1 ) = 5 al Ree — — ea. 
Ou Ou Ov ‘Ov Ou “ou Ov “dv’ 
e/} 


l, and ho, ly are pairs of solutions of (21), if 6; and @, are solutions 


|) and @,' and 6." are the corresponding solutions of the point equations 
Vand NV’, that is 


aa,’ «OA, 06,’ Op; 00.” JA. 06.” OA» 
Ou Ou OV ' OW Ou “Ou ov "oo * 
the equations of the form 
A, , (. rT 
i} ig i = + To PP eit 
A, ' As 
fine two 7 transforms, N, and N., of V. It is readily seen that the 
inetions 
A, F As es 
| Ay A. — — 4. 65, = 8, -— =@, , 
; at” te ” A. 
Cre 
¢ / © © ; . © Ad © + © Ad A 1 
JA. Obs Ob. OAs 06; 08; 06; 06; 
e = t e ° > eae = a . - = ce = : —_= ‘= “ 
Ou ‘Ou Ov lav Ou “ou Ov ov’ 


¢ solutions of the point equations of Vj, and V, respectively. 
furthermore, equations of the forms 


; sree , A» ; 
so = © ae i aoe Xe =ii-— 77 X 
A, ' A. 


, 


and N,’’”’ parallel to N; and N» respectively. In fact, 


o . ; - . sree . yeve * 
j OX; Or, - / OX} OX» OX» Oa 9 O2 9 
(19% : = — : == le. ; = sa. 9 
Ou Ov 2 ov Ou Ou’ Ol Ol 


* The results of this section are established in the memoir 4 


We say that G is the conjugate 
ruence of the transformation 7’ defined by (47) 
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where 
i — hod,’ 


} Hf — / HY 
Also if we write 
lal 
dD ats 6," — 
or > Ay 
we have 
nc al AA, aA 
: = Nyo > 
Ou Ail an 


It is readily shown that the following expressions for 2), 


These equations are of the fi 
the coérdinates of a net Vy. 
Since 4.’ and 6,” 
52), there are x? 


nets N, 


satisfy equations (19). 


A pa 


form 


D6 yr’ 


/ 


PFAHLER 


EISENHART. 


6." 72" 1.0,’ 


0; 
T} h,0, — 6,', 


lA ie 1,0.°" 


Oo 
- ee oe 
. . A. 
A AW 4° — — 
, F A. 
aa ada AA. 
Oi Ou Ou 


rm (o0 


Let 


) “ys 
rallel net \ 

or On or-r 
a 7 a 
Ou B do) Ou 


and consequently 2x2 
which is a 7 transfrom of NV, 
are determined only to within additive constants 1)\ 
which are 7 transforms of both V 
S. Transformations 7’ of /? nets. 


Yi2, 
and also of 


where A, » and » are determined by the condition that (20) hold. 


use of dD 


are equal: 


, and A 
NV be an FR net whose coordinates 


. ra] li mr a 


Ov 


OX d log (1 | aO-ad 4] log ao log h 
—=h — p— +p{-, oe : 
Ou di ao Ou Ou 
Or d log a dloga 0° loga 
= oe - — ee ; a ey 4 
om or Ou JOuUdV 

(Od) 
Ou dlogb ‘4 log b dlogad log h 
7 — — - rae oo : 
OU Ou Oud OV Ou js 
Ou / 0 log b ‘ d log h v ob 
- a = = 2 m _— yAT! a — 
Ol Ou Ov bh du?’ 
Ov a) Ov dloga 
—— = — ,h — p- log ha’, 5 =u yp E 
OU Ou ; Ov Ov i 








OV 


Ou" 


Ou 


) 0 log h ‘4] log ra 


dl 


ra] log ado log h ) 





\ 


is defined by equations of the 


Makin 
we find that A, w and vy must satisfy the system of equations 


), 





CONJUGATE NETS R AND THEIR TRANSFORMATIONS. 175 


rom (47) we have by differentiation 


OX) T ,086 9’ Or Ox; o , 08 9’ Ox 
) = ; “ > a ie ’ ° — te = — ae 
_— du Q’- Ou ou Ov Ov ov }° 
q 
o7r a) rT OX T 0°60 O°2x 
—- <. = — log— => : +—([2’>>5 -—0’.., ; 
Ou" Ou A’- Ou i Ou" Ou- 
Orr, 0 g 0X, . @ ,o-6 oz 
a Pompe eas a Be we eH 
Ov Ov A’- ov A’ Ov- ov- 


yy means of (56) and (58) these equations are reducible to 


Orr, 0 T A \ Or uroxr, . tx’ (0°80 X08 
- ( ; 108 oa — ) sn ap eee Me as oe == 


Ow Ou vjou vo Ov a’? \ ou" vy du 


ela A’ 
+f _—), 
' pou v 


Or, a dloga A\O2) 0 al? u\ Or, 
; 2 . —+ -—_ + {| —log +: 2 
an T Ou _ psJoau Ov g’* vj ov 


ox’ | 0°60 ( m log a\0é a. a? logb\0@  @& 
a’ | or’ op ~ Ou Ou ys Ov Ov ' vi 


From (19) and (48) it follows that .V, will be an F net if 





Orr; Orr, fa) ar OX; a] be dx; 
(0) + = or -—- 2 - oe = 


Ou- ss Ov" “dou ~-O du Ov A’ av 


Consequently we must have 


a ar 0 T h of,dloga, X 
2 log = = =~ log—-—-+-[2 +—-—], 
i ; 


"ou ~@ Ol A” I r Ou v 
(\] 
0 be a ob? ou TU 
2 = lke = log ,~+-- , 
Ov A Ov ” v ov 
nal 
a-@ AdA u 00 A’ no 
eth 
Ou peu’ pa Vv v 
()? 
a-a _ ( X Q of log a\oé _(# 1 5 log oe ‘ 6” ee NT 
dr yp ~~ Ou Ou “a Ov Ov y v 


here nis a funetion to be determined. 
lquations (61) are reducible by means of (49) to 


Ay ON A log a al iv " 
a) re =(l/—h){—--4 2° 6 ), —= (1—h)-. PY 
Ou v Ou Ov v x ~ 
i = a 
tx ~\ 
q 














The function 
Hence we have 


we get 


I. quations 
ifs i‘, B, 
satisfied and N’ is replaced by a net homothetie to it, but the transfor: 
", is the same. 
mined by (4 


39 


means of 


by the same constant. 


aa, 


OU 


0-4, 


Ou 


0-8 y5 


Ov 


60) it follows that the e 
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1—h) » is found by 


where m is a constant. 
If the first and second of (62) are differentiated with respect to 


with 


Se and 
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formations T of N into R nets 
a X 

‘. Theorem of permutability of transformations 7 of /? nets. [Let .\ 

N. be R nets obtained from an PR net A by means of transformations 7 

for which the functions are 

desire to find the nets .V, 
From 


Oo 
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Ou 


OU; 


Ou 
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Or 


ra} 
= ‘) 


= Zt log 


Ou 


If we substitute the above expressions 
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iy, 


u respectively, we find that nis an arbitrary constant. 


Phil. 


form a completely integrable Svst 
| are multiplied by the same constant, the equations are 


Henee there are four essential constants, 
When one of these nets V’ 
fora given c and n given by (65) determine the function 4 
This transformation is unaltered if @ and @’ are multip! 
Consequently the function @ involves only t] 
essential constants in addition to c. Hence: 

An R net N admits x* parallel fs delerm ning CONGTUCTICES G of ira 


lor €ach COMO UENCE the re are 


h;, ti, 


, as defined in $ 7, 


we have by differentiation 
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. log “7 
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quation analogous to 
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differentiation 


Adding equatl 
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«resulting equation is reducible to 


Vi OO. V} O68. ap ¥1 
my Rg Ap FS tie ~ eer Pe me oie > 2) 
Vo Ou Vo Ov Vo 


+ no— (Ihe — leh) + (neme — m,)0.' = 0. 


tos 


S> 


\Vhen in like manner we require that 


OOo, . B'Bo) ' a) ATs OAs, . a) bo» 000, 4 9 
——— i ee a a a a 2 ee. NM 1401, 
au Oe" Ou B 8, Ou | ov B 4, ‘ av ili 


we obtain 


vo \ O06; | vo \ 04, , Vo 
Me Ao — Ar— Ja t+ I Me — B1° —— — 6; —(n, — 1) 
v;J/ dou : V} Ov V} 


A 

' 1 

—- 7 Ish, > Lhe) + (21m) — ms)O,"" = (), 
V} 


lor the net V,’”, parallel to Ny, as given by (53), we have 


=() . a Or; 1 OF | os ' O-r 
‘ “1 _ 12 - is “3 r Vita < 
Ou B Ov Ou- 


and the functions hy. and ly. are given by (54). The equations analogous 


to (63) are 


Ohio A120 0 arg Aly» M12 
= (lie — haa) (M2 + 22 og $3), GE = (he — tie) BE. 


Ou Vji2 NU Ol Vi2 


On substituting the expressions (54) in these equations we get 


X ss a r A / 1,0 _ ” 
(Ly. = his) ( + >= log . ) =— mir, — — Modo }, 
Vy0 Ou a. T 0} 


Ss 1 
i1) 
Mi2 0,’ 14; - i 
(lig — hyo) — = mip — — Moz }- 
Vio 0} Oo} 


;quating the expressions (53) and (70) for 2,'"’, we get 


OX OX} Orr, ( 6, a Ox 6,”’ FF 
an oo horas = ke _— o X == .- => =H 
du | M2 Ov + M12 Ou A, 1} Ou T | Ms 6, te Ov 


6," o7x 
+ \ 0, J au’ 


This equation is consistent with (71) when (69) is satisfied. 


5 
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The equations analogous to (62) are 


O78,» eee ne uo O8j6 Ay. No 


Ou Vy Ou Vio an Vio Vy 


These equations are satisfied also when the above expressions are 
and also (51) and (55). Hence the problem reduces to the determinati 
of the conditions when ON and 69) are satisfied. There are two Cases 
to be considered, according as iy and Mies are equal or not. 


When myn, Hons, We have from equations of the form (62 


DN N Of. Lu li ad "7 ; ‘al i 7) : 
= — + - : : { a. 
L wy Vo Jou I I an I I y’ 





In consequence of these relations equations (6S) and (69) are satisfied 
identically, and consequently each of the x? nets Ny. is an Ro net. Thi 
determination of these nets requires the finding of A. and 6,”" from (ov 
by quadratures. 





When mn; + mons, we find by differentiation that the left-hand 
members of (68) and (69) are constant. Hence when 6.’ and 6,” are given 
the expressions obtained from (68) and (69), the resulting Vj. is an PF net 
Therefore we have the theorem: 7 




















If N is an R net, and Ni, and N. are two T transforms of N by mear 
functions 6; and @, which are solutions of (1) and (39) for the prt walee 
G. all of the x? nels N, are R nets, and their dete rmination re quire ¢ 
quadrature s: when the constant ¢ in 39) 7s di fhe rent for A, and @.. there 
a unique net Ny. which is an R net.and it can be found without quadratu 

10. Permutability of transformations WV’ and 7’ of I? nets. Let \V be a! 
net, .V its derived net determined by solutions 6; and 6, of the point 
equation (1) of V, and N; the 7 transform of N defined by equations 
the form 
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. 4, is a solution of (1), and N’’’(2’’’) is ¢ 
. ar BY yee ] da ar” 
I . 9 e = 3 ¢ - 
Ou Ov Ov Ou 
lf 4," and @/"" are defined by 
aa OA, 00," Ja, OA, 
‘ , (3 - aa a ie - 
Ju Ou Ov Ov Ol 
unetions 
As sre 
; Oa; 6,—-;7, 9; 65 = 
A. ' x 


ions of the point equation of Ns. 
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RANSFORMATIONS. 


a net parallel to V, so that 


06. 06,/"" 06 
(3 _ - - a * 
Ou Ov Ov 
yer 00» ag O0» 
_ == 2 a. °° = a 
l “Ou Ov Ov 
0; , 
I, — ——— §,' 
A. 2 


They determine a derived net 


staat 
\, whose equations are of the form 
a Ou Ox 
id Is I3 T+ Des “—- Os; 
l Ou ae ON 
| 00 Obs, ] 04. 0430 
) 6., — — O20 . . q3 = A . —_ . : 
A ; " OW Ov A3 ~ dou Ou 
OAso 08s) 08s. 083; 
A; - : a : 
Ou ov Ol Ou 
rom (73) we have 
Oe. Aah, — 6," O03 : 
| (0,77 283 99), 
Ou afte ; Ou Ou 
(2 = I, 2) 
08s, ii, — 6," , OF. ,,00 
A — 6, _— : 
Ov qr "Op ov 
\lso we have 
OX» A.h 2 — @ ial se Op. ae Or 
= . I P — A. - ’ 
Ou grr f Ou Ou 
OF; A3l, — 2 ( 1,093 ) ns ) 
: = i a a ae Pe a es 
Ov ig Ov Ov 


On substituting these expressions in 


If ducible to 


(74), the resulting equation is 
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1 | OA, AA, OA» AA» 
ro = > : Bi “, : outer” ; 
; A a . & ov Ou Ov 
aA. AA, O80, 0A. 08, OA. On. 
+ 6 “ale Pe + O03 - son : 
“Lou dav Ou OV Ou Ov Ou 
or », 003 oer 
(75 L . A.A, — 8.6 -- - 0.4 — 4.64 
Ou B i Ov : 
OA. Or ; ee 
~ a6" ce 0 -— — - 424, — #,4 
‘ OV ov 4 
06; gre 
A err —_ mae : - HA. — ff Hy 
' Ou : 
where 
{08,08 ae. aa 7 ah, dA OA. AB. 
a’ = 0," (55 aad” - + Oy , : = —— = 
> Ou Ooi Ov ou P or ou Ou ov 
,, £00. Ab; oa 
+ f, —= ~ —_—-— 
Ou Ov Ol 
In § 4 it is shown that the equations of the form 
4 se az” Lae Or 
r = ) Wier ( : 
f Ou f dl 
where 
sre - p00, », O04, ,? sr 08; + 1,000 
Pp = Ay - — ; P q Ho —— yy - - 
dl ; dl Ou Ou 
= FY mada a6,'”" a0." a0.” 
A = ~2eagdlicges ae : ; 
Ou dl OV Ou 
. eee . rm . . 
define a net V’” parallel to .V. The functions 
A. A } 0g 04 c.. , ”; Op ‘ais yr 04; 
3g= 6; + p=-+q--—- 6°" = 6°" + n’"” —— +- 
/ Ou f ov ‘ I Ou { ar 


are corresponding solutions of the point equations of N and N’”. 


expressions of the form 


determine a 7' transform of N. 
of (7d). 


If 





When the above expressions for these 
functions are substituted, the result is reducible to the right-hand member 
Since 6,’ and 6.’’’, as defined by (7 
constants, there are «? of the ne 


©) 


— 


ts N 30 


ah 


a 


i 





Hence 


) involve additive arbitrary 
Hence we have the theorem: 
N is a derived net of any net N, and N; is any T transform of \, 
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can be found by two quadratures «*? nets Ny, each of which is a derived 

of N, and a T transform of N. 
We apply this theorem true for any net to the case when N is an R 
net. Let N be the R net obtained from N by two solutions 6; and @, of 
uations (1) and (39), and let N; be a 7 transform of N in accordance 
th the results of §8. From equations analogous to those of § 9 it 
Jlows that the functions (73) satisfy equations for N3 analogous to (39). 
\loreover, if @3 is a solution of (39), then 6,'” and 6,’ are determined by 
indratures and involve additive constants; but if 6; is a solution of the 
juation obtained by replacing c by c’ in (39), then 6,’ and @,’” are 

uniquely determined. Hence: 

[f N is a W transform of an R net N by means of solutions 0, and 62 
1) and (39), and N; is an R net which is a T transform by means of a 
unction 03, a solution of (1) and (39) with c replaced by c’, there can be 
ound directly a unique R net N3 which is a W transform of N; and a T 
transform of N: when c’ = c, there are ~* such nets N3, obtained by {wo 


quadratures. 
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THE APPLICATION OF MODERN THEORIES OF INTEGRATION To 
THE SOLUTION OF DIFFERENTIAL EQUATIONS. 


1. Introduction. It is the purpose of this paper to present a method 
applying the modern theories of divergent and Stieltjes’ integrals to the 
discussion of certain Integrals closely related to the Fourier identit 
and to present an application of this method to the solution of linear 
differential equations. The investigation results in assigning a meaning 
to a wide class of integrals which have heretofore had none; and in Jus 
fving the use of the common operations in dealing with these integrals. 

In an attempt to obtain the solution of a class of electrical problems 
the writer was led, largely through physieal arguments, to adopt for 
operational methods of manipulation for the purpose of obtaining tenta- 
tive results. As the work proceeded he was impressed with the large 
number of cases in which these methods seemed to \ ield correct answers 
although so far as he knew thes had no mathematical justification. In 
an attempt to remove the uncertainty in his own mind as to the breadt] 
of the class of problems in which these methods might be used wit] 
reasonable certainty of accurate results, he was led to formulate thi 
argument which is presented in the following pages. 

This being the origin of the work, it will not be at all surprising if it 
has influenced the form in which the presentation is cast. In faet, thi 
paper is to a certain extent a companion to a technical article on “ The 
Solution of Cireuit Problems,” which recently appeared in the Physical 
Review. Bearing in mind the fact that readers of that article may wish 
to refer to this, an attempt has been made to use as simple lines of argu- 


ment as are consistent with rigor. This attempt has seemed to requir 


more restrictive conditions upon some of the preliminary theorems than 
would otherwise have been necessary; but has left them in all eases sul- 
ficiently broad for the purposes of this discussion. 

Broadly speaking, there are three main divisions of the argument. In 


the first, which comprises sections 2 to 7, certain concepts which result 


from the application of the Cwsaro definition of a divergent limit to inte- 
grals are presented. In the second division, which comprises sections 5 
to 10, some observations are made regarding Stieltjes’ integrals which 


depend upon an arbitrary parameter. In the third broad division, com- 
prising the remainder of the paper, these two discussions. which have been 
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ried on with very little reference to one another, are both merged in 

discussion of a type of integral closely resembling the Fourier integral. 

(iis is assigned a meaning, and applied to the solution of linear differ- 
tial equations, 

It is perhaps desirable to add a word in acknowledgment of the sources 

nformation which have influenced the development of the argument. 
remost among these have been* Borel’s treatise on Divergent Series, a 

paragraphs from Stieltjes’ original work on Continued Fractions, and 
lildebrandt’s excellent review of the Modern Theories of Generalized 
lutegrals. Other sources have been consulted at various times, but have 
verted much less influence. 

”. The Cesaro value for a divergent limit. The functions to which atten- 
mn will be directed in the following pages are frequently expressed in the 
rm of limits which do not exist in the ordinary sense. It is necessary, 

therefore, to assign values to these limits by definition. This is best 
me by finding a transformation J, possessing the property that Lim Jf(1) 
exists under circumstances which render Lim f(w) meaningless, and also 

‘property that Lim /f(u Lim fiw) whenever the latter limit exists. 

It such a transformation may be found, the identity Lim Jf(u Lim f(u) 
av be used as a definition of its right-hand member. 

It has been shown that? the operator 


ene: {an 1) 


Hl 


assesses the necessary properties, when nis to approach «. That is, 


Lim finjdn = Lim f(n), (2) 
vi rt M, “ n x 

henever the limit of f(n) exists; while the right-hand side of (2) fails to 
ve a meaning for many functions for which the left-hand side exists. 


lurthermore, the statements 
liu +v) = I(u) + I(r), Iicu) = cI (a), I(c) =e (3) 


are almost immediately obvious. 
lor the purposes of this paper it is desirable to limit consideration to 
functions of the type, 
f(n) = e'™*d(n)dn, (4) 
eu 
. Borel, es Lecons sur les Series Divergentes.” 
te Itjes, “Sur les Fractions Continues,” Annales de la Faculte’ des Sciences de Toulouse, 
ISO4—5. 
Hildebrandt, “On Integrals,’”’ Bull. Amer. Math. Soc., 1917-18. 
as 
i Bore l, loe. cit... Pp. 87. 
Silverman, Transactions of Am. Math. Soc., Apr., 1916. 





Beira 




















184 T. C. FRY. 


which are peculiar in that their Cesaro limits can be evaluated by means 
of the theory of residues. 
3. Expressions of the type 


{(n) = nie "dn. 


If j is integral the operator J may be applied to expressions such as (5), 
The transformed functions are then obtained by the use of the ordinary 
formule of integral caleulus. Direct integration of (5) leads to an ex- 
pression 


{f(n) = S* a.n*e'™ — do, {) 
. sme 


and therefore to 


The terms of this series are all of the form Jn*e'"*, which can be evaluated 
by immediate integration. The result is 


: : : eet a j 
ine =dYan -e°"" — Gy S) 
Er) nH 


where the constants depend not only on k’ but also on &. It is the form 
of this expression, however, rather than the actual values of its coefficients, 
which is important. 

If (8) is substituted in (7) a new expression results which may be 
thrown into the form 


; : : ,e'"z — | 
fl nN) =a, ee = ee, 


1 Nl 


tepeated application of J leads at last to 


n 
whence, by passing to the limit as n oC 
Lim J’*'fin) = — ao, 
s n rs) 
since 
: ; ~einz — | : enz — | 
Lim [-**! = Lim -= (), 
n D i n eo i 


TI e (ey) j or : tI >1 - ] = Ip ing . ¥ i . . } > 
1e meaning of the integral J. n7¢ dn is therefore known as soon as thi 


value of a, has been determined. This leads at once to the result 


a ; 
J 
nie'"™Zdn oat pene 1 ) +] ; : ()) 
J (ax)?*! 
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This integral was evaluated along the real axis. It will be found 
uninating to obtain its value when taken along certain other paths of 
‘egration. Suppose, for instance, it is evaluated along a line which 
kes an angle @ with the real axis, as shown in Fig. 1. To be explicit, 








it is assumed that! @! = 7,2 and that* sgn 6=sgn x. Along this path the 


integral is convergent since Lim e'"* = 0. Evaluating (6) it is found 
" @ 

that 
Lim f(n) = — a, 


which is the same as (9). This equality of the values of the integral (5) 
when taken along the two paths Ox and Ox’ will be used in several differ- 
ent forms in the sueceeding sections. In the notation used in Fig. 1 they 


, 


may be symbolically expressed as 


f ; 10) 
in —— = Lim ; in = (). 


This argument has been carried out on the assumption that j is a 
positive integer. There is, however, no essential difficulty introduced 


when j is not integral, provided it is greater than — 1. The course of 
the argument is unaltered except that — ao is replaced by an ordinary 
convergent improper integral. The value is easily determined to be 

Iyer j + 1) /(ir)*#1. Formula (10) also applies to this more general 


CUSe, 

|. Expressions of the Type (4). The argument concerning the general 
equation (4) can be made to depend upon the results obtained in section 3, 
provided the function $(n) has no essential singularity at infinity. There 


"The figure is drawn for sgn x = 1. 
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mav be essential singularities in the finite portion of the plane, but 
it will be assumed that they are so situated that it is possible to conn 


them by cuts which do not anywhere intersect the real axis.* 


has at infinity a pole of order », it may be expanded in the 


din) = 2% .a, vn’, which converges for all values of n satisfying 
condition n = NV. Furthermore, the series formed from. the 
a; nye also converges in the same region uniformly and absolut: 


the imaginary part of mr is not negative. This establishes the propri 


of term by term integration: hence 


Now introduce the notation 


o(N,? ae a dn. 


e/N i 


Then Lim 0 N. nm) converges to the value (p AN, L in the ordinary Sense 
x 


of convergence. In terms of this notation (5) may be expressed as 


Ol nye dn Lim / oi nye’ dn 


ei N L es 
L 
° = va } 
dp N : L == / a dn 
e/0 


Since this equation gives the value of the limit (11 


existence. It Is possible, however, to simplify its calculation by ex] 


This will be 1 


lishing its equivalence with a certain Cauchy integral. 
object of the next section. 


»). Reduction to a closed path: Cauchy integral. The integration in equ: 
tion (11) was performed along the real axis. If it had been earried « 
along the line ON’ x’ of Fig. 1 there would have been no need of apply 
the operator J. The result of the integration along this line could bl: 


been determined immediately to be 
a 


7 y oN” r 
o(n)e*’ ‘dn = AN Pi A le ps a | dn 
e/ \’ Jt Vi 


*We are aiming at an evaluation of 


taken along the real axis and the condition ji 


carry out the integration of (a) along some path ¢ 


Lim J*'@( Non) + Sa. Lim J"?! 


stated for this particular case. 


joining the essential singularities of @(n) shall intersect C at any point, finite or infinite. 





also assert 


lf 
l 


it is only necessary to require that 1 
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. x o\’ nz 
, y / € ‘ 
o(njei"tdn = O(N, «) — O(N’, &’) — Dea, | —dn. (12) 
eo’ N\'’Na l Jn Hl 
lhe value of the left-hand side of (12) is independent of the magnitude 
\ \’ so long as N is sufficiently large. The same is therefore 


of the right-hand side also. Call this value L. Then as N is in- 
nitely inereased the limit approached by both members of (12) must 
iis value L to which they are constantly equal. But it is almost 
ediately obvious that the limits of @LV, 2) and ®(.N’, «’) are zero 
Lim @(N, n) converges in the ordinary sense. As for the summa- 


/; 
. 


i. it is seen that excluding the term j = 1, 
E we einz ea: ee 
dia dn - : 2 gern, (REE 
= e/ N Mt 7A ; 
ch also approaches the limit zero. This leaves for consideration only 
term j 1. However, since @ = 72, 
aN’ dn 7A iin > ay 
(ly ocr : Q t “dA - : 
n a a Nz 


ch also approaches the limit zero. That is, L = 0 and hence 


. 
d(nye'™Zdn (0), d(nie'"*dn = @(nyei"-dn. 13) 
| 


ea’ N' Na oJ UNN x 








I ic. 2. 


It is quite obvious that a similar argument may be applied to the 


tegral 


. 
| d(nyei™dn. 
e = 8) 


i the notation of Fig. 2 the results of such an argument are 


d(nye'"*dn = 0, d(nye'"*dn = d(nje'"*dn. (14) 
. 20 


n'N'INE “aw NNO 
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Now let 6 = 7 2 in both (13) and (14); then «’ = o&’ and \’ N’ 
so that in Figs. (1) and (2) the paths «’N’ and 2'N’ either coincide or 
lie vertically above one another on different sheets of the Riemann surface 
for O(n). The conditions which have been imposed upon the singular ities 
of ¢ are sufficient, however, to justify the statement that if the points 
O and O lie upon the same sheet of this Riemann surface the points .V’ 
and V’ will also lie upon the same sheet, so that the integrals along the 
paths *’N’ and «’N’ are equal. This results finally in the equation 


o(nje'™*dn olin e'"*dn, 


That is, in words: 
THEOREM 1.) The Caesaro value of the inte gral 


d(nje'"™“dn 


taken along the real aris is identical with the integral of the same function 
tale n about the path shoun in Fig. oe provided: a) the function Ol 

essentially singular at infinity; (b) the essential singularities of @ can be 
joined by a set of culs wh ich nowhe re inte rsect the path of inte gration; al dl 
¥ the radius N of the circular part of the path 18 large g than the modul is oO; NM 


lor that singular point of (8) wh ich 1s farthest re moved from the origin. 








Of course, if ¢ < 0, the point V’ must be taken below instead of above 
the real axis, while if z = 0 the argument fails altogether. 

6. Differentiation and integration under the sign of integration. In ever) 
case except x = 0 the divergent integral (4) has been evaluated in the 
Cesaro sense, and the result has been proved to be identical with 4 
Cauchy integral in the complex plane. This opens up the possibility 0! 
applying much of the elementary theory of analytical functions to the 
particular type of divergent integrals with which this paper is concerned. 
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li is not intended, however, to follow out this line of development, except 
extent of noting a few of those facts regarding differentiation and 
oeration under the integral sign which will be needed in the work which 
The possibility of expanding ¢(n) in an absolutely and uniformly 
convergent series of the form @(n) = }°%__,a;/n’ has been assumed. Con- 
now the series which results upon multiplying both sides of this 
equation by n*; k being a positive integer. This series, 


x 


a; 
o@i.(n) = n*d(n) = 2 =, 
Pin ee 
ch again converges uniformly and absolutely for n = JN, satisfies all 
conditions imposed upon ¢; so that the integral of ¢, from — x 
© may be evaluated about the same closed path as that used for o. 
In the Cauchy form, however 
: . a! ak . 
} o; nye'"*dn = ein) ——<« "tdn = - a | a(nje'"*dn, 
; 4 Or" Ga” Fy 


since there can be no question as to the propriety of differentiating under 
the sign of integration along the closed path. Owing to the equivalence 
of this path with the real axis it follows that 


“yh x 7x “ih 

4) 0 : 
a d(nje'"*dn = | o(n) = e'™dn. 
On” Jz s OX 


a 


THureoreM 2. If the conditions of Theorem 1 are satisfied, it is per- 
hle to differentiate the integral (4) repeatedly with respect io x under the 
at integration, 


ln case the function 


O(n) 
P(r) = - (e'™= — e'™)dn 
e i s) 


is considered and the above theorem applied, there results the equation 


OP, 2x 
(7) = -,_ = d(nje'"*dn, 
Or » 
Which is true for all values of x different from zero. That is #,(x) is a 
primitive of ®(r) which vanishes when x = yu; therefore 
. es) 2D ew 
| dx } d(nye'™*dn = dn o(nye'"™*dx. (16) 
- e/—@ e/ —@ eu 


is argument breaks down if the signs of » and z are not alike, since in 
case the x-integration passes over the value x = 0 for which the 
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integral +) can not be reduced to a closed path. In this case O(() 


not ordinarily possess a meaning and therefore it is impossible to assig 


meaning to (16). In the special case in which ®(r) has a meaning ey 
when x = 0, this objection no longer apples and the equation (1 
still true.* 

Tueorem 3. Jf the conditions of Theorem 1 are satisfied, the int 

+) may ay integrated with re spect lo x under the sign of inte gration, hel 
limits of like s ign. 

7. The Fourier integral identity: the function W(X, 4). The ideas pre- 
sented above throw a rather interesting light upon the Fourier integra] 
identity, and Inasmuch as a consideration of this identity will also ser 
the purpose of introducing a certain function WA, 4) which will be needed 
in a number of places later on, It mav not he amMIssS to give it consideratio} 
at this time. 

Consider the function 


dn, 


It is Riemann integrable, if ¢ = \: but what is of more immediate conse- 
quence it may be evaluated as a Cauchy integral, as explained in section 5. 
Its value is thus found to be7 


Wir, 2) = 0, ee Vix, f 2”, ee 2 


When ¢ = X it is indeterminate. This uncertainty may be overcome }) 
means of the definition 


Wir, t) = 0, ae Wid, f 2m, nah 


Hereafter, throughout the entire paper, the notation W(A, ¢) will be con- 
sistently used to refer to the function defined by (18); and will onl) 
incidentally have any relation to equation (17 

Now build up the Stieltjes integral fNdWVA, |. Quite obviously 
this integral has the value 27f(t), whatever ¢ may be, so that it is possible 
to state at once the identity 


°F 


2arfit | SNAWIA, 0). I") 


" ais : 5 ‘ < re 
veturning again to the consideration of (17), it is to be noted this 

dV dX may be obtained by differentiating (17) under the sign of integrs 
*It is easily seen that in case & is defined for 2 = 0, all of the integrals involved 11 

above discussion are convergent in the Riemann sense and there is therefore no necessity ol 

the Cwsaro definition. 


+ These values are computed on the assumption that p > 0, as it may perfectly well be 
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cept when A = l. Performing this differentiation, it is found that 


edn, ford +t. Whend = ¢, the right-hand side of this 


nis meaningless,— although there is no reason why it should not 
a meaning by definition. At present, however, this will not be 
d only formal equations will be dealt in. 
-tituting the formal value of dW in equation (19), the result 
on oe 


Qrfit) = J fdr] edn 2) 


. x - 6 


ned. This is the Fourier identity as ordinarily written; and the 


tion given reveals its formal equivalence with the rigorous identity 


In what follows, (19) may occasionally be termed “ Fourier’s Inte- 
20) being regarded as a meaningless formal equivalent, which, 
erivative notation, claims recognition because of its universal 


t. 


lv, it should be noted that f\ ANdWX, 0) is equivalent to (19), 


lbda<t- b. In case a =t or t > 6 this equivalence no longer 


The integral 


Git) = J x0, OF A)Ad. 21) 
nterpreting the divergent Fourier identity in the last paragraph, a 
tiple Stieltjes integral was found of value. The next few sections 


levoted to developing in a simple manner such of the properties 


ese integrals as will be of service later in assigning a meaning to a 
lcluss of divergent integrals. 


\) be a funetion of bounded variation within the closed interval 


and let yy (A, t) and yo(A, t) be two functions which are regular in \ 


out the entire interval (ab) for values of ¢ in a certain interval 


which ineludes (a,b). It will be assumed in the following that ¢ 
no values outside (a, 6b). Furthermore, let 
ill, t) = xoll, f 


line the funetion 

\, x1(A, o) LA SS 8); x(A, t) = x2(A, t) (A = lt). 
the funetion which occurs in equation (21). 

quite obvious that (21) becomes 


Xo! A, tf N)dX, 


G(t) = } xi(d, OS Yd + 


ea 
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and that each of these integrals may be differentiated under the si, 
integration, so that 


OG é& X, 0) 


t=. ay fad + | ne D Fr). 

But in the interval (a, f, dx; dt = Ax dt, while in the interval /, }). 
dx. dt = dx dt. Thus the two integrals of (22) may be included under 
one sign by replacing dx; df and dx» dt by dx dt, except for the fact 
that the expression 0x, df has no meaning at the point \ = ¢. This ob- 
jection is easily overcome, however, by replacing both dx; df and dy 
by a unilateral derivative of y; thus altering the integrand of (22) by : 
most a finite amount at one point only. To be explicit, the left-han 
derivative will be used, so that 


5 [ (ny Xan 
j 
at Ue. 4 at (A, 


ar 


As a special case, consider the function (A, ¢) defined by the equation 


dn, 24 
where it is assumed that o( x = ie It is easily seen that the path of 
integration, which in (24) is the real axis, may be distorted into the path 4 


of Fig. 4, provided ¢(n) has no singularities infinitely near the real axis. 








But along this path each separate term of x is regular and may be ey: 


ated independently. Further, each of them mav be seduced to some 
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. 
na AB or AC, according as the coefficient of n in the exponent of (24) 
ix positive or negative. 

In particular, if w is positive, the integral 
“d(nije'™dn 
din 
i 
must be taken along the path AB. It is independent of both \ and t 
and may be denoted by a constant A. As for the other term, 
*Adl(nye ay Pn 
| dn 25) 
e i 


it must be evaluated along the path AB when { > X, and along the path 
A when? < \. That is, unless ¢ = \, x is equal to one of the functions 


3 er a(nijet™( 
yilA, ot) —K- } dn, 
JAB " 
. " mle yet 
AQ =—-K+ | dn. 
e/ 40 i 


jut these funetions are analytic in both \ and ¢, and therefore satisfy 

conditions laid down at the beginning of this section. Moreover, 

owing to the fact that @(*) has been assumed zero, it is easy to prove by 

rgument similar to that of section 5 that (25) may be evaluated 

ut a closed path even when \ = ¢. Indeed, in this case, it does not 

matter which of the paths AB or AC is used, so that x(f,0 = xilt, O 

This establishes the fact that x is everywhere continuous In 

the interval (a,b) and therefore satisfies the conditions imposed in the 
discussion of equation (21 

It therefore follows immediately that (23) is satisfied by this function x. 

It is also immediately seen that (23) may be written in the alternative 


— 
Ge | S)XA, Odd = — | SAdxA, O, 26) 
at : ; . , p . 
ax OX 
al a Or 


These are the formule for differentiating under the sign of integration. 
The conditions imposed should be carefully noted. They are: 
With regard to ¢, that it is regular along the real axis, and zero at 
and that its essential singularities, if they exist, are of such a 
character that the euts of the Riemann surface on which ¢ is analytic 


ot intersect the real axis; and 
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With regard to f, that it is a function of bounded variation in 

In carrying out the proof, the tacit assumption has been made that 
a and b do not vary with «. This assumption is not necessary, how: ver. 
provided the customary terms are added to (23) and (26). 

It should also be observed that the proof is in no way dependent upon 
the fact that é(n) is not a function of ¢, and is equally true even when 
varies with ¢. In this case, however, the alternative form (26) cannot be 
used, since it is no longer true that 


OY OY 
ol - OX 
9. The Stieltjes integral, 
bt) = ff rydyar, 27 


Differentiation under the sign of integration. Stieltjes has shown that it is 
permissible to integrate an integral of the tvpe a) by parts, prov ded 
fd) is not discontinuous at A fand is a funetion of bounded variation.’ 


Therefore, denoting fib) y(b, t) — fia)xia, t by Nia }: £). 
pif Pia. 6. {) = x(A, l df a 
Assume for simplicitly that fi\) is discontinuous at one point only in 
the open interval? a, 6: and that this point is \ = A. Denote by 276 
the value fiA + 0) —fi\ — 0). The exact value of f(A) is of no conse- 
quence, since it contributes nothing to @(f). If it is not equal to f(A + 0), 


a new function fi + 0) may be substituted for f(\) in (27) without in any 
way altering the value of ®. It will be assumed that this substitution 
has been made; but for simplicity it will not be explicitly set forth in 
the notation. 

Consider the new function f(\) which is defined as 
FX) =f) — 6 WA, A 
where W is defined by (18). Then /(X) is continuous, even at A = A, 
and df(X) may be replaced by ) 
dj 
dX 


is broad as these: but he indicates el 


6-dWV (dX, A dr. 
* The conditions stated by Stieltjes were not 
he knew they were more restrictive that 


t If f Is discontinuous at an endpoint, s ta, it mav be repl wed by the function fy di 


0) << es f f(r h—> a). 
Then #(t) may be written as 


The function Jf; is not dis ontinuous at the limits ot integration, and has only one disco! 


In case a is a function of ¢, this process is still possible. The fact that two diseontinuit 


introduced is obviously not essential 
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. iF : 
e(t) = F(a, b,t) — | x(A, t)- = dy — 276-x(A, t). 


‘ferentiating, and making use of formula (23), the value of d@/dt is 


tained in the form 


) 
dt ~~ dt dr at 
db df b) 


~ dt db- 


p «dF _dy(A, t) [ df Ox mn 
5 — 2 is ( 


(bp , da dj(a) (a.t 
X90) Th da | XS ). 


This equation is capable of very considerable simplification. In the 


first place, , 
df df 


dy dy 
except at \ = A. But since A is different from both 6 and a, the dashes 
ean be removed from all f’s which are not under the sign of integration. 
Furthermore, 
_ dx(A, t) 
~n i dt 
ix obviously equal to 


» ldy(n, t 
| 3 XN T d(d, A): 


dt 


e/a 


and may be combined with the integral which follows it. But when this 
ix done, inspection shows that the entire integral term may be rewritten 
in the form 

( Ox (XK, 0) 


ey df(X). 


(‘ollecting these results, and once more applying the formula of integration 
by parts it is found that 


da@ o Ax (A, t) * db f(b) dx(b, t) da (a) dx(a, t) (98) 


f(r)d . _ / = 
df | , dt " @ ab dt* oa 

This is very similar to the ordinary formula of differentiation under 
ithe sign of integration. It is quite obvious that it may be extended to 
tle case where f(A) has a finite number of discontinuities. 

Since there is no distinction between 0x /dt and | dx/dt except at 


the point X = ¢, the value of | dx/d¢ may be found by evaluating the 


rmal derivative of (24), 


‘ | | 
— = — | ¢ in(t—) o(n)dn, (29) 
dt J 
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about one of the closed paths AB and AC. This is immediately obyious 
when \ +¢. But it has already been shown that (A, @) \ 
when ¢ = \. and that this funetion ys is analytic in both \ and ft. Hence 
it follows that at A = ¢, 

OX Axe, 

at al 
which is the integral (29) evaluated about the path AB. Thus the pro- 
priety of differentiating (27 under both signs of integration is established 
and the following theorem is obtained: 

THEOREM 4. Let fir be a function of hounded variation in 

which is not discontinuous at Xr t. Let din) be reqular along the rea 


zero at infinity, and capable of represe niation upon a Riemann’s su 
in such a way that a pou f (ravers ing the entire real axis remains cont 

On the SA sheet. De tine X A f (Is un J4 - and pif as in 2d ; 7 
the de rivative da dt exists, prot ided dh dt and da dt do. and may hy obte 


by (1) the re nihiat On wmnder the siqdn of nled ‘“ationoin accordance mith the to 


ax | 
7 —_ ‘ ; QO dn, 
Jl : 

tale i about AB if f > a othe j Inds about AC A 


In the application to physical problems, there is no oceasion to 


variable limits; in consequence of which b and a will be assumed const 
in what follows. 

The result expressed by Zo say he extended to the ease oft inti 
limits of integration. Assume that Jd) has, in the interval (a, %) o1 
finite number of discontinuities and that no point on the real ax S 
either a singular point or a limiting point of the singularities of « 
There is then a finite number b so large that in the interval (b, «) f 
continuous. It will be assumed that b is chosen large enough to sa 
the condition b > /, for all values of ¢ which need be considered. 


Then 


ee. . 7” 


ra) 





The former of these integrals comes under the proof already given 

only the latter need be considered. This, however, is an ordinary Rien 
integral, and may be differentiated repeatedly under the sign of 

gration so long as the resultant inte grals are uniformly convergent, as 

will presently be proved to be. 


For all values of } > ¢, and hence for all values of X = by x(A, 6) 
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found by evaluating 


® in(t—Aa 


( 
o(n) dn 
, n 
uit the path AC, and 


ad »ineM 
( 


o(n) dn 
n 


uit the path AB. The latter of these, so far as either \ or ¢ is con- 
ned, is a constant, which has already been denoted by A. The former, 
hich may be ealled F(A, t) may readily be reduced to the form 
’ . * (n) col 
F(A, t) = — 2r7¢6(0) + ein(t-)dn. 
Jape 0 


e path DC (shown in Fig. 4), being at no point removed less than a 
nite distance 7 from the real axis. Hence 


. ; * dfn ae 
x(A, 0 = - K — 27i¢(O) + ein(t-) dn. 
ed Pe nl 
nd, whatever the values of \ and @, 
ra] rly os ace ( —_ 
a Sa eee: ees nid(nie'™*! dn. 
dl OX e/ De 


The path DC possesses a finite length L. Along it the value of 7 is 
mstantly finite and less than V; (nm) is constantly less than a maximum 
alue MM, and 


git! x 


"Je—nA-l J : fy i R 
alan MLA \ f 


With regard to f \), which has been assumed to be a function of limited 
ariation in (a, b), it is sufficient to assume the condition 


f(\) |< A-d? 4 =D). 


Then it is true that, for any s greater than b, 


i ie WN [- dd = ALMN ie" P(s 
J $0) gig, @d| = ALM. e” | rK1e-™dd = ALMN s), 


vhere P(s) isa polynomial of degree gq ins. This evidently converges to 
ero uniformly in ¢ as s is increased indefinitely. Thus the applicability 
of (28) lo infinite limits is established if f(X) possesses only a finite number of 
hiscontinuities: uf | f(X\)| < A-AY4, AZ b; and if th singularitt¢ s of o(n) 


have no limiting points upon the real axis. 


—— 
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Finally it should be noted that (28) is still true when ¢ is a functi 
of both nand?t. In this case the form of (29) is altered, since the equati 
as written no longer represents the result of differentiating (24) under the 
sign of integration. 

10. The Stieltjes integral (27): inversion of integrals. Consider the two 


functions 


x ’ { A nis 

. ( reat... 

Xx r, t Oil dn 
Se n 

and 
ox einct — @ the") — one'™(t — p) 
Xi(A, f) = Olin : dn, 
fi 
. x 


where ¢(n) at infinity is regular, but: not necessarily zero. The integrand 
of x; has no singularities upon the real axis; and its path of integraiion 
may therefore be distorted into the path A of Fig. 4. This having been 
done, x; may be rewritten in the form 


’ A nM 


rb . r 
Grit) €° —_— 
dn —_ dn 
i n "2 Ml Ml 


: "od i 
— atl — vp) er dn, 


n 


. Te 
Be ie 


¢~ A 


—~A 


The third of these terms may be evaluated about the path AB, regard- 
less of the values of fand A. The second integral can be evaluated about 
either the path AB or the path AC, and is independent of ¢. The first 
term is of the type discussed in section 9, except that the @(n) of section 9 
corresponds to the gin) n of this section.* Hence it is immediately 
obvious that the entire argument of section 9 applies equally well to th 
expression ®,(¢) defined by the equation 


P(t | fi N)dyx (A, 0. 


In particular, 


OD, agin Ix A, b) 
i | f(xyd °%" ' 
dl fe ot 


Ox (A, t : ' : ; , 
ar representing the left-hand unilateral derivative of x. 
> OXx1 . 
But jp may be found by actual computation to be, equal to x, / 
except possibly for the value \ t; so that 


j Ox 1 
Jl 


dx: 

Phe $(n) of section 9 was required to have no singularities on the real axis. This cond 
Was necessary to Justily the shift from the real axis to the path A asa path of integration, 
was thereafter of no consequence, This shift having already been accomplished, the fact 
¢(n)/n is not necessarily regular at n Q causes no difficulty. 
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lherefore, if 
#(l) = | fr) dx(r, 2), 


may be said that 
OP, 


ew eee 
dl 
Paking account of the fact that &; = 0 when ¢ = », it follows that 


?, = / bd. (30) 
But, quite obviously, xi(A, 0) is the result of integrating x(\, 1) with 
respect to ¢ between the limits »v and ¢; the integration being performed 
inder the sign of integration. That is (80) expresses the legitimacy of 
integration under both signs of integration. 

11. The W-functions. Up to the present point in this discussion no use 
has been made of the theory of divergent integrals as developed in the 
early sections. It will be the purpose of this and the remaining sections 
to apply this theory to the Stieltjes integral, and to the solution of differ- 
ential equations. For generality, it is assumed that ¢ is a function of 
both nm and ¢. 

Let there be a function ¢(n, t) which vanishes at infinity, and is regular 
over a certain range of values of ¢ for sufficiently large values of n. Let 


ia n(t—Aa 
S* =. i 


x(A, t) = o(n, t) dn 


a i 


and let 


(1) = “FO dx (nr, t). 


It has been shown that this function @ may be differentiated under both 


. -_ ‘ ‘ : 0 
signs of integration, even when \ = ¢, provided that the resulting >) 
Cc 


is evaluated about the path AB if ¢ > A, and about the path AC if tf = 2. 


pate , ‘ at. ae , 

his is true, however, only because x is continuous, and if > IS discon- 
; 

tinuous d’°@ ‘dé? cannot be found in this way. It is therefore necessary to 


' . y re Ox 2 mt 
consider the magnitude of the discontinuity of yf and its effect upon 
c 
the seeond derivative of ®. 
The conditions imposed upon ¢ justify the expansion 


~. a;(t) 
o(n, t) => as 


j=l 


nN 


—E 


i eee 
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which is term by term differentiable with respect to é. Making us 
this form of expansion it may be said that 


7° [ m(i—A) oo ¢ : e'™* 9° ae? = d?—*a 
oO a? —_ “ep > dS Czitn! 1 : f 
ol’ n n ol dt 


Some of the terms in this expansion involve powers of n higher than 
Denote their sum by P?,. Then 


P i S"¢ 
Finally, the functions o, and y, are defined as 
@. nil — © ae ae Xe A, f Q.\7Tl, Lia) 
rani hi 


the integral in the last equation being evaluated about AB if X 
otherwise about AC. 


It is seen at once that every , is of degree — 2 in n. Therefore 
every x, 1s continuous* at \ = ¢, and every integral of the tvpe J fix 


may be differentiated with respect to ¢ under the integral signs. But by 
actual differentiation 


do : ) dQ), 
O.:1-74 ( . QO... - ; 
dt 
where 


Hencet 


dx, nr, t dQ. 
] Xe T WV x. 2 Q) = = 


dt da+l di 
and 
ad ng ; j Ox . - 

= / Dita / | Y . | 7 
at J: de 4) iz \ x ay 2Tay(tjfil f Nadya, 


Having once obtained this formula, it is easy to establish by inductio! 
the following theorem: 


THEOREM 5. Lel d(n,t) be a function 


which, for a certain rang 


values a) t to wh ich atte nlion is CON fine d. and for nsre al Or Su fhicve nily la (}é 
is regular in both tand n, and which vanishes at n 2. Then the Sticlt 
Integral ®(t) possesses a a’th derivative provided f(t) possesses A o - 


* © ¢ 4 “« 
See Tootnote on page 33. 


te . a : : *pintl 
t The identification of — | dn with WA, t) is established by direct evaluation. 


“it 
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alive; and this derivative may be obtained by differentiating the Stieltjes 
ral & under all signs of integration, according to the formula 


| a7 ayf) pe ( .0Q,—j-1 
7 . A ) _ jJ—} 
sig pe IQe-i — J at ) 


” (31) 
+> | fANdx,1, 0) 


I:quation (31) gives the true value of the derivatives of &, by intro- 
wing into the formal derivative certain auxiliary terms. For purposes 
comparison it is desirable to write down the result of differentiating 

b /) formally under all signs of integration. The result is 


t 


— [ (djd ) 
= | frydx™, 32) 
dt? . e xX ) 
.\ hie re 
KA, = fo [d.(n, 0) + Pi (n, Odn. 33) 


has been shown that this formal result for x?) may be evaluated about 
ne of the paths AB or AC, so long as t +X. What is not known is that 
on the result is substituted in (32) it results in 0°@ dt?; and indeed, so 
ong as dy” does not have a meaning at \ = ¢, the statement in italics 
~ absurd. IRgnoring this difficulty for the moment, consider the actual 
alue of x” for +. Only those terms of P, for which the exponent 
n is — 1 contribute anything to the result. Hence, separating out 
these terms it is seen that 
vec 


P,(n, dn = WA, 0Q,(0, 


2 y d therefore 


dy (rh, t dyx,(d, t) + Q,(DdV, ft dx,(X, t +1). (34) 


c 


_ 


This is exactly the function with respect to which the integral term of (3 
ix integrated for all values of X. 

The first observation to which this equality leads is concerned with 
the result of a substitution of (34) in (31). Suppose (33) to be evaluated 
about AC when \ = t; that is, suppose the same convention regarding 
the path of integration is made in (33) as in (31). Then (34), in its first 
form, is true even when A f, and therefore 7t is not true that 


d? ab wh a a x 
= fhe | ——, 
dt? pS e at 
in the general case. In fact, the deficiency of this equation is exactly the 
difference of the group of terms which do not occur under the sign of inte- 


gration in (31), and the term 27f(0)Q,(0). 





¥ 








bie 
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The second observation concerns those terms of P, which contri! 


ute 
nothing to the value of (83) when A + 0. Formally the corresponding 
terms of (33) are the successive derivatives of the equation (17), multi- 
plied by a factor independent of 7. Formally, therefore, (32) become: 
d7m [ 7 ¥ Hc " ie | ere rh 
- = h(/ ( Pe rd :" aw 
ee es Wie dt 
This result is significant, for if the definitions 
| FAW A, OD = 24f(O, 35 


which are suggested by the formal differentiation of (19), are made for a 


values of ¢, it follows that (32) is a true equation.* 


The definitions (35), however, are sufficient to give a meaning to an 
integral of the type (32) regardless of how it may have been derived 
whether by differentiation or otherwise — and are therefore of very general 
importance. In fact, it requires but a moment’s reflection to observe the 
truth of the following statements: 


DEFINITION 1. Let VO (A, re prese nt the dive rgqe nt inte gral 


17 n° ( ms dn. 
The hi the ide ntity 


2af'(t) = J fAdW(, t 

ea 

defines the integral in its right-hand member. provided a < t.< 6. 
DEFINITION ri Let on he a function which, for a certain ranqe 

ralues of tf to which atte ntion is confined, and for real ralues of ni, is requla 

in both i and “ioe and which may hy expanded in 1 N¢ rie Ss 


Qi, t :% 


convergent for sufficre ntly large values of n. Also let x(A, 1) be defined hy 
the equation 


Vi 


w(A, £) = d(n, thet*™ dy, 


*°T) - . ° A ms : 
This is shown, ol course, by establishing that the equation preceding 3) 18 equiy 
to (31). The algebraic manipulation involved is somewhat simplified by the use of the identi! 


a) Cl = Ce" 4 Ce! b) C2 
1? “ 


: a-a 
y (9 1 . ("7 +] 3s C0 a 
- , 1? ‘ r — 


Phose who are not familiar with these identities may establish (a) by direct addition; 


repeated application of (a); and (¢ 


by induction, assuming it to hold for all values of o 
when @ = a and showing that this involves its validity for @ 


replaced by the summation (4 


ao 


a+]. In this process 2 


; and it is noted that when @ 0, (c) reduces to (hb). 
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Phen the ide ntity 


| fA)dxQ, ) = — 2x DV va,(Hfo-) + f JOdxa +0, t) 
j=-t 4 


fines the integral in tts left-hand member, provided a <t < 6. 
THeoreM 6. The definitions 1 and 2 are consistent with the operations 
addition, differentiation, integration, and multiplication by a constant 
cn these operations are performed under the sign of integration. Further- 
ore, if by any of these processes an integral is derived which may be evalu- 
ated as an tlerated improper Riemann integral, the value of this Riemann 


vlegral is consistent with the value obtained by performing the same opera- 


iS “upon 


P(t) = f(A dx, b. 

Not all of the details of proof of this general result are to be found in 
the preceding sections. It may be well, therefore, to. rapidly indicate 
them in this place. 

In the matter of addition and multiplication by a constant there are 
no difficulties which need be considered. 

As for differentiation, the difficulty is only slightly greater. For if 


@(t) = f(d)dx(r, 0) 

ix a true equation when interpreted as above explained, it is possible to 
separate out all the terms of o(n, ¢) of degree greater than — 2 in n. 
These having been removed from the integral, the remaining terms of the 
integrand satisfy the conditions of the proof of Theorem 5, and repeated 
differentiation of ® is permissible. The equivalence of the result thus 
derived with what would have been obtained had these terms not been 
removed is easily established. 

The case of integration is made to depend upon that of differentiation. 
lor if d(n, t) satisfies the conditions of definition 2, the same is true of 
the function @,(n, t) defined by the equation 


vf 


o,(n, t) = e '** | e'"'a(n, t)dn; 
“ew 
the path of integration being the real axis. Then the function 


»/ 


P(t) = fANdxaiQ, O, 


where 


1m 
x1(A, t) = } o1(n, then? *dn, 


e r 
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may be differentiated, the result of course, being the ®(f) used above, 
Hence 
Pil Pifj)dti + C 
and it is easily seen that C must be zero, since ®,( u 0. Since x, is the 
result obtained by formally Integrating X from uu to f under the 121 
integration, the desired property of integrability is established. 
That the second sentence of the theorem is true may be verified 
the fact that, if the conditions on @/n) are satisfied, dy cannot be Rien 
integrable unless 6 *) is zero to the second order. But if by the u 
the operations of addition, multiplication, differentiation and integrat 
function is built up which satisfies this condition, its expansion in de- 
scending powers ot Hl will involve ho terms which require the use Of adetini- 
tion 2. The result will be found by altering the path of integrat 
method which in this case is consistent with both Riemann integ: 
and integration by the method here explained. Henee the last sentence 
of the theorem is true. 
Theorem 6 is the principal result of this paper. It gives a meaning to 
many expressions which, so far as the writer is aware, have never | 
interpreted before. That Many of these expressions could be manitpuliat: d 
successfully, provided the form in which they were left by the last trans- 
formation could be interpreted hy ordinary means has been general! 
recognized by applied mathematicians: but their use was always COn- 
sidered as belonging to the Class of questionable operations, and when 
, it was found possible to do so, the results obtained were subjected to inde- 
pendent checks. It now appears, not only that reliance can be placed 
the final results, even when they are not interpretable by the custom 
means, but also that each separate step of the transformations is rigor 
justifiable. 

It is not within the scope ol this paper to enumerate the uses w! ich 
may be made of the above theorems; but it may not be amiss to give 
one or two examples of their application to the solution of different | 
equations. These examples are drawn from the paper on “ The Solu- 





tion of Circuit Problems’ to which reference has been made in thie 
F introduction, where they are treated in detail, although, of course, wit! 
as minimum of theoretical mathematies. They will be given here as briet! 


as possible, the reader being referred to the original article for tech 
elaboration. 

The first of these problems, which is given in section 12, deals with 
extremely simple electrical circuit, and is chosen for its didactic 
only. The second, which is much more difficult, deals with the solu' 
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the set of partial differential equations controlling the propagation of 
ctricity along a pair of parallel conductors. The third problem is 
iivalent to the solution of a set of linear differential equations of arbi- 
ry degree. It is discussed in section 14. 
|2. Example of the foregoing theory. The flow of electricity in a circuit 
utaining a resistance and capacity in series is in accordance with the 
juation 
RI+K{ Idi = E(), (36) 
e x 
here J is the current flowing, F is the applied electromotive force, and 
and A are the resistance and stiffness (reciprocal of capacity) of the 
reult. 
If is a periodie function, e'"', then J is periodic of the same period, 
nd the solution of the equation is* 
in 
i - Kt) 
Rin + kh 
\nv form of & may be expressed by the equation 
1 °*> *z 


E(t) =; dne'™' AXE (\)e7*™, 


) a 
a fi 


e Lr e xz 


Which represents, when physically interpreted, a summation of periodic 
erms, each multiplied by an amplitude factor 

: we 

sz | EQeWim da. 

4 a 
It is natural, therefore, to expect a solution for J in the form of a summa- 
tion of these same terms, modified by the factor in,(Rin + kK). The 
tentative result therefore is 


ref anf dEWem~—" 
- ‘ - Hl Nos L\ AIC Rin + _* 


© e/—@ 


That this is the true solution is found by substitution in the equation to 
be solved. 

The integration with respect to n is carried out along the path AB 
1A < ¢; otherwise along AC. Hence 


i sf in S whee 
’ ¢ tin(t—A) - - 
T Rin +A 


* The evaluation of | Jdt requires the use of the Casaro value of an improper integral. 
J-—@ 


5 dn = — Re! , 


‘Jaw 





— 
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if \ <¢t. Otherwise it is zero. The result for J is therefore appareyt| 


\ 
Kk “s = -¥F A 
fx <—-— E(\)e 4 dn. 
Bean 
But that this result is deficient follows from the fact that there is a term 
of zero degree in the expansion of in (Rin + AK) in descending powers of ) 
To this term corresponds the supplementary J term £2, so that finally 
l et nae e(t—a 
I Bit) -— + E(nv)e #4 dX. 
R Ii | Lr 
For instance, if Fit) = 0 for (<0 and Fit 1 for ¢t > 0, then / is 
zero unless ¢ > 0, in which case 
I Se Pa _ 
I — e 4 dX e * 
R RR, R 


That this result is correct is capable of direct verification by substitution 
in the original equation. There is no need for this, however, except as a 
check upon the computation, for the method has been thoroughly establish 

This simple problem may be solved in easier ways; but it serves th 
purpose in this place of showing how the definitions which have been given 
above overcome the deficiencies in an otherwise powerful method. A 
more formidable example occurs in the next section. 


13. Application to the solution of differential equations: the telegraph equa- 
tion. As stated in the introduction, the writer conceived the ideas which 
have formed the material for this paper from a consideration of the 
problem of the telegraph equation. This problem is here presented as 
briefly as possible, and serves to indicate the application of the Fourier 
integral to the solution of partial differential equations. 

The propagation of electricity along 4 pair of parallel sondienting wires 
takes place in accordance with a system of differential equations, which, 
if units are properly chosen. reduce to 

On _ ol | al aE - 

ar ~at , ~— az IK. oy 

If both J and E are assumed to be periodic in ¢, a solution is readily found 
in the form 





“yn 


I(x, t) = — ein, “4 (a6 me — Oe ***). 


‘vi 





+ fr), 
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On the other hand, if Z is not periodic, it can, for a given value of z, 
(), be expanded in a Fourier integral 


E(0, t) = | e'™'F(n)dn, 


which represents a summation of such terms as the periodic one above. 
It is not unnatural, therefore, to expect a solution for EF in the form 


em 


KE (2, {) = | [(Qi(nje™ a Qo(nje—'™Je'" ‘dn. 


If this is postulated, it is seen that 


1 (en 


Q,+Q =F = | E(0. d)e7* dd. 


| 
mi 


wherefore, introducing the notation 


7m 


{ ) 
i E(0, \)e~i™dd = Q,(n), 


9) a 
mil 


it follows that 


I 


a 
~n i 


7D Ls) 
E(z,t) = dn E(0, Nyei*™* [ay (nyet*™™ + qo(n)e—*™]dy. 
{ i 


e @ e/ D 


Inverting the order of integration, and writing 


wo Re ae eee ai 
x(A, t) = 2 [qi(njet™? + gqo(nje—*™]dn (38) 
e - Ml 
this takes the form 
; 
E(x, t) =5- | EW, d)dx(a, 0). 


It may be true that qg:(mje'"* and q2(n)e~'"* are essentially singular 
at infinity, owing to the exponential factors; but this complication will 
cause little difficulty. As to the location of the other singularities nothing 
can be affirmed in general from purely mathematical considerations. 
They depend upon the boundary conditions of the problem, and may con- 
ceivably lie either upon, above or below the real axis. Physical considera- 
tions show, however, that in all actual cases they must lie in the upper 
half plane, exeept when the problem has been idealized to such an extent 
us to put some of them upon the real axis. Even in this latter case, the 
sume physical considerations warrant the use of a path of integration 
ufliciently far below the real axis to avoid these singularities. 
For the purpose of this argument it will be assumed that all points 
' the real axis are regular points, and that the cuts are fortuitously dis- 
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tributed, as required throughout the preceding sections. It 


Is then 
possible to vary the path of integration to such an extent that i] 
avoid the origin, and thereafter to split (38) into four portions iny 9 
one exponential each. Consider only the first of these, 
r ; — Qy,\ il 


. i } l 


which is representative of all. It is seen that, at infinity, gm is appr 
imately equal to* — in + [\/ + 1) 2], so that the quantity im 

finite and regular there. Indeed, it is regular at all points of the co: 
plane, excepting the two winding points n = vandn = ki. This h: 


been established, (39) may be thrown into the form 


XY1 r, l n ( , Oy, dn. 


where 


This function an satisfies all the conditions which have been imy 
upon the function 6 throughout this paper as regards singularities. 
. "x : . 7 9 " 
follows that | - E(O, X dy _ and therefore | KO, X dx, may he suber 


to the processes of repeated differentiation and integration with respect 
to either x or f. 


Suppose then that the integrals 


| rf sb / (). Xv dy ( yi mye oi nye ldn 
}( 
: = f° tm 
Ste.4 eal 08 kiO.X\dX 1! qyi nye —qo(nye (1) 
are substituted in the equations 37). Upon performing all the operations 


under the signs of integration, and interpreting the results accordin: 
the principles of section 11, it is seen that (37) is satisfied. 

The first thought which is suggested by a glance at (40) is that a solu- 
tion which appears in such a complicated form is of very little use. 2 
it must be observed that a method of evaluation has been obtained w! 
does not require an improper integration with respect to n— and w! 
the complicated n 


integral is removed from consideration and the expr 

sions are written in the form | m E(O. x dy ». 2).. thev appear extrel 

simple. Whatever difficulty may remain is due to the complicat 
* The 


sign has been arbitrarily chosen to agree with the original paper. 
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y ire of the boundary conditions, which will manifest itself in compli- 
' ed values for q; and qe. 
: The actual form which these functions take in dealing with the sub- 
4 rine cable, and the difficulties of numerical evaluation are discussed in 
paper on ‘* The Solution of Circuit Problems,” to which attention 
heen invited above, and to which the reader who is interested in 
owing the matter further is referred. 
|4. Application to the solution of differential equations: the generalized 
Heaviside expansion. As a further example, consider the set of differential 
quations, 
a) a] a] ; 
Mis) a Pla + aiel = le + + a € I, = f(d), 
an( 5) a. (5) j ' 4 ; 
d fa 0 
Geit = IT, + adool = I, + + flo - I, = 0, 
(55) (5) ' (<;) 41) 
4) 0 a) 
aa(= +a Int +++ +a,( 4 I, = 0, 
ot “Lot : al 
which ay;, dy, +++, Gs are linear differential operators of any order. 
Denote by A the determinant 
1)] in Qy}° in) os ay in 
(oy(in) Gaolin) +++ Ges(in) 
A 
A | in) Q .o in) _* % A,.(An 
d by M,, the minor of a;;, and build up the expressions 
| Pe an M, in } 
: fi A)dd mt ein(t-Vdn, 42) 
f on J « mae 2 Alin) 
If \ has no roots for real values of n, these expressions may be repeatedly 
differentiated, and henee may be substituted in the set of equations (41). 
Chis being done, there result the expressions 
| Ls : is ] s i : ee 
(J : fi r)dd , da in)M,,(in)e'™* dn. 
fe J_« Alin) ja3 
But S° a,,(in)M,,(in) is equal to zero or A, according as 7 is or is not differ- 
cnt from unity. Hence it follows that Q; = 0, unless 7 = 1, in which case 
it reduces to f(t). That is (42) is a solution of the system of differential 
equations (41). 
The functions M and A are polynomials in terms of in. Suppose 4 
{ t 
S a 


i 
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that M A is divided out until a remainder N is obtained which is of deere 
lower than that of A; and that V A is then expanded, as it may be, i 


La 
set of partial fractions. Formally the result will be* 
-= par in)* + > : —~, 
A ° (in — wn; 
where K’ is the degree of A in in. Substituting this result in (42) and 


evaluating the terms of the second summation by the method of section 5, 
and the terms of the first summation by the method of section 11, it is 
found that 


ih vr a 


I; = =p, , f(t) + Xa fi Nye"hk'M dy + Sai f( Neth dy. 1 
Here qg;~ denotes one of the terms in which n, lies in the upper half of 
the complex plane, and g,~ one of the terms in which n, lies in the lower 
half. 

In case every p, and qg,~ is zero, and f(\) = WA) 27 this reduces to 
Heaviside’s formulat 
kh 
f=>F (1 


— 


iil 


From a mathematical standpoint, the formula (43) is” principally 
important, in that it represents a particular solution of a set of linear 
differential equations, written in a very explicit form. It is hardly neces- 
sary to observe that a great deal could be said about boundary conditions, 
and complementary solutions and the like. But these matters are of 
sufficient importance to justify a title of their own, and like certain others 
which have been mentioned in the course of the argument, must be passed 
by for the present. 


15. Resumé. The paper consists of three parts, the content of which 
is as follows: 


s 


a) A discussion of the Casaro limit of a class of divergent integra: 
leads to the conclusion that it may be found by evaluating a Cauch 
integral about well-defined paths. 

b) It is found that an important class of Stieltjes integrals may be 
differentiated and integrated under the sign of integration, provided that, 
when differentiation is performed, left-hand unilateral derivatives 2re 
used. 


* Provided the roots of A are all different. 


If any of them is repeated the form of the 
pansion is different. 


+ This formula, the importance of which in circuit theory is sufficiently attested by th 
that it possesses a name, was stated by Oliver Heaviside without proof, 
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c) The results of the two preceding parts of the paper are brought 
shear upon a ¢lass of double integrals which, in any ordinary sense, are 
With the aid of a fortuitously chosen set of definitions 


dW? (d), it is shown how these can be assigned meanings con- 


-istent with those operations to which they are most likely to be subjected 


e 
= 
& 
thout meaning. 
..¢ rn the solution of differential equations. 
4 use of the theory. 


Several examples illustrate the 


The purpose underlying the choice and development of the material 


not to exhaust its possibilities along any one line; but rather to indi- 
exnte a general line of research which, it is hoped, will be found of sufficient 


practical value to justify its more extensive development. 


i ARCH LABORATORY OF THE AMERICAN 
PELEPHONE AND TELEGRAPH COMPANY AND 


WesTERN Exvectric Company, INc., 
November, LOLS, 
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AN ANALYTICAL SOLUTION OF BIOT’S PROBLEM. 


By Tsurvicut HAYASHI. 


In H. Laurent’s Traité d’Analyse, tome 5, 1890, p. 110, we find the 
following problem due to Biot: Find a plane curve, such that all the 
luminous rays emanating from a fixed point, after two reflections on the 
curve, return to the fixed point. Laurent’s solution is very simple, 
applying the common law of reflection, but it is wrong. Prof. M. Fijiwara 
has given a true solution to the problem in the Tohoku Mathematical 
Journal, volume 2, 1912, p. 149. I shall here give an analytical solution. 


a ae 

















Let O be the source of light, and let Omm,O be the path of a ray. 
Let uw be the angle which Om or mm, makes with the tangent mM at mm, 
and let u, be the angle which mm, or m,O makes with the tangent mi, 
uty. Drop from O perpendiculars OM, OM, on mM, mM, respectively. 
Then M, M, lie on the pedal of the required curve. 

Take O as origin and Ox, Oy as rectangular coérdinate axes. Then 
the rectangular coérdinates (x, y) of the point m are connected with the 
polar tangential coérdinates (p, ¢) of the same point by the relation 

xrsin ¢ — y cos ¢ = Pp, 
213 
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u being the perpendicular OM, and ¢ being the angle between Min 
Ox. This relation is the equation to the tangent Mm. Hence th 


equation and that got by differentiating it with respect to ¢, Le., 


id 


‘is 


, 


reose+ysing = dpdg, = p' say, 


} 


give the rectangular coérdinates (x, y) of the point m in terms of the 
polar tangential codrdinates (p, ¢). Thus 


t= p sin ¢ + p’ COs ¢, 
y= — Pp COs ¢ + p’ sin ¢. 
The equation of OM is 
reosg tysnge = 0. 
Therefore the rectangular€coérdinates (VY, }) of the point VW are 
X = psin ¢, y = — pcos ¢. 


Hence the tangent to the pedal of the required curve, i.e., the locus of 
M, at M has the direction given by 
dy d p cos ¢ p cos ¢ — Pp sin a 
iy = Oe Oe , = tan ®say. 
(le adipsin ¢ p sin ¢ +t pcos ¢ 
Now by the relation 


reos¢e +ysing = p, 


mM is equal to p’, so that 
tan uw = pp’. 
Hence the angular coefficient of mm, is given by 
J sing + peos¢ 
ten (eo +p) = — 
| Pp COS g — Pp sin ¢ 
Pherefore 


l.e., mm, and TM make right angles. 

Similarly m,m and 7T,M,, tangent to the pedal at M,, make right 
angles. Therefore TM and 7,M, are parallel, and the perpendiculars 
OT and OT, dropped from O on TM and 7,M, respectively lie on one 
and the same straight line. Denote the length of OT by P, so that the 
polar tangential codrdinates of the point VW are (P, &), while its rect- 
angular codrdinates are (Y, Y 

The equation to mm, regarded as passing through m, is 


pr 


, pus ? ’ 
7+T PCO g— p sin ¢ = tan (¢ + pw) -l(E— psng — Pp COS¢ 








to 
— 
or 
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heing current coérdinates. But 


—~tan(e+uy)-(psin ¢ + p’ cos ¢) — pcos gg + p’sin ¢ 


2pp’ - 


p’ cos ¢ — psin ¢ 


1 


— 2pp'(p? + p”)— (cos pw eos ¢ — sin pw sin ¢)~ 
= — 2pp'(p? + p”)“* {eos (¢ + wu) $7 
= 2pp'(p? + p’)~sin &)-. 


similarly, from the equation to mm,, regarded as passing through m,, 


. ; — 
— tan (eo: Tr Bi) * (Pi SI Ci + pi COS ¢1) — P1 COS ¢1 + Pi Sin ¢1 


) 


= 2pipi' (pi + pi )“*(sin &;)7. 


These two expressions must be equal, since they come from the equa- 
ms to the same straight line mm,. Hence 
pp p> + p’) ‘(sin @)7! = Pipi (pr + py )~*(sin @,)7). 
Bu 
?, = TF — ®, 
Theretore 
pp'(p? +p”) + pip (pi? + pi’)? = 0. 
Now by a well-known theorem, OV is the mean proportional between 
OT and OM.* Hence 
P= p(p? + p’) 
Therefore 


dP ~p p’ + 2pp” _ pp’ p” de 


db — p- ~4.. p™ , dd- 

But from the relation 
.; ; ,?P _ = . 
gtu=e¢rt+tan g@3T ?, 
Nave 
de > p+ p” 
- dd p — 2p" —_ pp” 
lL herefore 
dP pp’ 


dd (p? + p”)! 2° 
Similarly 
dP, a Pipy 


d®, : (pr? + m")' 2° 


“See, e.g., Willamson’s Differential Caleulus, 1892, p. 228. 
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But the sum of the right-hand members is equal to zero as has heen 
shown above. Therefore 
dP. dP, 
dé * dé, 


i.e., 
P'(b) + P'(@ + 7) = 0. 


Integrating with respect to ®, 
P(b) + P(®@’+ wr) = const. 


Hence the pe dal of the re quire d curve is a curve of constant breadth. 
The converse can be similarly treated. Singular solutions are got by 


putting 


tan(¢ + yp) = 0 or = ©, 
1.€., 
p’ sing + pcos ¢ = 0), or p’ cos ¢ — D sin go =z). 
Le. 
const. const. 
i sin — } - ke COS ¢ ; 


Therefore the oval included by two confocal parabolas having the same 
axis, but in opposite senses, is the required curve. 


SENDAI, JAPAN, 
May, 1920. 








MINIMAL SURFACES CONTAINING STRAIGHT LINES.* 


By James K. WHITTEMORE. 


The Enneper-Weierstrass equations of a minimal surface? S are 


f° 


ig 1 
= : | (1 — u*)F(u)du +5 | (1 — v*)d(v)dr, 


| y = = fia + u*)F(u)du — i fa + v*)d(v)dv, 


Z= | uF(u)du + [ ro(v)ar. 


for a real surface S the functions F and ¢ are conjugate; for a real point 
with a real tangent plane u and v have conjugate values. The direction 
cosines of the normal are 
utp 7 iv — u) . uv — | 
X = , Y= , Z= —— . 

uv + 1 uv+ ] ur + ] 


In the following paper we determine the function F so that a real 
minimal surface S shall contain one or more given straight lines or portions 
of such lines. In the first section we use Schwarz’s formulas for a minimal 
-urface containing a given curve and having at each point of this curve a 
given tangent plane. In the second section a different and somewhat 
-impler method is used, giving the result of the first section in a different 
form and other results. In both these sections the results are applied to 
derive certain familiar theorems and several facts believed to be new. 
In the last section we apply the results to double minimal surfaces showing 
a connection between these surfaces and minimal surfaces containing 
~traight lines. 

$1. Schwarz’s Equations. In 1875 H. A. Schwarz gave the equations 
of & minimal surface containing a given curve and having at each point 
of this curve a given tangent plane.t If the equations of the given curve 
are 

x= rt), y = y(t), g = 2(f), 


* Presented at the meeting of the American Mathematical Society, New York, Apri! 26, 1919. 
t Darboux, Lecons sur la théorié générale des surfaces, vol. . 2d ed., p. 344. Eisenhart, 


ential Geome try, p. 256. 
! Darboux, Le., p. 449. Eisenhart, l.c., p. 266. 
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and the direction cosines of the normal to the surface are V(t), Yit). 7; 
the equations of the surface may be written 


ru) + xr ey ins dy —— 2 
D) a : == f ) _— — { = ( j 
(2 J ; a | 20 di } 1» F | 


~ 


with similar equations for 7 and 2. 
We choose as the given curve a straight line parallel to the z axis, 


i 


writing 
= @, y = 6, 2 = {-: N = cose, Y = sing, Z=(0. 


where a and } are constants and ¢ is a real function of ¢. We seek to 
determine F(u) in (1) so that the surfaces given by (1) and (2) shall he 
identical. Since u,v and u;, 7; are the parameters of the minimal curves 
of the surfaces (1) and (2) respectively we may assume without restriction 
that wis a function of u; alone if the surfaces are the same. A necessary 
condition for this identity is obtained by equating the partial derivative- 
with respect to uw; of corresponding codrdinates in (1) and (2). We find 


or a ] | \&B du 

3 == sin ¢ — OP 1) ' 
Oly 2 . 2 duy 

OY ) ? | P du 

2 = COS ¢ = —-— U . "(ey ’ 
Ou; y . 2 duy 

Oz ] ; du 

~~ m—s wP(u);-., 

Ou; ) du 


where ¢ is replaced by u; in ¢. The first two equations give 


tang =2 
. 1+ u 


from which uw = e*'. From the third equation we then have 


l 


Piure 


Now since ¢ is a real function of u,, the same is true of ¢’, and the latter 
is a real function of ¢ = — 7 log u, so that necessarily 
( ; i : 
3) Fiu) = —R( log u 

u 
where FR is a real function of its argument. Substituting this value o! 
F in (1) and at the same time 

r ? 

g(v) = — =R(—7 log r) 
7 
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it appears that for any real function R we have, for uw — 1 = 0, dx = dy 
Z = 0, so that (3) is both necessary and sufficient that the real surface 
S, given by (1), contain a portion of a line parallel to the z axis. 
\We make two applications of the result obtained. First, let us deter- 
tine What real minimal surfaces applicable to surfaces of revolution or to 
-piral surfaces contain a portion of a line parallel to the z axis. All such 
‘, i -urfaces are given* by taking in (1) 


7 


F(u) = cy~?tetes 


where ¢, m, n are constants of which the last two are real; if n = 0, S is 
applicable to a surface of revolution; if m = 0, S is a spiral surface. In 
order that a surface of this kind contain a portion of a line parallel to 
the z axis 
1R(2 log wu) = cu™t** = cette lee 

from which it follows that m = 0 and c¢ is pure imaginary. All such 
~urfaces are then given by F(u) = cu~**"', and homothetie surfaces. If 
0, Sis the right helicoid; if n + 0, S is a special spiral surface, which 
las previously been proved to contain part of the z axis.7 

As a second application let us determine all real double minimal 
~urfaces containing a portion of a line parallel to the z axis. Real double 
minimal surfaces are given by (1) whent 


Fi(u) = - 46(- *): 
ui u 
| l 1 ] i : 
- a )- <1 R| ~ i tog (— )] = SRG toe u+ 7). 
u u u u u 


It is to be noted that the expression last written has the same form as 
fu), which is necessarily the case since it must again give S if used in (1) 
in place of F(w). For a double surface this expression is equal to F(u); 
a necessary and sufficient condition is that R have the period 7. If we 
choose (a) R constant, S is the right helicoid; (b) R(x) = 2 sin 2z, 


Fiu) = 1 ut — 1, S is Henneberg’s surface;§ R(x) = 2 cos 2x gives the 
sume surface rotated about the z axis through 45°; (c) R(v) = — 4 ese 22, 
Fiu) = 1 (1 — ut), S is Scherk’s surface;t (d) R(~) = — 4 sin mx cos nz 
fives 

, (u™ — u~™)(u"™ + um") 

F(u) = = ; 

u- 
* Darboux, L.c., pp. 359, 368, 396. 


+ Transactions, vol. 19, no. 4 (1918), p. 325. 


t Darboux, Le.., p. 410. See also p. 346. 


§ Eisenhart, Le., pp. 267, 260. Darboux, Lc., p. 327. 
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S is a double surface if m and n are integers whose sum is even, and is 
algebraic if m and n are numerically different integers. 

$ 2. Lines Parallel to the rj Plane. We consider the condition that the 
real minimal surface (1) contain a line, or a portion of a line, parallel to 
the xy plane, given by 


x—ytans =¢, Z = Co, 


using a method quite different from that of the preceding section. Along 
this line, supposed to lie on (1), 


dx — tan sdy = dz = SXdr = 0. 
From these equations and (1) it follows 


ut+r)tan3+ier—u) =0 v = ue, 


Substituting the value of v last given in dz = O from (1), 
e~ "FF iu) + e%'¢g( ue) = 0. 
In the last equation we write u = u’e~*', which then becomes 
ei F (ye ®) + eFig(u'e®) = 0. 


Since the two terms of this equation are conjugate for real values of u’ we 
have necessarily 


e7-F F u'¢ os) iR u’ 


where F is a real function. We may write F(u) in the form 


It is easily proved that if F(u) has the form last given the line lies in the 
surface (1), so that the condition for F(u) is sufficient as well as necessary. 
In particular if the surface contains a line, or part of a line, parallel to 
the y axis, 8 = 0, F(u) = iR(u): to contain a line. or part of a line, 
parallel to the z axis, 3 = 7 2, F(u) = iR(ui). The last condition may 
conveniently be written F(u) = p(u) + ig(u), where p and q are both real 
functions, p being an odd function and q an even function of wu. It is 
evident that F(u) = ig(u), where q is a real even function of wu is both 
necessary and sufficient that (1) contain lines, or parts of lines, parallel 
to the z and y axes. The function F(u) has the form last given for the 
right helicoid, g = 1 u*, evidently the only real minimal surface — 0- 
taining lines parallel to all the lines of a plane; for Enneper’s surface,” 
q constant; for Henneberg’s surface, q = 1 + 1/u‘; for Scherk’s surface, 


* Darboux, |.c., p. 373. Eisenhart, l.c., p. 269. 
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»=1(1+u*). The last three as given are rotated 45° about the z axis 
from the positions in which they are usually given. 

$3. Double Surfaces. It has been stated in $1 that the condition 
that equations (1) give a real double minimal surface is 


1 1 
F(u) = a (-/), 


where F and ¢ are conjugate functions. Darboux has given the solution 
of this equation* in the form 


, ] . , 1 
F(u) = “a e(u) —¢ (- 1.) |. 


where ¢ and gy’ are any two conjugate functions. We have solved the 
equation in a different form, which may be shown equivalent to Darboux’s, 


as follows: 
Let F(u) = P(u) uw? and ¢(u) = Q(u) /u?, where P and Q are conjugate. 
The condition for a double surface becomes 


P(u) = - a(- ; 


We write P = p + iq and Q = p — iq, where p and q are two real func- 
tions of u. The condition is replaced by the two equations, 


] 1 
pu) = —v(-)), au) =a(-{). 


Replacing u by (u+1/u) 2+ (u—1/u)/2 we may regard p and g 
as two real functions of the two variables, u + 1/uandu-—1l1/u. The 
conditions for a double surface become 


( ] I ] ] 
piut-,u- )=->(- “+ e-——F, 
u u u u 

4 ] ] (- ie 1 _ :) 
q\ u ie = q uti iw = ee 


Evidently it is both necessary and sufficient for a real double surface that 


II 


F and ¢ be conjugate and that 


od I i I ‘) 
F=ip(uti.u-)taa(ut yet uy’ 


where p is an odd function and qg an even function of the argument 
‘+ 1u. Henneberg’s surface, for example, is given in two different 


*L.c., pp. 411, 412. 
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, \ : - 4 1 9 ; - 2 1 9 
Fou =i(1+-;)- | («4 y -2]- | (u- +2]. 
ut u- u } Ton u 


It is clear that in the first expression p is an odd function, in the second 
both values of g are even functions of u+ lu. It may be noted that 
the generalization of Henneberg’s surface given by Darboux,* 


l aw AS 
F(u) =- ( += | (u- 'z 
iu u, u 


8 being an odd integer, is an immediate consequence of the preceding 
result. The general solution of the functional equation for real double 
surfaces can be given a third form, which may be convenient for some 
purposes, namely 


i : ee ] 
F(u) = R| u- i(u+ )|. 
uo u iu ’ 


where F is any real function of the two arguments. 

We consider again the problem of § 1, to determine F(u) so that the 
surface given by (1), supposed real, shall contain a line, or part of a line, 
parallel to the z axis. We use the method of §2. We require that for 


uv — 1 = 0, dr = dy = 0. From dr = 0, we find, substituting v = 1 u, 


; l l 
I | ie .o( ). 
u* U 


and observe that if this condition is satisfied we have dy = 0 along the 
same line. This equation resembles so closely that for a double surface 
that it is natural to solve it in the same way. The solution may be given 
the three forms, 


. ai it 2%: , , 
F(u) = ue yiu) — ¢ =] ’ g and ¢ conjugate ; 
/ 


, l ( l l i ( | l ) 
f iL) ;p c-—. =: j+a8 Te a a ’ 
u- u u u- u u 


\ 


p and q real functions of their arguments and odd and even function= 
respectively ofu— 1 u; 


R any real function of its arguments. It may be proved that these 


* Lc. p. 421. 
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results are in agreement with those of § 1. It may also be proved that all 
of the special forms of F(u) determined in this and the preceding sections 
are unchanged when F(u) is replaced by — 1 /u#¢(— 1/u). 

We now prove several theorems concerning straight lines of double 
surfaces. Suppose first a real double minimal surface contains lines, or 
parts of lines, parallel to the z and y axes; then 


. 7 l 1 * 
F(u) = “a(u +-,4u ~sh 
u? u u 


where qg is a real function of both arguments, an even function of u + 1 u, 
and an even function of wu. It follows that gis an even function of u — 1 u, 
and the surface must contain a line, or part of a line, parallel to the z axis. 
We may state the theorem: the necessary and sufficient condition that a 
real minimal surface, which contains two perpendicular lines, or parts of 
such lines, be a double surface is that it contain also a line, or part of 
a line, perpendicular to the two other lines. Real double minimal surfaces 
containing lines, or parts of lines, parallel to the three coérdinate axes are 
the right helicoid, F(u) = 7 u*; Henneberg’s surface, F(u) = i(1 + 1/u‘); 
Scherk’s surface, F(u) = 7 (1 + wu’). 

We prove the following generalization of the preceding theorem: the 
necessary and sufficient condition that a real minimal surface, which 
contains two plane geodesics, not straight lines, in perpendicular planes, 
be a double surface is that it contain a line, or part of a line, parallel to 
the intersection of the planes of the geodesics. We remark that a plane 
geodesic of a surface, not a straight line, is necessarily a line of curvature, 
and that the normals to the surface along such a curve are perpendicular 
to the normal to the plane of the geodesic. Suppose a real minimal sur- 
face contains two such plane geodesics in planes parallel to the rz and the 
yz planes; the normals to the surface along these curves are perpendicular 
to the y and x axes respectively, and the equations of these two lines of 
curvature are then v = u, and v = — u. On substituting these values 
in the differential equation of the lines of curvature* of (1), 


F(u)du? — $(v)dv? = 0, 


it is easily seen that F must be a real even function of u, 


1 l 
F(u) = Ev(uti, u— , 
uw u 


u 


If the surface is a double surface p is an odd function of u + 1 u, conse- 
quently also an odd function of u — 1 u, and the surface therefore contains 
a line, or part of a line, parallel to the z axis. Conversely, if p is an even 


or” 


* Eisenhart, Le., p. 257. 
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function of wu. and an odd function of u — 1 u, it is also an odd funetion oj 
u +1 u, and (1) is a double surface. Henneberg’s and Scherk’s surface: 
are examples of real minimal double surfaces containing two plane 
geodesics, not straight lines, in planes parallel to the xz and yz planes, 
and part of a line parallel to the z axis, when given in the forms, 


] ] 
Fu) =1-4=4(u+i)(u-Z), 
ue 6 ou u u 


I l l 


ae ee ')( )) 
ee tee 
7 u u 


No real minimal surface contains a line, or part of a line, and a plane 
geodesic, not a straight line, in a plane perpendicular to this line. The 
condition that the surface (1) contain a line parallel to the y axis is 
F(u) = iR(u); that v = u be a line of curvature is F(u) = R,(u), where 
R and R, are both real functions. These conditions are evidently in- 
compatible. 

We prove finally two theorems relating to associate surfaces of a real 
double minimal surface. A surface associate to the real minimal surface 
(1) is given by the same equations when F(u) and ¢(v) are replaced by 
e“F(u) and e~“ g(v) respectively, where a@ is a real constant.* In par- 
ticular @ = 7 gives a surface symmetrical to (1) with respect to the origin, 
a = 7 2 gives the adjoint surface. We prove first that no surface asso- 
ciate to a real double minimal surface, except the symmetrical surface, 


a = 7, is a double surface; second, that no surface associate to a real 
double minimal surface, except the surface itself, a = 0, the symmetrical 
surface, a = 7, and the surfaces adjoint to these, a = + 7 2, can contain 


a straight line or part of a line. As previously stated the surface S, 
associate to (1) is given by replacing F(u) in those equations by 


, ] 
e“F(u) = weal cosa —qsina +i(psina + q cos a)], 
where 
. — ] 1 
uF (u) = pth, k) + igh, k), h=u-+-, k=ou--. 
u u 


If (1) is a double surface p and q are odd and even functions of h respec- 
tively. If S, is also a double surface 
psine =qsina = 0 sina = 0 


? ’ 


and a = Oor 7x. 


* Darboux, l.c., p. 379. Eisenhart, l.c., p. 263. 
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If S, contains a straight line, or part of a line, we may without restric- 
{ion suppose the line to be parallel to the z axis. Then p cos a — q sin a 
and p sin a + q cos a are odd and even functions of k respectively. We 
may put this property in evidence by writing 


p cosa — qsina = Af(h, k*), psina +qcosa = ¢(h, k*). 


Remembering that p and q are odd and even functions of h respectively 
when (1) is a double surface, and changing the sign of h in the preceding 
equations, we have 


— peosa —qsina = kf(—h, k*), —psina+aqcosa = ¢(— h, k*). 


If the first two equations are solved for p and qg and the values obtained 
substituted in the last two the resulting equations may be written 


kf(— h, k*) + kf(h, k*) cos 2a = — ¢(h, k*) sin 2a, 
g(— h, k*) — ¢(h, k*) cos 2a = — kf(h, k*) sin 2a. 


Since an even function of / and an odd function of & cannot be equal 
unless both vanish, we must have sin 2a = 0, and a = 0, + 7 2, or =. 
In order that the real minimal surface (1) be a double surface and contain 
a line, or part of a line, parallel to the z axis it is both necessary and suffi- 
cient that p be an odd function of each of its arguments, h and /, and 
that g be an even function of each of its arguments. If these conditions 
are satisfied the symmetrical surface S, has the same properties. In 
order that (1) be a double surface and that the adjoint surface S,,, 
contain a line, or part of a line, parallel to the z axis it is both necessary 
and sufficient that p be an odd function of h and an even function of k 
and that gq be an even function of h and an odd function of k. For example 
the surface given by (1), when 


F(u) = a(« +:), 
ue u 


is a real double surface, ¢ being of course the conjugate function, whose 
adjoint surface contains part of a line parallel to the z axis. 


YaLe UNIvERsITy, 
April, 1920. 
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AN EXTENSION OF GREEN’S LEMMA TO THE CASE OF A 
RECTIFIABLE BOUNDARY.* 


By Epwarp B. Van VLEcK. 
The current proofs of the fundamental Green’s Lemma, 


a we OX J ( 


1) 


introduce notable restrictions upon the boundary C of A, the usual 
restriction being the hypothesis that the boundary is cut by a paralle! 
to the axis of x in only a finite number of points. So far as I have ascer- 
tained,7 no proof has been previously given covering the general case in 
which the boundary is merely restricted by the requirement that it shall 
be rectifiable. Such a proof is given in this note, and furthermore, no 
condition is imposed upon P(x, y) except its continuity and the integra- 
bility of its derivative dP dx over the two-dimensional field K. 
Cauchy's basal theorem for an analytie function, 


f(z)dz = 0, 
then follows in the usual way, being thus extended to the case of a recti- 
fiable boundary. It should, however, be remarked that this theorem is 
also established in Jordan's Cours d’analyset under the hypothesis of a 
rectifiable boundary but independently of Green’s Lemma. 

For simplicity of presentation the proof of Green's Lemma is first 
given for a simply connected region bounded by a simple closed rectifiable 
curve, that is, one without double points. The unessential restriction 
of a boundary without double points and of a region with simple connec- 
tion is then quickly removed. The method of proof adopted is capable 
of extension to corresponding theorems in three or more dimensions. 


Consider a region K of the plane bounded by a simple closed rectifiable 
curve C: 


y= Bit). y = vil) i = = ‘ie (ty) = @ t’), Wito) = y(t’ 


* Presented to the American Mathematical Society March 29, 1919. 

i For extensions of a different nature se« Cino Poli, Atti della r. Academia de lle Scienze 
Torino, vol. 49 (1913-4), pp. 248-258, and M. Picone, 
Palermo, vol. 43 (1918-9), p. 239. 


fendiconti del Cireolo Matematico 


+ Vol. 1, second edition, pp. 185-191, 
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For convenience we suppose that a point O within the curve is taken as 
the origin of coérdinates, also that the curve is described in a positive 
direction when ¢ passes from t, to t’.. Inclose C in a rectangle with sides 
parallel to the axes. Then subdivide the rectangle by means of two 
-vstems of parallels, 


x= m2", y = m’/2" (m, m’ = 0, + 1, +2, ---). 


Thereby it is divided into squares of side 1/2". If n is a sufficiently large 
integer, O will belong to four initial squares, all of whose points inclusive 
vf their boundary points are interior to C. To these initial squares we will 
annex any other square which borders one of the initial squares along a 
~ide and which is entirely free from points of C. If one of the annexed 
~quares is similarly bordered by a square entirely free from points of C, 
we will annex this square and continue the annexation until it is no longer 
possible to annex squares entirely free from points of C. In this manner 
we obtain a connected region consisting only of points interior to C, which 
we will eall the checkerboard net K, belonging to the origin O for a given 
value of n. Obviously A, is included in K,.4;. 

This checkerboard net is a simply connected region bounded by a 
simple polygon whose sides are parallel to the axes. To see this, trace 
any boundary line of the checkerboard net until it first returns upon itself 
at some point P. The portion included between two successive passages 
through P is a simple closed polygon whose sides are parallel to the axes 
and consist of segments of length 1.2". Clearly the interior of this poly- 
gon, like the perimeter itself, is interior to C. Now each segment of the 
perimeter separates a square S’ of the checkerboard net containing only 
points interior to C from a square S”’ which contains at least one point of C. 
The squares inside the polygon therefore belong to the checkerboard net. 
Since also no square exterior to the polygon can be connected with one in 
the interior by a chain of contiguous squares without including an S”, 
this polygon is the whole of the checkerboard net A,. The latter is 
accordingly a simply connected region bounded by a simple polygon, as 
stated. 

[t can next be shown that when n is sufficiently increased, A, may be 
made to include any assigned point P interior to C. For let P be con- 
nected with O by some continuous curve OP lying wholly within C.  De- 
note with 6 the minimum distance between points of OP and points of C, 
and increase n so that the length of the diagonals of the squares composing 
K,, shall be smaller than 6. Then any point of OP will either lie within a 
“quare containing no points of C or lie on a common side of two such 
~quares or be the vertex common to four such squares. The line OP must 
therefore lie within K,,. 
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Since C is rectifiable, it is also squarable; in other words, the total 
area of our squares containing points of C can be made smaller than a 
prescribed ¢ by sufficiently increasing n. Denote with A the area within 
C. The total area of all squares wholly interior to C will be greater than 
A-—-—e. For fixed n = N this total area may consist of a number oj 
separate pieces which are composed of squares of side 12%. If a point P 
is selected in any one of these component squares, it will be included within 
K,, when n is sufficiently increased, and simultaneously with P the whole 
of the component square. Hence all the squares composing our fixed area 
will ultimately be included in A,,... Consequently by sufficiently increasing 
n the area of AK, may be made to differ from that within C by less than «. 

Consider now a function P(x, y) which is continuous over the closed 
field A bounded by C and has a derivative dP(x, y) dx which is properly 
integrable over this field. By a well-known theorem* the existence ot 
the proper double integral f f/(dP dx)drdy over a rectangular field with 
sides parallel to the axes carries with it the existence of the two iterated 
integrals and their equality to the double integral. Now this iterated 
integral fdy f (dP dx)dx is equal to the curvilinear integral /(-P(2x, yidy 
taken in a positive direction around the boundary, the components of this 
curvilinear integral over the horizontal sides of the rectangle being, of 
course, equal to zero. Hence Green’s Lemma (1) holds for each square 
of our checkerboard net. By addition of the squares we obtain 


rnp 9P : 
2 | | 5, dedy = | Por, dy, 


K, 0. 
where C,, denotes the boundary of A,,. 

The remainder of our work consists of the extension of Green’s Lemma 
from A, to the field A by passing to the limit with indefinitely increasing ”. 

By hypothesis dP dz is properly integrable over AK and has therefore 
an upper limit .V to its absolute value. By sufficiently increasing n the 
difference of the areas of A and K,, can be made smaller than a prescribed e. 
Then the left hand member of (2) will differ from that of (1) by less than 
eM. Consequently the left hand member of (2) approaches the left-hand 
member of (1) as its limit when n is indefinitely increased. 

Before making a comparison of the right-hand members of (1) and (2 
it may be remarked that the former is given its natural meaning and 
is accordingly a Stieltjes integral obtained as follows. Let the interval 
(to, & = t,.1) be subdivided by successive values ¢;, to, +++, tk, «++, tn, and 
denote by R;, = (x;, y,) the corresponding points of C. Form the sum 


(3) Do PEL, 1k) *(Yuur — Yn); 


. ct. Hobson, The Theory of Functions of a Real Variable, § 31 t, p. 425. 
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in which (£;, 9.) denotes a point taken arbitrarily on C between R,; and 
?,., inelusive. If this sum tends to a limit when n increases and the 
maximum size (norm) of the subintervals ¢,,; — ¢,! is indefinitely de- 
creased, the limit is the integral denoted by the right hand member of (1). 
This limit exists when P(r, y) is continuous and y(t) is a function of 
limited variation.* In the case before us the variation 


nn 


2. Vir) — Yi(t)| = > Yrri—™ YR. 

k=O k=0 
ix limited because this sum is less than the length Z of our rectifiable 
curve (, 

Suppose that the t-norm has been taken so small that the difference 
hetween the approximation (3) and the right-hand member of (1) is less 
in absolute value than an assigned «. Without infringing this requirement 
we may modify the partition RoR, R, --- Ris, of C and correspondingly 
the sum (3) in the following manner. If any division R;,R,., of C is a 
horizontal segment, the corresponding term in (3) is zero since Yis1 = Yee 
Each succession of such horizontal divisions may therefore be merged into 
«a single horizontal division R,R,., without changing the value of (3). 
If then an adjoining piece R,.,R” of the division following (similarly of 
the division just preceding) is also a horizontal segment, we will inter- 
polate between ¢,.; and ¢,.. a division point t” corresponding to R”, 
modifying at the same time the sum (3) correspondingly. Then the hori- 
zontal piece Ry.,R” can be merged with R,R,.;. In this manner let the 
horizontal divisions of our partition be made of maximum length. Each 
horizontal division R,Ry,., is then followed (and similarly preceded) by 
a division in which there are points (x, y) as near to R;,, as we please for 
which y — yeoy, + 0. Our partition of C is then normalized. 

We now proceed to partition the boundary of our checkerboard net. 
Start from any corner P», of A, and trace its boundary C, in a positive 
direction. As we pass successively through vertices of component squares 
of K,, denote these vertices by P;, Ps, P3, «++, omitting in this enumera- 
tion all vertices on each horizontal side of C,, except its extremities. The 
vertical sides of C,, are thus divided into segments of length 1,2", while the 
horizontal sides are multiples of this length. (Fig. 1.) 

To this partition of C, we will make correspond a partition QoQ:Q2 --- 
of © in the following manner. Every line y = m,2" which crosses or 
bounds A, ceases to cross or bound it at a point P;. We will take as the 
corresponding point Q; the first point in which the line meets C after 
emergence at P;. (See Fig. 1.) A division point Q; of C is thus obtained 


* Cf. Vallée Poussin, Cours d’analyse infinitésimale, vol. 1, 3d ed., § 346. 
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for every P, except those at which the interior of A, makes a 270° bend, 
Suppose, if possible, the line to meet C, between P, and Q,, and let P’ bye 
the first point of meeting. Then P,P’ and one or the other of the two 
portions of C, between P; and P’ would together form a simple closed 
polygon whose interior is entirely free from points of C and should the 


re 
Te- 


fore belong to the checkerboard net, whereas it hes without. It follows 
that the interior of the horizontal segment P,Q; Is exterior to A,. Any 




































































Fic. 1. 
two such lines P,Q, and P,. .Q,., with the included part 
Go a og. eile ae 


of C, and the corresponding portion of C will bound a simply connected 
region interior to C and exterior to A,. Into this region the lines 
P .j,Q:.; (J < kh) penetrate. Since the points Q;.,; are the points where 
these lines first meet C, they must be included on C between Q; and Q 
It follows that the order of the Q,; on C is exactly the same as the order of th 
corresponding P; on C,. 

It remains yet to fix a point Q, on C corresponding to a vertex P, 01 
K,, at which the angle of the polygon is 270°. If at the other extremity 
of the horizontal side which terminates in such a P, the angle is not 270 
we have already fixed a point Q corresponding to that extremity. We will 
then make this same point correspond also to P, so that we have eithe! 
Qi1 = Q; or Qi, = Q,. On the other hand, when the angles at bot! 
extremities of a horizontal side P,P,,, are 270°, we will slightly modify 
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polygon A, in order that the corresponding points Q;, Qj.1 on C 

| have the same ordinate as P; and P;,,;. According as the exterior 

i, lies just above or below P;P;,;, we will move this side parallel to 
itself upward or downward until it first contains a point of C (see Fig. 2). 
The amount of this vertical displacement can not exceed 1,2". The 
teration in A, merely increases its area and therefore does not affect 
the validity of our previous comparison between the double integrals 
| and (2). We will now take as our points Q;, Qj.: the points* of C 





n the new and displaced side P;P,;.; which are nearest to P; and P;., 
respectively. Thus Q,, Q).; are inserted in order on C between Q)_; 
and Q).4. 
It will next be shown that the Q; remain partition points of C when 
ix increased by 1. The segments P,Q, were, in fact, the portions of the 
lines y m 2" which are included between C, and C. Now these lines 
are included among the lines y = m 2"*!'. Since A,,.; contains A,, the 
segment P,Q, is merely replaced by the portion of the segment included 
between A, ., and C when nis replaced by n + 1. Hence the Q; continue 
to be partition points when n is increased. To see that this is also true 
of @, and Q;.;, consider the squares exterior to the (unmodified) K,, 
which border it along P;P,;,, before displacement of this side. Since these 
are of side 12", each is divided into four subsquares when n is increased 
by 1. Some of these subsquares may be annexed to A, to form Ay4:. 
It @), Q).; lie in subsquares adjacent to P;P;,,, it is impossible to annex 
all the adjacent subsquares. Hence either the whole of P;P;,, or portions 
of the same are included as sides in the boundary of A,.;. The angles of 
A... at the extremities of these sides are obviously 270°, and Q;, Qj+1 
are the points of C nearest to one or two of these sides. Thus Q;, Qjs: 
play the same réle relatively to A,., as to A,. On the other hand, if 
none of the subsquares adjacent to P,P;,, contain either Q; or Qj.1, all 
these subsquares may be annexed to A,, whereby P;P;,,; is displaced by an 
amount 1 2"*') Then Q; and Q),,1 lie in subsquares adjacent to the dis- 
placed P|P,,, and the situation is exactly the same as that just described. 
\ecordingly Q;, Q).; have the same relation to the unmodified A,4; as 


* The two points may, of course, coincide. It may be further remarked that when the dis- 
wement of the side is exactly 1/2", we have a coincidence of P;, P).1 with Pj-:, P).2 and cor- 
pondingly of Q;, Qj. with Qj-1, Q).2. 
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to the unmodified A,, and they must therefore be retained as divisi 
points of C when n is increased. 

Parenthetically it may be remarked that our final checkerboard ne+ 
K,,. obtained through modification in the manner above described, js 
included in the modified A,,.;. 

We will next see that when n is sufficiently increased, the division points 


Nn) 


Q, enter into any portion of C which is not a horizontal segment. Tis is 
true, for example, even if horizontal segments are everywhere dense in the 
portion considered. For proof, take any two points Q’, Q” with different 
ordinates in the portion under consideration; and let m,2" be an inter- 
mediate ordinate. Draw the line y = m 2" and suppose Q’ to lie below this 
line, Q” above. A sufficiently small vicinity of any point of C below the line 
can not contain any points interior to A which are above the line. As we 
pass along C from Q’ to Q’’, we must come either to a last point of this nature 
or toa first point Q whose vicinity, no matter how small, will contain in- 
terior points of A above the line. The former alternative is impossible since 
the point would be the limit of points with vicinities of both characters, 
and any vicinity of the point would therefore contain interior points of A 
both above and below the line. Clearly Q lies on the line y = m 2" 
Consider now an interval of the line having Q as its center and a length 4 
less than the minimum distance from Q to any point of C not included in 
the portion Q’Q”. We will establish the intuitive fact that the interior 
of A must cut across the interval. Suppose, if possible, that it does not. 
Describe a circle of radius 6 2 about Q as center. The semi-perimeter of 
this circle below the interval is crossed one or more times by the interior 
of A since any vicinity of Q contains points interior to AK and below 
y= m2". Take a piece AQB of the are Q’QQ” of C with a length les- 
than 6,2, A being supposed to lie between Q’ and Q. This piece will 
contain all points of C sufficiently near to Q since C is by hypothesis 
without double points. Hence AQ will be part of the boundary of one 
of the pieces of the interior of AK which penetrate into the semicircle 
below our interval. Then QB is the continuation of its boundary. Since 
by hypothesis the interior of this piece does not cross the interval, it follows 
that all points of QB lie on or below the line y = m/2". Now no other 
portion of A exterior to this piece can come within a sufficiently small 
vicinity of Q since C is without double points. Consequently in a sufhie- 
iently small vicinity of Q there can not lie any points of K above y = m 2’ 





which gives a contradiction. We conclude therefore that the interior o! 
K crosses the 6-interval, as stated, and cuts out one or more subintervals. 

Consider any one of these subintervals. Let J be an interior point. 
When n is sufficiently increased, J will be included within our checker- 
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ward net K,. The vector JQ emerges then from K, between J and Q, 
aud the first point in which it meets C after emergence will be a division 
int Q, of C. This point lies in Q’QQ”. Hence the points Q; will enter 
into any portion of C which is not a horizontal segment when n is suffic- 
iently increased. 
Qur partitions PoP:P, --- and QoQ:Qs --- of C, respectively were so 
formed that corresponding points P?; and Q; have the same ordinate y;. 
With respect to these partitions we will now form approximating sums for 


| Pix, ydy and } P(x, y)dy. To prove then that the latter integral is 


the limit of the former when nv is increased indefinitely, it will suffice to 
show that the difference between these two approximations, and between 
each approximation and the corresponding integral, can be made arbi- 
trarily small by sufficiently increasing n. 

(‘onstruct first with respect to C, the sum 


{ SP(E, ni’) (Yin — Ya), 


in which y,.3, y, are the ordinates of P,.;, P; and (é,;’, 7,’) is an arbi- 
trarily chosen point of P,P;.;. In this sum all terms vanish except those 
which relate to vertical segments P;P;., of C,. These are of length 1 2". 
Now the quadrilateral bounded by the linear segments P;Pj.1, P:Q:, 
P .,Q,.,; and the are Q,Q,.,; of C is exterior to A, and contains in its 
interior no points of C. Also in the checkerboard division of A each 
vertical segment P,P ,,, of A, borders a square exterior to A, which con- 
tains at least one point of C. This can only be if the are Q,Q;.,; enters or 
touches the square and accordingly contains at least one point (£;, 7,) 
inthe square. Take such a point (£,, »,) for every are Q,Q;.1 correspond- 
ing toa vertical P;P;,, and an arbitrary point of the are when y; = Yi+1, 
and construct the sum 


’ SP(Ei, ni) (Yina — Yas 
1 


“ince P(x, y) is supposed continuous over A, the variation of P(x, y) 
can be made less than an arbitrarily assigned ¢ simultaneously in every 
checkerboard divisions of A by making the norm 1 2" sufficiently small, 
i.e., by making n sufficiently large. Then the difference of the approxima- 
tions (4) and (5) is numerically less than eS; y;-1 — yi}. Sinee Yinir-y: | 
is the vertieal distance between two consecutive divisions points Q;, Qi+1 
of (, this quantity is less than eZ, where L denotes the length of C. 
furthermore, by the same uniform continuity each term 


P(é’, ni) *(Yiar =, Y:) 
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in (4) will differ from the value of P(x, y)dy, taken along C, between 


P, and P,.,, by less than ¢€ y,.1 — y, . Consequently the values 


(4) and of P(x, y)dy ean also be made to differ by less than the arbitrary 
e/f 
quantity el by sufficiently increasing 1. 
It remains now only to prove that the sum (5) can be made to differ 
from } P(x, y)dy by as little as we wish. To establish this, let us compare 


5) with an approximation (3) for the latter which corresponds to a 
partition RoR,R, --+ of C normalized in the manner previously described. 
We will suppose that the é-norm for the partition is taken so small that the 
variation of Por, y) in each R,R,., (with the exception of horizontal 


divisions) is less than an assigned e’, and also so small that the approxima- 


» 


tion (3) differs from Pix, yidy as little as we wish. Denote by »v the 


number of horizontal divisions R,R,., which are horizontal segments. 
If now, as we shall suppose, n has been taken sufficiently large, the 
Q.Q,.; will be found in every R;R,.,; except the v horizontal divisions. 
and, furthermore, the distances along C from the terminal points R,, 2 
of the horizontal divisions to the first Q, in the divisions respectivels 
preceding and following may be supposed less than an arbitrarily assigned e.. 
To facilitate comparison between (3) and (5), put in (3 


Fist — Fe = Gi — Pe) T Vint — i) es ee 8 
when points Q,, Q..;, -+:, Q.., are contained in R,R,.;. Similarly writ 
Yr Ye = (Ye —YD + Yur - y 


when Q,, and Q,.; are separated on C by a R,, and 
Yisr— Yi = (Ye — Yd) + (Yaar — Yr) + Yrs — Yoo 


when separated by a horizontal segment R,R,.;. We have thus split 
up (3) and (5) for comparison into an equal number of terms corresponding 
to the same subdivisions of (. 

These subdivisions are of four sorts. First, there are the v horizontal 
divisions of the R-partition. The corresponding terms in (3) and (9 
vanish since the ordinates of the extremities of such a division are equal. 
Secondly, there are 2v adjoining subdivisions, each less than ¢’ in length 
If M denotes the maximum of the absolute value of P(r, y) upon ©, the 
sum of the 2v components in (3) or in (5) corresponding to these <ulh- 
divisions will not exceed 2ve’M in absolute value. Thirdly, we have a- 
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ihdivisions such of the Q,Q.,, as lie each entirely in some R;,R,~1. 
The corresponding terms in (3) and in (5) will then not differ by as much 
as € Wear — Ys. Lastly, we have subdivisions Q,R, and R,Q;.; due 
ty separation of Q; and Q;.; by an R,. Since the multipliers of y, — y 
and y..1 — ye in (5) are values of P(x, y) taken at points of Q.Q:,; and 
hence taken from the same or adjacent divisions R,,R, and R;R,.;, they 
differ from the corresponding multipliers in (3) by less than 2e’’. It 
follows that the values of (3) and (5) differ by less than 


be Mt eS yor — ye +t 27S ye — yi t+ Yinr — Ys) 
< 4ve’M + &’(L 4+ 2L). 


Now we first prescribed e’’ and then fived an R-partition with some value 
of »y. Then by sufficiently increasing n we made e’ and therefore e’y as 


small as we please. Hence by prescribing e’’ and increasing n we may 
make (3) and (5) to differ as little as we choose. Since also (3) was 


chosen arbitrarily near to Pix, y)dy, we conclude that when n is 


indefinitely increased, the sum (5) approaches this integral as its limit. 
This completes the proof that the limit of the right-hand member of (2) 
ix the right-hand member of (1) and establishes Green’s lemma for the 
case of a simple rectifiable curve. 

extension can now be quickly made to the general case of a simply 
connected region bounded by a rectifiable curve C. Multiple points of 
("may exist, and portions of it may be bordered by the interior of A on 
opposite sides, being twice traced and in opposite directions when C is 
completely described. The preceding proof applies except for the two 
paragraphs which show that the Q, enter with increasing n into any portion 
of ( which is not a horizontal segment. To establish this we may make 
use of the fact that when the boundary of a simple connected region is 
the continuous image of a circle, all of its points are ‘“‘attainable.”* In 
other words, any point of the boundary can be reached from any interior 
point by a polygonal line lying entirely in the interior (except for its end 
point on the boundary) or approached as limit point by a polygonal line 
consisting of an infinite number of interior segments. Since C is recti- 
fiable and continuous, it is the continuous image of a circle, and all of its 
points are consequently attainable from the interior of A. 

Consider now any portion of C which is not a horizontal segment and, 
as before, take on it any two points Q’, Q” with different ordinates. From 

* Schoenflies, Die Entwickelung der Lehre von den Punktmannigfaltigkeiten, Zweiter Teil, 


p. ISO; Jahresbericht der deutschen Mathematiker Vereinigung, 1908. 


if the correspondence between the boundary and circle Is also one-to-one, the former 1s a 


ripple closed curve, 
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any point S in the interior of A draw non-intersecting polygonal lines SQ’ 
and SQ” which “attain” to Q’ and Q” as end- or limit-points. The 
two lines together, like a cross cut, divide the interior into two separate 
regions. For if there remains a connected whole region, we could draw 
in its interior a simple closed polygon starting at S on one side of the lines 
SQ’, SQ” and terminating at S on the other side. One of these lines, enter- 
ing the interior of the polygon would have to remain in it, which contra- 
dicts the hypothesis that they attain to Q’ and Q” respectively. 
Consider now the region bounded by Q'SQ” and the are Q’Q” of ( 
under consideration. Let m 2" be any ordinate intermediate between 
those of Q’ ,Q” and draw as above the line y = m2". The interior of our 
region cuts out a finite or countably infinite number of intervals on this 
line. We will show that at least one of these intervals has an end point 
on the are Q’Q”.. Suppose, if possible, the contrary. Then every interval, 
considered as a crosscut, divides the region into two parts, for one of which 
the are Q’Q” is a part of the boundary while for the other it is not. Any 
interior point of the region whose minimum distance from the are Q’Q” 
is less than that to Q’SQ” must obviously lie in the former of the two parts. 
Draw now in the interior of the region a polygonal path connecting two 
such points A and B, the former of which lies below y = m 2" and the 
other above. This path crosses any one of the above intervals only a 
finite number of times. 


Suppose it to cross an infinite number of the 
intervals. 


As we are concerned only with a limited portion of the plane, 


this infinite set of intervals on y Dn 


= m2" must have the lower limit 
zero to their length, and there must be at least one limit point for the 
set. A limit point, on the one hand, must lie on Q’SQ”, being the limit 
of end-points of our intervals which themselves lie upon it; on the other 
hand, since the continuous path approaches to within an infinitesimal 
distance of the limit point, this point must lie on the path and hence be 
an interior point of the region. From this contradiction it follows that 
the path can cross only a finite number of our intervals. Now if in passing 
from A to B the path crosses any interval, it must ultimately cross back 
again, for otherwise it would remain in the subregion bounded by the 
interval and the included plece of Q'SQ” and hence could not reach B. 
teplace the portion of the path between the first point of erossing au 
interval and the last point of crossing the same interval by the segment 


of the interval between these two points. If the modified path still crosses 


an interval, do the same thing for the first remaining interval it eros‘, 
and so on. We have finally a path which does not cross any one of our 
intervals and thus connects A and B on opposite sides of the line y = m 2" 


without crossing the line. Since this is impossible, our hypothesis 1 
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tenable. We conclude therefore that some one of our intervals has an 
end point Q on the are Q’Q” of C. 

\We may now argue precisely as in the case of a simple rectifiable 
houndary that this point Q ultimately becomes a division point Q; of C. 
lf, namely, we taken an interior point Q of the interval which ends in Q, 
then Q will become a point of our checkerboard net when n is sufficiently 
increased. Since Q is the first point in which y = m/2" meets C after an 
emergence from the net, we conclude that Q is now a division point Q;. 
‘The remainder of our proof then applies as before. 

Extension can be readily made to the case of a multiple connected 
region bounded by n rectifiable curves, over which P(x, y) is uniquely 
defined. For this purpose the region can be rendered simply connected 
by drawing rectilinear cuts between pairs of boundaries. These cuts are 
without effect upon the right and left hand members of (1). 
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PERIODIC CONJUGATE NETS. 


By Epwarp 8S. HamMonp. 


Introduction. If » functions of uw and v, xr, x 
satisfy an equation of Laplace of the form 


, eee, 2) which 


o-r ‘a log a or ra] log h or 
l er ae : ele, aie —-+ er, 
Ouar or Ou Ou Or 


be interpreted as the homogeneous coOrdinates of a surface in (n — | 
space, the parametric curves on this surface are said to form a conjugate ne! 
Where no ambiguity arises, this svstem of curves or the surface on which 
it lies will be called simply the net V. Equation (1) will be called the 
point equation of NN. Now the functions* x; and 2x_;, given by 

or a log tf] or ‘4) log h 


=~ wy = > <—_ 2 Ll ig 1 = —_ " r 
fen a) Ou Ou 


~ 


are also homogeneous coOrdinates of nets, VV, and N_,, which are ealled 

the first and minus first Laplace transforms of N. Ny, has as its first and 

minus first Laplace transforms nets V. and N itself; Ns is called the 

second Laplace transform of NV. Developing these transforms in both 
senses we get a series of nets --- N_,, ---, Noy, N,N), ve 
called a sequence of Laplace.+ This sequence will be called the sequence 
\V,. In the first section of this paper general properties of this sequence 
will be developed. 

In section 2, we impose upon the sequence V, the condition that it shall 
be periodic; that is, that a certain Laplace transform NV, of NV’ shall 
coincide with itself. After transformation of parameters It is shown 

that the identity of NV, and NV involves the identity of N 5-1 and .\ 

and in general, of V_; and V_,. k 0,1,2,---,p. Necessary condition- 
on the coefficients of the point equation of V are derived and it is shown 
by discussion of the completely integrable systems of partial differential 
equations involved that these conditions are also sufficient. It is also 

shown that if an equation of Laplace of form (1) is the point equation o! 
J one periodic net, it is the point equation of an infinity of others of th: 

same period. 





The remainder of the paper is taken up with other sequences of Laplace 


* Here x; indicates anv or all of A similar usage is followed throug! 
t Darboux, Legons sur la théorie générale des surfaces, 2d ed. (1915), vol. IL, chap. 2 
998 


~~?) 





1ERIODIC CONJUGATE NETS. 239 


closely related to the sequence N,. The sequences studied in section 3 
involve certain properties of families of lines in higher ordered spaces 
which we proceed to develop. The lines joining corresponding points 
of a net .V and its first Laplace transform ‘, form a two-parameter family 
G. each line of which is a common tangent of these surfaces. Consider 
for the sake of definiteness the line joining the points on N and N, with 
parameters uy and vy. Through this line pass two developable surfaces 
all of whose generators are lines of G, namely, the tangent surfaces of the 
curve uw = uy on NX, and of the curve v = vroon Ny. Whena two-parameter 
family of lines in higher ordered space possesses either of these equivalent 
properties, namely, that each line of the family is a common tangent to 
two surfaces, and that through each line there pass two developable 
surfaces all of whose rectilinear generators are lines of the family, it is 
called a congruence. In 3-space any two parameter family of lines 
possesses these properties, but in space.of higher order this is not the case. 
The surfaces to which all the lines of G are tangent are called the focal 
surfaces and the nets N and .V, the focal nets of the congruence. 
Levy* has shown that the functions € and 7», defined by 


7 7 4A ox 6 Ox 

7) = 2 == ; P Se SS + 
Of ol ” 00 Ou 
Ov Ou 


where @ is any solution of (1), may be interpreted as the coérdinates of 
nets which will be called Lery transforms of N by means of 6. The points 
of these nets lie on the lines joining the corresponding points of V and 
Vy, VN, and NV, respectively, and the developables of the congruences so 
enerated cut the surfaces of the nets in the curves of the nets. In section 
, it is shown that these nets, there called No, ; and N_;, 9, are Laplace 
transforms of one another. It is also shown that .Vo,; is a Levy transform 
of V, by means of 6, a solution of the point equation of V, formed from @ 
by the same process by which the coérdinates of V, were formed from 
those of V. From these properties follows a very intimate connection 


{ 
~ 


between the two sequences of Laplace, N,, the original sequence, and 


V 1 of which N_,.9 and No.,; are two nets. The sequence .V,, +1 1s 
called the first Levy sequence. On it may be formed a first Levy sequence, 
V,.-.9 Which is called a second Levy sequence of N. The treatment given 


in section 4 of these sequences and of the Levy sequences of higher orders 
Which are analogously formed, indicates their close dependence upon the 
Laplace transforms of NV. They are actually the sequences of derived 
nets of higher orders studied by Tzitzeicat and others. 

* Levy, Journal de I'Ecole Polytechnique, Vol. LVI (1886), p. 67. 

f Pzitzeica, Comptes Rendus, vol. 156 (1913), p. 375. 














240) EDWARD 8S. HAMMOND. 


In section 5, the results of section 2 are applied to these Levy sequences 
and conditions for their periodicity are derived. Two interesting geom- 
etric configurations arising under special conditions are discussed. 

As a property of the Levy transforms of a net .V, it was mentioned 
that the developables of the congruences of tangents to the parametric 
curves of .V cut the surfaces of the Levy transforms in the curves of the 
nets. Whenever this relation holds between a congruence and a net 
they are said to be conjugate. Two nets conjugate to the same congruence 


are said to be in relation T and the transformation which earries one such 
net into the other is called a transformation T, to use the terminology of 


Eisenhart* who has developed a general theory of such transformations. 
The congruence to which both nets are conjugate is called the conjugat 
congruence of the transformation. In section 6, it is shown that similar 
Laplace transforms of two nets in relation 7 are also in relation 7’, and 
hence that two sequences of Laplace may be developed such that corre- 
sponding nets of these sequences are in relation 7. The problem of 
finding a sequence .\, so related to the original sequence .V, is reduced to 
the problem of finding a solution ¢ of the adjoint equation of (1) and 
quadratures. Owing to arbitrary constants arising in the quadratures, 
their integration gives a multiple infinity of such sequences between 
which certain geometric relations exist. 

The results of section 2 are then applied to these sequences, and it is 
found, first, that if equation (1) has periodie solutions, so has its adjoint; 
second, if such a solution @ be used in the determination of V,, the se- 
quences .V, are also periodic of period p. 

1. Sequences of Laplace. In the study of these sequences, two func- 
tions of the coefficients of equation (1), H and A, defined by 


o- log a dlogadad log h 


H = —-——-—-+ - . ; + ¢, 
OUdD Jl Ou 
4) 
K 0° log b dloga dé log hb : 
— = - - —— o os — C, 
OuUdV Or Ou 


are of constant occurrence. Their most important property is in connec- 
tion with the transformation to other coérdinates 2’, such that 

(5 rT= Az’. 

where ) is a function of wand». Since the codrdinates x are homogeneous, 
evidently this transformation has no effect on the net. The codrdinate- 
z’ do not satisfy equation (1), however, but are solutions of 


* Kisenhart, Trans. Amer. Math. Soc., vol. 18 (1917 (Bi. 
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0-8 a] aoe 0 bh oe 


—- = —jlog-— —ilog- = 
dudv ov "OU Ou By ov 


oe GF) ao b dlogadlogb 

+ ( — Guay B® — 9108) Gy 108, + = - ” c) 6, 
as may be shown by differentiation. If the functions H and K be formed 
from the coefficients of (6) and the resulting expressions reduced, it is 
found that they are identical with (4), that is, H and K are invariant 
under the transformation (5). They are called the Laplace-Darbour 
variants of the equation (1) or of the net V. If the independent variables 
are changed by a transformation 


7 u= d(u’), v= P(r’), 
the invariants H’ and K’ of the new equation are given by 
XQ H’ —_ o'(u’)y'(o')H, K’ _ o'(u’)y'(e') RK, 


where ¢’ and y’ are the first derivatives of ¢ and y with respect to their 
arguments, 
(‘onsider the codrdinates 
} or 0 loga 
4 mi1=>-. 2. 
: Ov ov 
of the net N, mentioned in the introduction. If we differentiate with 
respect to u, we get 
Ox 0 log b 
10 _ x, = Hz, 


Ou Ou 


a relation confirming the statement of the introduction that the lines 
joining corresponding points of N and A, are tangent to the curves 
’: = const. on N,. Then if H vanishes equations (9) and (10) reduce the 
solution of equation (1) to quadratures; also in this case, the surface \,; 
degenerates into a curve. But if H does not vanish, we differentiate with 
respect to v and find that the codrdinates x, satisfy the equation of Laplace 


0-6 dlogaH 06. dlogh ae 


duov av Ou du av 
11) 
2 7 } yr 0 log h 
4 0° bt b 0 log aH 4a log  , 9 log a ) log -_ 
Oudv a Ov Ou ov Ou 


which proves that N, is also a net, as stated in the introduction. This 
equation has invariants H, and A,, analogous to H and A, defined by 


oe: aH dlogad log b a aH 
“ vil om Oudav Og b ov oi au +c= H - aan 8 bh? 
(12) 
a ) loga A log! 
a tag OEE ow 


ov Ou 


~ guar 
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Since frequent use is to be made of the point equation of nets associated 
with a net heving the point equation (1), for the sake of brevity we denot: 
such an equation by the expression 


13) ivi: a;, 6;, ¢,], 
which means that the codrdinates x, of the net .V, satisfy the equation 


a-Aa ra] log a; aad a log h aa 


Ou Ov or Ou Ou oO? 


14 


oxbe 


(" log c. fa) log a. o log bh, rs) log ao log h , ) 
af. - Rg A 


Ouaer en Ou : Ov Ou 


Also the net VV, has invariants 


O- a ra) log ad log h 
H,=-., =—log —-4 + ¢, 
; dudl C; oO} Ou 
15 
e a h a log ado log h 
A; = =; log ” ; : + ¢, 
P Oud? Cc ad Ou 


In this notation (11) becomes 


16 cs. aH. h. h al, 
and the effect of the transformation (5) on the point equation is expressed 
by 
7 a h, c 
li ; ’ ’ 
} nN Re Be ak 
The minus first Laplace transform, V_,, is the second focal surfac 
of the congruence of tangents to the curves v = const. of NV. For, by 


the definition of its coérdinates given in equation (2), the lines joining 
corresponding points are tangent to N, and the equation obtained by 
differentiating these codrdinates with respect to v and using (1) shows 


them to be tangent to V_;. The point equation of this net is denoted by 


18) [v_1; a, bK, ab). 


(Consider now the congruences of tangents to the parametric curves 0! 
V,;. We have seen that the congruence of tangents to the curves 
v = const. has NV and NV, as its focal nets: that is, NV is the minus first 
Laplace transform of V,. This is also obvious as a consequence of equa- 
tion (10), whose left member is the expression for the codrdinates of the 
minus first Laplace transform of V, formed by analogy with (2). 

The second focal surface of the congruence of tangents to the curves 
u = const. of .V,; is the net .V., the second Laplace transform of VV. Its 
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ordinates 
0x, OlogaH 

14) = Ss i ¢ U1, 
Ov Ov 


using (9), 


=~ 7 Ov Ov Ov" 


Ox <dlogaH dr Ps dlogadlogaH 0 loga 
a — + - - x 
a ov Ov Ov ’ 


<atisfy the equation denoted by [x.; aHH,, b, b? a?H). 
(‘ontinuation of this process in both the positive and negative senses 
vives the nets of the sequence NV,. 
The codrdinates of the rth Laplace transform .V, are 
OX ,—| OlogaHH, --- H,_» 


: x 
Ov Ov oe 


‘() Ir= 


or, by repeated substitution, 


oz o'r 
>| ee a Oe ee a 
Ov ov ° 


where the A,., are functions of a, H, H,, ---, H,-2 and their derivatives. 


The point equation of NV, is 
b 
= & Rs +++ Ban Seg... vA 


The equations analogous to (10) and (19) are 


Or, 0 log bh 62; 0 log a, 


23 p> = i... ids 1 a o eae = - Ty — be +» 
Ou Ou . Ov Ov 


and they will be used as formulas for the partial derivatives dx, du and 


Ov, an) - 


On the negative side of the sequence, the general Laplace transform 


\V_. has eoérdinates 


Ox...) OlogbKK_,--- K-..2 
I = = _ . \ —e = 
Ou Ou 
or 
ox o°'z Or, 
24) re = 5+ Byer acit + Bais t+ Bot, 
Ou" j aus! Ou 


Which satisfy the equation 


¢ 
yj . . . 
=) z.,; €,0KK_, +--+ K-44, ; 
+h Ke! «++ Kisses 
The formulas corresponding to (23) are 


26) = J_. - ? = = 
wae’ — dv dv = 


Ot. 0 log b_. OX. 0 loga i 
. + 6 Fue = —— 7 + | re meee ee 4 
Ou Ou 


4 
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From (23) and (26) it follows that if H,-; or A_,,1 vanishes, the sequence 
terminates; for the surface V, or N_, degenerates into a curve. This 
is a special case of great importance* but it is not before us in this paper. 

2. Periodic Sequences of Laplace. In the introduction, a periodic se- 
quence was defined as a sequence such that a certain net NV, coincided 
with the original net V. When this is the case, the coérdinates x, and 
z must satisfy the relation 


Lod tp = X wu. vz. 


where X is a function of u and v at most, and is the same for all n coérdi- 
nates. The coérdinates x, satisfy the equation denoted by 


he 


this result being obtained when r in (22) is replaced by p. From (17 
(27), and (28), the codrdinates x must satisfy 


29 aHH,---H,, b be ’ 
(2! ¥; pas , 
d N’ a?H?..- Hy od_ 
as well as the fundamental equation (1). Since in every case which we 


shall consider there are at least three coérdinates zx, the coefficients of 
dx du, Ox dv, and x in (29) and in (1) must be equal. We have therefore 


. 0 aH .--H 1 0 log a a] h a) log bh 
(30 — log = ‘ . —log. = . : 

Ov n Ov ou 6K Ou 

o- h 
(31 _—.- log = (). 
OuUdV a’H»-|... H, oA 
From the equations (30), we get 
oe 0 log X dlog HH, --- H, ' 0 log X 0 
5 4 “ = - ’ ° me Ny 
OV OV ; Ou 


and from these 


a 0 
(33) ronal log HH, --- H,_, = 0. 


Using (32) and (33) in (31), we get 


+2 hp 
(34) 0 ) = 


—-—— ie . 

dudv FP avH... HH, 

which can also be obtained immediately from the equality of H, the in- 
variant of (1), and H,, the corresponding invariant of (28). 


* Darboux, l.c., p. 33. 
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[quation (33) may be integrated, giving 
HH, --- H,-, = UV, 
where U and V are functions of u and v alone respectively. 
From equation (8) we recall the effect of the transformation (7) on the 
invariants H and AK. Likewise under this same transformation 
H;' = ¢'(w)W'(v')A;. 
By giving to 7 values from 0 to p — 1 and multiplying, we get 
H'H, --+ H,- = HH, --- H,uldy)? = Uw) Vie) [e'y]”, 


where U and V are the transforms of U and V under (7). Hence ¢ and y 
niay be determined so that 


H'H,' --- Hy-1' = 1; 
then from (32), \ equals a constant,* m, since 


0 log X _@ log X _¢ 
Ou Ov ‘ 
In the remainder of this section, we shall assume that this transformation 
lias been made, dropping primes for convenience. 
After this change of variable, there are two necessary conditions for a 
sequence of Laplace of period p, namely 


30 HH,H,.--- H,-; = 1 


and equation (34). To show that these conditions are sufficient, we pro- 
ceed as follows. Differentiate 


Swi Lp = mI 


with respect to u. Using (23), (2), and (37), we find 


os H, 1 p—-1 = MIM}, 


Which states analytically the fact, evident from geometry, that if .V, 
coincides with N, then \,_; coincides with \_;. Differentiating the 
last equation with respect to u, and using (23) and (26), we have 
0 log bH,_; 0 log bA 
x 


39) Hy Hy -2%p-2 + Ay-1 - Xp-1 = MX. +m . 
ae Ou ‘ Ou 


Now K = H_, and H_, = H,_,, since (38) is a transformation of the 
type (5). The equality of K and H,_; may also be derived from (34) and 
36), using the values of these invariants given by (15). Then by (38), 


* Tzitzeica, Comptes Rendus, vo.1 157 (1913), p. 908. 
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equation (39) reduces to 


(40) He iH, al | 9 = MIM». 

If we continue this process we have in general, 

(41) MD pithtgne*** BocBeni © Mb, 
or, by (36), 

(42) tp, = MH, --+ Hy.;-12-; 


and finally 


(48 z= mz 


showing that .V is identical with its minus pth Laplace transform as well 
as with the pth transform. We observe that this process is reversible, 
that is, by starting from (43), differentiating with respect to rv, and 
reducing step by step, we may reproduce this same set of equations. 

If we refer to (21) and (24) it is evident that the p + 1 equations given 
by (41) when 7 takes integral values from 0 to p inclusive, are a system of 
linear partial differential equations of various orders which, with (1 
must be satisfied by the codrdinates of the fundamental net V of a periodic 
sequence. From this point of view, let us examine in detail the trans- 
formation from equation (38) into (40), as this is entirely typical of the 
change from any one of (41) into the next. The substitutions for 
Ox,-, Ou and dxr_, du from (23) and (2) first engage our attention. The 
value of dx,_; du used depends on the definition of x,~2. and on the use 
of the point equation of V,-». But this point equation is essentially the 
result of differentiating (1) p — 2 times with respect to v, a faet which 
becomes evident on consideration of the result of substituting the value 
of xz,-2 from (21) in the point equation denoted by (22). The value of 
dx_,; du used is merely the definition of the minus first Laplace trans- 
form. The rest of the reduction may be based as indicated on the two 
equations (34) and (36). From these considerations and from the re- 
versibility of the process we conclude that, by virtue of (1), its derivatives, 
and the conditions (34) and (36), any one of equations (41) or (42 
equivalent to any of the others. 

If the period be odd, let us set p = 2n+1, and 7 = nin (42), so that 
it becomes 


Trai = MHH, --- Hyp. 


Also by setting Pp = 2n a ] and 1 = nN 4. 1 in (41 a we get 


] 
Ton-1 = — He, Hon, +--+ Haldp. 
m 


The differential equations to which these are equivalent give values o! 
é 
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, lr de! and d"*!x/du"*! in terms of the 2n + 1 or p quantities 


os 2 Fz "Ss dx Ox 
4 , © , ° —_ , ° —_ 9 ss 7. © —~ ae 
au"’ dv*’ du" dv > Ou’? dv’ 
\l| other derivatives of order n + 1 may be obtained in terms of these 
e p quantities by differentiation of (1). Similarly, when the period is 
en, let p = 2n andi = n, n + 1, giving the two equations 


zt, = mHH, --- H,_,2- 


l 
L—,-1 = Hs, ‘ Hs, to? a. ae 
m 
By means of these equations and (1) all derivatives of the nth order but 
a’r du", and all derivatives of higher orders may be expressed in terms 
of the 2n or p quantities 


vs fs "“s Ox Ox 
au"? dur? avr? ? au? av’ 
In either case we have a completely integrable system of equations which 
possesses but p independent solutions. From this result follows the 
theorem stated by Tzitzeica: 

A sequence of Laplace of period p can exist in space of no higher order 
than p — 1. 

In particular we note: 

The only nets of period three are planar nets. 

It will be observed that the conditions (34) and (36) do not involve the 
constant m. Neither is it involved in the above discussion of the com- 
plete integrability of equations (1) and (37). Again, the equations them- 
selves show us that m is a significant constant, that is, one which cannot 
be reduced to unity by any change of parameter. Then the solutions of 
the system, which are the codrdinates x of our fundamental net .V, may 
be written x' (u,v; m), ti = 1, 2, ---, p. 

If we replace m by another constant, m’, so that we have the equation 
x,’ = m'x’, instead of (37), this equation forms with (1) another com- 
pony — able system with p independent solutions, which we may 
call x’ (u,v; m’). A similar set may be obtained for every value of the 
constant. We may state this result as follows: 

If an equation of Laplace be the point equation of a net whose Laplace 
sequence is periodic of period p, it is the point equation of an infinity of nets 


having the same property. 
Levy sequences. The first Levy sequence. In equation (3) of the 
introduction, functions £ and y are defined as the coérdinates of the Levy 
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transforms of V by means of a solution 6 of the point equation (1). Fo) 
the study of these transforms in connection with the Laplace sequeic 
it is advantageous to denote the codrdinates by xo, ; and x_;, 9, defined hy 
1 | 6 Hb ] 6_; i 

4 = - @ : ee ’ 

Fe .3 A A, Xr} 8 6_, A r 
as they indicate by their form that the points given by any parameter 
values lie on the line joining the points of V and its Laplace transform 
with the same parameters. The functions 6, and 6_,, defined by 


= 


ae dloga 0g Adlogh 
44) == 60 tae 
Ov dl P Ou Ou 
are called the first and minus first Laplace transforms of @ and are solutions 
of the point equation of V, and V_, respectively. As we have the relations 
oe : ae 


Gr), = — 7 g, bar ge 


UE 


Ju 
s 
portionality, and consequently are codérdinates of the Levy transforms. 
We shall accordingly denote the Levy transforms by Vo, ; and .V 
their point equations are denoted by 


= ag, b- 
45) Pr oe ee Ml 
da 4 ad 


the functions x»), ; and x_;, 9 differ from ¢ and n only by factors of pro- 


and 
ag a 
I 0: _ ob, 
| I, 0; y @ | 
Let the net .V,,,-.: be defined by its codrdinates z,, ,.; namely, 
; 1 @, r, 
46) ase % ’ 
lad ae i] } 


where 7 is any positive or negative integer or zero, and where 6, is formed 
from @ by (21) and (24) as x, is formed from x. The order of the sub- 
scripts in .V, ,.; indicates that the points of these nets are to be considers d 
as situated on the tangents to the curves u = constant of the net -\ 
that is, on the line between any net. .V, and its positive Laplace transform, 
V,.;. The application of (23) and (26) to nets of this type leads to the 
theorem: 

Any Laplace transform N, of a net N has the nets N,-;., and Ny, 7.1 
its Levy transforms by means of 6,, the rth Laplace transform of a solution # 
of the point equation of N; or, N,.-.; is a Le ry transform of N, by means 
6,, and of N,., by means of 6,44. 
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Let us express the codrdinates of the first Laplace transform of N_,, o, 
following (2) and simplify them. We find 


Lm, 0 = Lo, ly 


that is, the Levy transforms of a net by means of the same solution of its 
point equation are Laplace transforms of one another. 

From the last two theorems N,_;,, and N,,,.; are Laplace transforms 
of one another for every value of r. Then N,,,41, (7 = +++, — 2, — 1,0, 
|,2.---), is asequence of Laplace; it will be called the first Levy sequence. 
In the expressions for the point equations and the formulas for the partial 
derivatives of the coérdinates of the nets of this sequence, it is necessary 
to distinguish between positive and negative subscripts. If r and s 
he positive integers, we have 


 aHH, + Haber pret iF 
ieee 8, + oH ..- H,.6, 1’ 


a ag... bKK K qt | 
‘wate a oe ee” a! See ae ee 


1 





| ee d log b 
~ = Hey frnt.e xr . 
Ou I. me Ou fi 
O2,.r41 @ log ay. r41 
ia — B Ir, r+ + Ur41, r+2y 
Ol ov 
a ae ee 0 log b_.-). —. 
° _ ungats aged + - —s—l, —s) 
Ou a. Ou 
O@.1.~. Ole Oicn ~ : 
: om : a Fe og Se Aiea tt ns. moet 
av av Be rms 


4. The second Levy sequence. Levy sequences of higher orders. The first 
Levy sequence is built up from the fundamental sequence of Laplace by 
the use of a solution @ of (1) and its Laplace transforms. On this Levy 
sequence which is itself a sequence of Laplace, we may build a second Levy 
sequence and so on indefinitely. 

Let @),, be a solution of equation (45). The Levy transforms of Vo, : 
by means of this solution are the nets No, 2 and N_;, 1, whose coérdinates 


are defined in accordance with (46) as follows, 


l Ay. s eo. 1 l 6_1. 0 t-1,0 
To,2 = ae ‘ L—1,1 = ’ 
Bo, 1 6;, 2 V1, 2 6_1. 0 Ay. l Xo, 1 


where 6;,2 is the first Laplace transform of 6,1, and 6_;,9 is its minus 
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first transform divided by H_;,», a quantity which oceurs similarly jy 


t_1.9. The point equations of Vo,» and NV_;,, are denoted by 


a ag;0;. » ; F ab, | ab 
cn die . Os : Bi ; » O, 
i) v0.25 pp e AA, 1, 1s p 10-1. 9 6_,6_, 


The same pair of theorems which established the first Levy sequence and 
the fact that it is a sequence of Laplace are valid here. We denote by 
N,,-29 and N_.»,_. the general nets of the second Levy sequence and 
give their coordinates, namely 


Using the second Levy sequence and a solution of (47), a third Levy 
sequence may be formed. We shall not give the details of this sequence 
but pass at once to the /th or general sequence. Here the net correspond- 
ing to .Vo,, and No.ois Vo.;. Its coérdinates and point equation and the 
accompanying differentiation formulas can be written down by analogy 
with the corresponding expressions for Vy. ; and No. 5, and their accuracy 
established by induction. Similar methods may be applied in the study 
of the other nets of the general sequence. The coérdinates of the general 
net .V,,., are defined by 


Pi nicht | Orat eek. Reidiwet 


where r is any positive or negative integer or zero, and / any positive 
integer. 

In forming the second Levy sequence, we made use of a solution 
of equation (45); we now investigate the nature of this function.  Sup- 
pose # to be a solution of (1) such that there is no linear relation con- 
necting 6, 6’ and the coérdinates x. If 


+ 


then 4); is a solution of (45). It will now be proved that, conversely, to 
a solution 69,1 of (45), not linearly dependent on the coérdinates 7 
there corresponds a solution 6’ of (1) linearly independent of the 2x’s and 
of #. Consider the net Vo, ; as the projection in (n — 1) space of a net 
No,1 In n-space whose codrdinates are xo. )", ao. 1, «++, Xo.1'% 8 


Phen the congruence G, composed of the lines joining corresponding poin'> 








PERIODIC CONJUGATE NETS. 251 


V and \,, is the projection of a congruence G in n-space conjugate to 
the net .Vo.;. One of the focal nets of this congruence, say .V, projects 
into the net V. Now the solutions x“ of (1) are coérdinates both of NV 
and of V and, with 6, play the same rdéle in both spaces in forming the 
coordinates wo, 1°? of No; and No; But in order to form the last co- 
ordinates of No, ;, namely @o,;, there must be an (n + 1)st coérdinate of 
\, a solution of (1) which may be called 6’. 

Again the third Levy sequence depends on a solution 69,» of (47) for 
itx formation. The argument of the last paragraph then demands as a 
necessary and sufficient condition for the existence of this solution a second 
solution @,.; of (45) not linearly dependent on those already obtained. 
In the same manner, @5,; calls for a third solution, say 6, of (1) not 
linearly dependent on the solutions already used, such that 


1 4 " 


h.1 = " 
Mv.1 = @ bh t 


The final effect of this argument is to base the Ath or general sequence 
on / solutions, 6, 6’, ---, @°*-» of (1) such that there is no linear relation 
between them and the x’s, 

For further developments, we must prove, as a lemma, a property of 
determinants. Consider the general determinant of the nth order 


D = |\ain|; lm=2=t1,2, -+- mn. 


Subtract from each element of the ith row the product of the corre- 
sponding element of the (¢ — 1)st row by a,,1 @;-1,1, @ = nyn — 1, +++, 2,) 


and develop the result by the elements of the first column. We have 


| ai.4 Q).92 l ay. 4 1.3 1 a1, 1 Qi, n 
@1,1/@e,1 2,9 @1,1.@2,1 42,3 1,1 @2,1 Ga,n 
D ae = 41,14 
l Qn—1,1 GOn—1,2 ] Ga—-1,1 Gn—1,2 
ay, t53 Qn, Ay, 2 Qn—-1,1 Qn, 1 an, n 
where A is of order n — 1, so that 
i 1 
eed) A = = dD. 
ay 


The coérdinates of No.» are 


1 Ay. 1 To, 1 4 
rp 9 = ° 1 
ke 60,1 O1,2 1,2 hee 
Using r = 0, 1 in (46) and the analogous expressions for 09,1 and 6;, 2 the aN 
coordinates x9, » become determinants of the form of A. On applying the ‘Teh. 
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property expressed in (53) to them, we find 


l ’, 
To.2 = ap 6, A, vy 06; Xs 
, 68, l 


the latter expression being an abbreviated form in which only the elements 
of the main diagonal are shown. 
Consider 2. x, the codrdinates of the net Vo... By definition 


l 6 ta I k—1 
x = 
H Ay. v1 
Then by (53) 
I : P 
= f » O, Xo 
? A A out kat we ’ 
and by its repeated use 
l + , iad _ ] 
fo. 4 = SS 6.8," .2 Fe 
ee See See ane an 


As this method of exhibiting the coérdinates of the nets of the Levy 


sequences is a purely algebraic matter, we have at once, 
l 


(54) Zk * = Go ins CS Rs 
OR sce eso & 


where r may be any positive or negative integer, or zero. We shall call 
the determinant in the above equation X,,,.,; a determinant like it but 
for the last column, in which the Laplace transforms of x are replaced by 
those of 6, a (k + 1)st solution of (1), we shall call 0, ,.,. Then 


ne l 
(D0 A. rt = 0. r4 
eS ee ae 
From (54) and (55), we have 
(56) GO. oni *** Bsc ne * Ae och 
and 
(57 | errr. Ces aes 
These equations are valid for any integral value of r, and for any positive 
integral value of k. If we replace & in (57) by & — 1 and use the result 
in (56) and (57), we get 
(58) eT iTrirtk = } eee 
and 





a ee = O,. x1 


Since the X,,,,, are proportional to the z,.,.;, the former may serv’ 
equally well as homogeneous coérdinates of the nets N 


r, r+-ke 
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In the preceding paragraph we have used solutions 6 linearly inde- 
pendent of the coérdinates x. The following theorem states the situation 
under the opposite condition. 

If a solution 6 of the equation (1) used in the formation of any Levy 
«quence be linearly dependent on the codrdinates x, all the nets of this Levy 
sequence lie in (p — 2) space; if i such solutions be used, in (p — i — 1) space. 

For, suppose 6 = Di=ig'?z2" where the g‘” are constants not all zero; 
then 6, = Lizig’? x," forevery k. Now using these values of the Laplace 


transforms of 6, we have 


Dg OX 4k = 10,041 °°° Ore GCs k = 0, 


t=1 
since the first and last columns are identical, that is, the codrdinates of 
all nets of the sequence N,,,,, satisfy the equation of the hyperplane 


i otg''2z'? = 0, where the 2‘? are current codrdinates. We observe that 
if all the g'® but one, say g”, are zero, the nets lie in the codrdinate hyper- 
planer’) = 0. If @ = Lith“ 2r™, then by the above argument, the nets 
of the sequence lie also in the hyperplane D{={h‘°z’? = 0. Thus they lie 


in the intersection of two hyperplanes, or in space of order p — 3. This 
proof may be extended to the case stated in the theorem. 
(Consider the coérdinates of the net N_,.,; r, s > 0, in the form 


re Se ee or 


where we have written only the elements of the main diagonal. For each 
of the Laplace transforms occurring in these determinants substitute their 
values as linear functions of the derivatives of the 6’s and the 2’s from (21) 
and (24). By suitable operations on the rows, the determinants may then 
he reduced to the form 

0°60 a*—'8’ or 9&—-) Orr 


-— «“ oy con oon : 
sah Ou* Out! ov! su" 


In this form the identity of the X_,.,, with the codrdinates of the derived 
nets of higher order / as defined by Tzitzeica is obvious. There are’ + 1 
derived nets of order k; for example, the Levy transforms N_,, 9 and Vo, 1 
are the derived nets of the first order; the nets N_». 0, N—1,1, and No, » 
are the derived nets of order two, and so for higher orders. We note 
especially that N_,,, is the derived net of N depending on 6 and @’ in the 
restricted use of that term; N, in turn, is the derivant net of N. Extending 
this term, we say that N is a derivant net of all nets N_,,,; 7, s > 0. 

5. Periodic Levy sequences. If a sequence of Laplace is of period p, 
and in (p — 1) space, we shall now develop certain conditions under which 
its Levy sequences have this same period. If the first Levy sequence is 
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to be periodic, we must have 


Xp, pot = ALO, 1, 


where \ is an undetermined factor of proportionality. By the use of (37) 


and the value of x,.; found by differentiating (37) with respect to vr, we 
obtain 

ri HY I X ty T 

tH tH 1 I ‘al Oy v} , 


that is, 


Now there are at least three codrdinates 2, and accordingly the coefficients 


of x and x; must be zero. We have m = A, and @,.; 8, = 6; 4 whieh, 
because of the definition of @,., and 4;, and equation (36), becomes 
a a 
Jj) — log = (. 
ai “7 
Let us now differentiate x,. ,.1 = mao,,; With respect to wu. By applying 


formulas already derived for such derivatives, we get 
I, 1 = a_} 


In this case, using (37) and (38) and expanding, we have H,_,4 
= 6, 6. Then (2) and (23) give 


. 0 H. 
HU log = (Gy. 


= 


Ou “ 
In consequence of (59) and (60), we see that 


fA = (',A 


, 


where (; is a constant whose value is to be studied further. To show 
that under this condition the nets V,—,.,~,.; and N_, _,,; are identical, 
consider the coérdinates 

] . r 


pws, § ra 
q . 
6, i| 9, ve Vp i+1 


j 


Since (41) and (42) are true for 6 if m be replaced by C;, we have 


Zp~i, p~it1 = MHH, --- H, See 


For the second Levy sequence also to be periodic, it is necessary and 
sufficient that 4), the solution of (45) by which the second Levy sequence 
is formed from the first, shall be such that 
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By referring to equation (52), we see that this will be the case if 6,’ = C,'6’. 
In general, we conclude that if the (k — 1)st sequence is periodic, the 
necessary and sufficient condition for the kth sequence to be periodic, is 
that 

6 tk-1 = CC, k-] 


P,P 


and that this condition will be fulfilled if 6, 6’, --- 6°*-? are such that 
their pth Laplace transforms are constant multiples of them. Evidently 
under these last conditions not only is the kth Levy sequence periodic, 
hut also all the sequences of order less than k. 

The disposition of the constant multipliers in various ways leads to 
~ome interesting results. By the last theorem of section 2, there are p 
solutions @ for every value of the constant occurring in (37). First, let 
us suppose that C, is equal to m. Then @ must be a linear combination of 
the x's and therefore the theorem of section 4 applies and the nets of this 
periodic Levy sequence lie space of order p — 2. This result was noted by 
Tzitzeica. For sequences of higher orders, it may be generalized into the 
following theorem: 


If a sequence of Laplace of period p lie in (p — 1) space, and has co- 
ordinates such that x, = mx, and if a Levy sequence of order k, periodic or 
nol, based on this sequence of Laplace, be formed by the use of k solutions 6 
of the original point equation, of which one is such that 6, = mé, the nets of 
his Levy sequence lie in space of order p — 2; if i such solutions be used, 
the Levy sequence is in space of order p — it — 1. 


To prove this theorem, we need first to recall that there are but p 
solutions of the system of partial differential equations satisfied by the 
coordinates of a periodic sequence of Laplace; therefore, if 6, = mé, @ is 
a linear function of the codrdinates x. The proof is then completed by the 
application of the last theorem of section 4. 

Consider now the Levy sequences which can be formed on a periodic 


sequence of Laplace by the use of the set of p solutions @, 6’, «++, @?7) 
such that 6,°° = m’@, m’ +m. There will be p periodic first Levy 
sequences, p(p — 1)2 periodic second Levy sequences, in general, as 


many of the kth order as the number of combinations of p things taken k 
at a time and finally, one periodic sequence of the pth order. It will now 
be shown that this pth sequence coincides with the original sequence of 
Laplace. For, consider the coérdinates of the net Vo, », namely, Xo, >. 
We have 


fa A’ coe QC p—l) zr | A gle) r 


On Op «++ 6.7) x, me mO ses mE) mex 
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Subtracting m’ times the first row from the last, then 
Xo, = (m iad m’)®o, p—10, 


so that the codrdinates Xo, , are proportional to the x’s. In general the 
codrdinates X,,,,, of the net N,,,,, are determinants such that in each 
the elements of its last row may be made all zero but the last, which will 
be a constant multiple of z,. Therefore X,,,:, is proportional to 2,, 
and the nets N,, ,:,» coincide with the original Laplace sequence. 

6. Nets in relation 7’ and their Laplace transforms. In the introduction 
a geometric definition of the relation 7’ was given; Eisenhart has shown 
that, if N be a net in relation 7 with N, their analytic relation is expressed 
in the statement that the homogeneous coérdinates z of N may be ob- 
tained from quadratures of the form 


Oz 0 (zx Of 0 (2 
wii Res) SG) 


where @ is a solution of (1) different from any x. The factors 7 and o are 
not entirely arbitrary for the conditions of integrability of (61) show that 
they must be solutions of the equations 


Or Oo b 


re) a 0 
(62) ay = (7 — 7) 5, 108 ju = (7 — 9) By 198 G> 


or their equivalents, 

= i ee . bo _ 790) b 

v8 ora 86 =u 8 6 ou 
In connection with the derivation of the integrability conditions of (61) 
it is readily shown that the net N has the point equation 


ez 0 ardz, 9 ba 0z 

audv dv °8 6 du au 8 6 an’ 
For an equation of this special type in which the term involving Z is 
missing we shall use a symbol similar to (13) except that the last of the 
quantities within the brackets is omitted to indicate that the term in z 
is lacking. Thus, the point equation of N will be denoted by 


., at bo 
(63) | 2; a? * |. 


Using the fact that @ is a solution of (1), the invariants of N have the values 
Ploggr xuKc—2 lee 


(64) H = H — Oudv ’ Oudv ~ 
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From these developments, it appears that the determination of a net 
in relation JT with N depends on a solution of (1), a pair of functions 7 
and o which satisfy (62), and the quadratures (61). Eisenhart has shown 
that the problem may be given another aspect by the introduction of a 
function ¢, defined by the equation 


(65) rT—o= 0. 


By differentiation and the use of (62) and (1) it may be shown that ¢ isa 
solution of the equation denoted by 


se Ss 
(66) E a’ b? =|: 
But this is the adjoint of (1). Accordingly, the problem is reduced to the 
finding of a solution of (1) and a solution of its adjoint equation, and two 
sets of quadratures, namely 
Or | 0 log b¢ OT co a 
ou ou dy = ~ $95, 985: 


(67) 


re) rs) 0 log a 
o o $ gag 


0 b 
heal ade ee i 


which follow from (65) and (62), and (61). 

A discussion of the effect on the net N of the arbitrary constants arising 
from these quadratures is in order at this time. If @ be the codrdinates 
of the net N when the additive constant e to 7 and a is set equal to zero, then 
for any other value of c, the codrdinates of the T transform become z + cx/@. 
This point is on the line joining corresponding points of N and N. Conse- 
quently, we may say that the variation of this constant leaves the conju- 
gate congruence of the transformation unchanged but moves the points 
of the net along the lines of this congruence. 

Again if z and z +c; are the codrdinates of nets obtained by 
different values of the constant of integration in (61), the line of inter- 
section of the tangent planes to the nets is the same for all values of c;. 
This is a result of equation (61) since the codrdinates of the Levy trans- 
forms of N by means of @ may be taken as 0(x/@)/du and 0(x/@)/dv. 
The totality of such lines of intersection, or the joins of corresponding 
points of the Levy transforms form a congruence which has been termed 
by Guichard* the harmonic congruence of the transformation. We may 
say then, that the variation of the constant arising from (61) leaves the 
harmonic congruence of the transformation unchanged. Conversely, all 
nets harmonic to this congruence are so determined, since it has been 


* Guichard, Annales de ’Ecole Normale Sup., 3° Série, t. 14 (1897), p. 483. 
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shown by Eisenhart* that two nets harmonic to a congruence are in 
relation T’. 


Now if a, and 4, be the first Laplace transforms of x and 6, the co-’ 
ordinates of Ni, a T transform of N, will be given by quadratures similar 
to (61), namely, 


[7 i (6.2) OF: _ 
(68) au = Ti 2 (2), — 


The integrability conditions of this quadrature give equations for 7; and 
a, analogous to (62), 


O71 nl Oo}; 0 b 
yeah eee > log du = (71 — 9%) By log G 


and we also find that the point equation of N,; is denoted by 


“7 aHr, boi 
(69) | a 6; ? 61 ]. 


In order to determine the relation between 71, 7; and 7, o, we proceed 
as follows. If N, is the first Laplace transform of N, the invariants H, 
and H of these nets should be related as are the invariants H, and H in 
(12). Forming the asim relation, we have 
-- on 
H, = ~~ oa log + H. 


On reducing this equation by the use of (69), (64), and (12), we find that 


0? 7H 


0? 
(70) duav log Ti = auav log ol e 


Similar reckoning performed with K, and K shows that 


loge, #logr 
dudv— Oudv * 


Now the equations denoted by (63) and (69) are of the form which 
must be satisfied by the non-homogeneous coérdinates of a net, and this 
suggests that the same relation may hold between the codrdinates of Ni 
and N that holds in the non-homogeneous case. This is shown to be 
true, for if we substitute 





(71) 


a ae 
sated 0 ar ov’ 


5p 08 | 





* A result as yet unpublished. 
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and 


7H 


T1 = "rr O1 = T 
1 oH’ 1 ) 


—particular solutions of (70) and (71)—and the values of x, and 6, given 
by (2) and (44) in equations (68), they are identically true. We have 
proved then that the 7 transforms of a net N and its first Laplace trans- 
form whose coérdinates are obtained from the quadratures (61) and (68), 
where 6; is the first Laplace transform of 6, and where 7; and o; have the 
above values, are Laplace transforms of one another. 

We find that the difference 7; — o1, when reduced by the use of (64) 
and (67), is equal to — ¢_; 6,/H, where 


o-1 = 34+ ay % 
following (2) and (66). Now ¢-_,: satisfies the equation denoted by 


1a i 
(72) | oa a’ Db? =|: 


and ¢_;/H, because of (17), satisfies 


[Soa 1 an | 
H ’ aH’ 0’ @H |" 


But this equation is the adjoint of (16); so that we have the net N; 
based on a solution of the adjoint of the point equation of N; which is 
proportional to the minus first Laplace transform of ¢. 

In general, we have that, if N, is a T transform of N,, the rth Laplace 
transform of N, whose coérdinates are given by the quadratures 


Oz, 0 (2, Oz, ast 
(73) ie” ou e): ar aa) 


then the nets N, (r = 0, 1, 2, ---), forma sequence of Laplace. In this 
general case, we find, as in the particular cases we have considered, that 
¢’_,, defined by 


is a solution of the adjoint of the point equation of N,, which is denoted 
by 





(74 = : i a a a =] 
) Pr; aHH, --- H,_;’ b’ a! HH," --- Hy |" 


But using equation (25) we may denote the equation of Laplace satisfied 
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by ¢_,, defined as 














_ Ob—r41 < b 
eal Ou - u 98 HA, Sane H,-1 P—r+1 
by 
,1 Hih-:: Hes br 


But the quantity HH, --- H,1¢_,, because of (74) and (17) also satisfies 
this equation, and therefore we have 


Tr — Of or 


“Sie es 








Therefore the quadratures to determine 7, and ¢o,, corresponding to (67) 
are 








OT, Pree 0-b_+ — <2 Se bg 

du HH, --- H,.10u ° HA, --- H..,’ 

O7r = rd 9) aH -:- H,-1 

Ov i HH, -:- H,_; dv 8 6, . 
(76) 

do, ss _Orbr Zz b 

du ” HH, ---H,..00° 0,’ 

do, Orbe 


fe] 
»” "ME, tae 

7. Periodic sequences of T transforms. As a preliminary step in the 
question of the periodicity of the 7 transforms, we investigate the adjoint 
equation of (1) when (34) and (36) are satisfied. These equations are 
necessary and sufficient conditions for a periodic sequence of Laplace 
whose codrdinates satisfy (1) and (37). Now if the invariants of (66) 
are formed, it is found that they are the same as H and K but are inter- 
changed. Similarly the invariants of (72) are those of (16), that is, 
H, and K,, but interchanged; and in general, the invariants of (75) are 
H, and K, interchanged. We also notice that in working with (72), a 
and b are replaced by 1/a and 1/b, respectively. Then the conditions on 
the coefficients of (66) which assure solutions such that 


gd = No-»p 
are equivalent to (34) and (36), and we may state the following theorem: 
If an equation of Laplace has periodic solutions, so has its adjoint. 
Suppose that the fundamental sequence is periodic of period p, and 


that x, = mz, the conditions (34) and (36) being satisfied. Let ¢, the 
solution of the adjoint equation of (1) which determines the quadratures 
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(67) and (61), be such that ¢ = n¢_,; also let the solution 6 of (1) involved 
in these quadratures be such that 6, = m’#@. Then if we set r = p the 
quadratures (73) and (76) which determine a pth Laplace transform of N 
become 


arp _m',, o dtp _ _™m',,9, a 

ou n 9% jy, 108 54, Ov = — 7, 965, 108 5: 
(79) 0 F 0 b re] / re) 

Fe. 64. toe ew ee 

Ou n o6 Ou log 6’ Ov n o 9p 08 ag, 
and 

Ot, _m_ 9 (x dz, _m _ 9 (x 

(80) . ae = tre (5), ee eo (5), 


which differ from (67) and (61) only by constant factors. Then the 
codrdinates z, can differ from z only by a constant factor arising from the 
factors appearing in (79) and (80), or by an additive constant from the 
final quadratures. But these additive constants are entirely arbitrary, 
and since we are dealing with homogeneous codrdinates the factor is 
immaterial. 

We have, now, the following theorem: Let (1) be the point equation of 
the fundamental net N of a sequence of Laplace of period p, whose coérdinates 
x are such that x, = mx; if 6 be a solution of (1) such that 6, = m’6, and if 
@ be a solution of the adjoint equation of (1) such that ¢ = n¢_», then each T 
transform of N determined by quadratures from 6 and ¢ is the fundamental 
net of a sequence of Laplace of period p; moreover, each of the nets of these 
sequences 1s a T transform of the corresponding net of the original sequence. 

The author wishes to express his gratitude to Professor Eisenhart for 
the suggestions which led to this paper and for continued helpful advice 
and criticism during its preparation. 





















ON THE TRANSFORMATION OF CONVEX POINT SETS.* 


By J. L. WaAusH. 


It is the primary purpose of this note to prove that a one-to-one point 
transformation of the plane which transforms every convex point set 
into a convex point set is a collineation. It is also proved that a regular 
plane curve which remains convex under all circular transformations of 
the plane is a circle or circular arc. These results are then extended to 
space of three dimensions. Throughout the paper we consider geometry 
in the real domain, but as Professor C. L. Bouton pointed out to me, the 
discussion holds with minor changes for complex geometry. 

§ 1. A point set is said to be conver when and only when any two 
points of the set are joined by a line segment (finite or infinite) consisting 
entirely of points of the set. According to this definition we shall prove 

THEOREM I. A necessary and sufficient condition that a one-to-one 
point transformation of the plane transform every convex point set into a 
convex point set is that it be a collineation. 

This theorem tacitly assumes the convention, usual in the geometry 
of the collineation, of a line of points at infinity.t| The naturalness of 
this convention in the present case will appear later. 

The sufficiency of the condition of Theorem I is obvious. A collinea- 
tion transforms lines into lines, line segments into line segments, and hence 
every convex point set into a convex point set. We proceed to prove the 
necessity of the condition. 

If any two points of the plane are denoted by A’ and B’, which are the 
transforms by the transformation 7 considered of points A and B respec- 
tively, we shall prove that any point X’ collinear with A’ and B’ is the 
transform by T' of a point X collinear with A and B. For convenience in 
phraseology suppose that A, B, A’, and B’ are finite points. Suppose X’, 
collinear with A’ and B’, to be the transform by 7 of a point X not 
collinear with A and B. The finite segment AB is transformed by T 
into a point set which includes all points of either the finite or the infinite 

* Presented to the American Mathematical Society, September, 1920. 

t Some writers define a point set as convex when and only when the finite line segment which 
joins any two points of the set consists wholly of points of the set. According to this definition, 
no convention is necessary regarding points at infinity; the following theorem is then analogous 
to Theorem I and is easily proved by the methods used in the present paper: 

A necessary and sufficient condition that a one-to-one point transformation of the plane transform 


every convex point set into a convex point set is that it be an affine transformation. 
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segment A’B’, and X’ cannot lie on that particular segment A’B’. Hence 
it is possible to determine a point Y on the finite segment AB such that Y 
is transformed by T into a point Y’ collinear with A’ and B’, and such 
that A’ and B’ separate X’ and Y’. Consider now the finite segment 
XY, a convex point set. This is transformed by T into a point set which 
includes neither A’ nor B’, which can include neither the finite nor infinite 
segment X’Y’, and hence which is not convex. 

We have thus proved that any three collinear points A’, B’, X’ are 
the transforms by 7' of three collinear points A, B, X. It follows imme- 
diately from the theorem of Darboux cited below that the inverse of 7’ is 
a collineation, so 7' itself is a collineation and the proof of Theorem I 
is complete. 

We have used here the following theorem: 

A one-to-one point transformation of the plane or of space such that 
collinear points in one configuration correspond to collinear points in the 
other configuration is a collineation.* 

Our convention of a line of points at infinity now appears as entirely 
natural in connection with Theorem I and hence in the definition of 
convexity. Without a similar convention, it is not true that all collinea- 
tions are one-to-one transformations. Without our convention, it is not 
true that all collineations transform straight lines into straight lines; 
without it the theorem of Darboux is no longer true. We have therefore 
introduced this convention to avoid the long circumlocutions which would 
otherwise be necessary. 

It is worth while to notice that the proof of the necessity of the condi- 
tion of Theorem I uses merely the fact that 7’ transforms every line seg- 
ment into a convex point set; a correspondingly more general statement 
of the theorem can be made. 

§ 2. Instead of considering convex point sets as in § 1, we shall now 
consider convex curves. <A curve (whether closed or not) is said to be 
convex when and only when it is regularf and no three points of the curve 
 # Darboux, Mathematische Annalen, vol. XVII (1880), pp. 55-61; p. 59. See also Swift, 
Bulletin of the American Mathematical Society, (2) vol. X (1903-1904), pp. 247, 361. 

Under the hypothesis of this theorem it is easy to prove that an entire straight line in either 
configuration corresponds to an entire straight line in the other configuration. Darboux pointed 
out that it was not necessary to suppose the transformation continuous in order to prove it a 
collineation. 

We state explicitly that although the theorem of Darboux and the necessity of the condition 
of Theorem I are both concerned with the nature of a transformation, neither theorem makes any 
explicit hypothesis regarding the inverse transformation except its existence and one-to-one-ness. 

+ For the definition of a regular curve, see Osgood, Funktionentheorie, p. 51. The definition 
of a regular surface is precisely analogous. 


When we consider (as here) transformations of the plane which do not transform every infinite 
point into an infinite point, the definition of a regular curve is to be revised so that every regular 
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are collinear unless they lie on a line segment which is an arc of the curve. 
We shall prove 

THEOREM II. A necessary and sufficient condition that a one-to-one 
point transformation of the plane transform every convex curve into a convex 
curve is that it be a collineation. 

A collineation transforms straight lines into straight lines, line seg- 
ments into line segments, and hence every convex curve into a convex 
’ curve. The sufficiency of the condition is thus obvious. It will be 
noticed that the necessity of the condition does not follow from Theorem 
I or from the theorem indicated at the close of §1. And neither of those 
results follows from the necessity of the condition of Theorem II; different 
proofs are necessary. We shall show that a transformation 7’ which 
transforms every convex curve into a convex curve transforms every 
straight line into a straight line or a line segment. 

Suppose a straight line C to be transformed by T into a curve C’ other 
than a straight line or line segment. Choose a line l’ which has two points 
M’ and N’ in common with C’ yet which do not lie on a segment of I’ 
which is an are of C’. Such a choice is evidently possible, since C’ is a 
regular curve. Let P’ be any point of l’ not on C’, and denote by P 
the point which is transformed into P’ by 7. Denote by M and N the 
points which are transformed by 7’ into M’ and N’. The curve composed 
of the segments PM and MN is convex, but is transformed by 7' into a 
curve which is not convex. . 

We ave proved that 7 transforms every line into a line or line seg- 
ment. Then 7 transforms collinear points into collinear points and hence 
is a collineation. 

§ 3. It is not uninteresting to consider groups of transformations other 
than collineations, and to determine what convex curves remain convex 
under all transformations of the group. We shall prove: 

THEOREM III. A necessary and sufficient condition that a convex curve 
remain convex under all circular transformations is that it be a circle or 
circular arc.* | 

The sufficiency of the condition is obvious—every circle or circular are 
is transformed into a circle or circular are, which is convex. To prove the 
necessity of the condition, let us choose three points on the curve C 
considered which do not lie on a circular are that is part of C. Such 





curve is transformed by a collineation into a regular curve. Cf. Osgood, l.c., pp. 324, 150. The 
definition of a regular surface is of course to be revised accordingly. 

Doubtless Theorems II, III, V, and VI remain true if in the definition of convexity the 
requirement of regularity is replaced by a suitable less stringent requirement. 

* The term circle here includes straight line, circular arc includes segment of a line. The 
corresponding convention is not made for the sphere and plane. 
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choice is possible when and only when C itself is not a circle or circular arc. 
Transform the circle through these three points into a straight line by 
means of a circular transformation, none of the three points being trans- 
formed to infinity. Then C is transformed into a curve that is evidently 
not convex. 

§ 4. It is ordinarily not difficult to determine what curves are trans- 
formed into convex curves by a single transformation instead of a group 
of transformations. Aside from regularity, the condition for a curve C 
is merely that C shall not be cut by any curve / in more than two points 
not lying on an arc of | that is part of C, where lis any curve corresponding 
under the transformation to a straight line. A necessary and sufficient 
condition that a regular curve be transformed by an inversion into a 
convex curve is that no three points of it distinct from the center of 
inversion be concyclic with the center of inversion, unless these three 
points lie on an arc of the curve which is also an arc of a circle through the 
center of inversion. 

§ 5. We shall now generalize the preceding results to three-dimensional 
space. If we make the usual convention of a plane at infinity, then the 
definition of a convex point set, the theorem of Darboux, and the proof 
of Theorem I hold without change for space. Hence we have 

THEOREM IV. A necessary and sufficient condition that a one-to-one 
point transformation of space transform every convex point set into a convex 
point set is that rt be a collineation. 

§ 6. We shall now prove the space analogue of Theorem II: 

THEOREM V. A necessary and sufficient condition that a one-to-one 
point transformation of space transform every convex surface into a convex 
surface is that it be a collineation. 

A surface, whether closed or not, is said to be convex when and only 
when it is regular and no three points of the surface are collinear unless 
they lie on a line segment every point of which is a point of the surface. 
The sufficiency of the condition of Theorem V is therefore evident. 
We proceed to demonstrate its necessity. 

If a one-to-one point transformation 7’ of space transforms every 
convex surface into a convex surface, then it transforms every plane into a 
plane or a portion of a plane. For suppose a plane z is transformed by 
T into a surface 7’ not a plane nor a portion of a plane. We can cut 2’ 
by a line )’ in two points M’, N’ which do not lie on a segment of )’ 
which lies wholly in x’. Choose a point P’ on d’ but not on 7’. Denote 
by M, N, P the points which are transformed by T into M’, N’, P’ respec- 
tively. Let o be any plane through P intersecting 7 in a line » so that 
v does not separate M from N. Then that half of ¢ which contains P and 
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is bounded by v together with the half of « which is bounded by » and 
contains M and N, forms a convex surface. This convex surface is 
transformed by T' into a surface which is not convex. 

We have proved that 7' transforms every plane into a plane or portion 
of a plane. Then 7 transforms every line into a line or portion of a line, 
transforms collinear points into collinear points, and hence T is a collinea- 
tion. 

§ 7. Theorem III for the plane is analogous to the following theorem 
for space: 

THEOREM VI. A necessary and sufficient condition that a convex surface 
be transformed into a convex surface by every spherical transformation is that 
one of these transformations transform it into a plane or half-plane. 

An alternative statement of the condition is that the surface be a 
sphere, spherical zone bounded by a single circle, plane, half-plane, or 
circular disk. 

Any three points of the surface determine a circle, and this circle or 
an are of it containing the three points must lie entirely in the surface. 
Otherwise by an inversion in space we should be able to transform a fourth 
point of that circle to infinity; the circle would be transformed into a 
straight line and the surface into a surface not convex. We now transform 
to infinity one point of the surface, a boundary point if the surface is not 
closed. Every line two finite points of which lie in the surface must 
have in the surface an entire segment containing these two points. Then 
at least part of the surface is a plane z or a portion of a plane 7. More- 
over no finite point P outside of z can be a point of the surface, for then 
our surface would have to contain all points of a segment connecting P 
with any point of that part of the surface which lies in the plane z. 

If our surface is not an entire plane, its boundary must be a straight 
line. Otherwise we can cut that boundary by a straight line in two 
finite points and an infinite point, which three points are readily inverted 
into three finite points on a line yet belonging to no segment of that line 
entirely lying in the surface corresponding. This completes the proof.* 


*In §7 there is practically all the material needed to prove the theorem: 

If every plane section of a surface is a circle or an arc of a circle, the surface is either a sphere or a 
spherical zone bounded by a single circle. 

For three points of the surface determine a plane and a circle in that plane, so any three 
points of the surface lie on a circle or circular are entirely in the surface. 


HARVARD UNIVERSITY, 
June, 1920. 
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